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0.1. EIKONAL WAVEFUNCTION

0.1 Eikonal wavefunction

The free-particle wavefunction A
¢ ~ 6zk-r (1>
becomes “distorted” in the presence of a potential V(r). The distorted wave (DW) can be
calculated numerically by solving the Schrodinger equation
n_,

V() + V(e )p(r) = B(r) )
with the condition that asymptotically (r) behaves as 1. This is done after a partial wave
decomposition of ¢ (r), since in most situations V(r) = V/(r) is spherically symmetric. For
each partial wave the equation to be solved is

0 ) =0, ®

where
2m

ko(r) = {ﬁ {E —V(r)—

The asymptotic behavior of x,(r) is

2m, 72

£(€+1)h2]}1/2‘

1
Xe(r) ~ sin (kr —nln 2kr — §7T€ + (5g> : (5)
where 0, is the phase-shift and
mv AV ou
l{j = —_— = .

The phase-shifts are found by solving Eq. 3 numerically and by matching the solution with
the asymptotic Eq. 5. Only for a pure Coulomb field is there an analytic solution, namely

6¢ = arg (0 + 1 +1in). (7)
The distorted wavefunction is composed of an incident plane wave and a scattered wave

ezkr

b= 4 f(6) (5)

where is f(0) called the scattering amplitude. The scattering amplitude can be expanded in
terms of partial waves:

Y
r

£(0) = i SO(20 4 1) [1 — €% Py(cos ). ()
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0.1. EIKONAL WAVEFUNCTION

It is also convenient to write the scattering amplitude as

f(0) = fc(0) + fn(0) (10)

where

fol6) = ;—k S (204 1) [1 - e%?] Py(cos6)
l

a 1 . .o 0 )

is the Coulomb scattering amplitude, and
Fn(8) = ;—k Y (20 + 1) {1 2o ] Py(cos6) (12)
¢

is the nuclear scattering amplitude. In the equation above

6 =68 + 6 (13)
and )
Z1Z2 (&

= . 14

Qg 2F ( )

In this formalism, the total reaction cross section is given by

o =15 > (20+1) [L - exp (~2Mm))] . (15)

The quantity exp {—QIm oy } is often called the transmission coefficient and is an attenua-
tion effect due to the imaginary part of the optical potential.

The solution of 3 (to obtain ;) involves a great numerical effort, especially at large
bombarding energies E'. Fortunately, at large energies E a very useful approximation is
valid when the excitation energies AFE are much smaller than E and the nuclei (or nucleons)
move in forward directions, i.e., § < 1.

Calling r = (z,b), where z is the coordinate along the beam direction, we can assume
that

1/}<r) =™ ¢(va>’ (16)

where ¢ is a slowly varying function of z and b, so that

V20| < k|Vel. (17)
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0.1. EIKONAL WAVEFUNCTION

In cylindrical coordinates 2 becomes

2k eikZ% + e”’”% +eM Vig - Qh—";’ Vet =0
or, neglecting the 2nd and 3rd terms because of 17,
% vy (18)
whose solution is
¢ = exp {—% /; V(b,z')dz’} : (19)
That is,
W(r) =exp {ikz +ix(b,2)}, (20)
where B
x(b,z) = i ) V(b, z")dz' (21)

is the eikonal phase. Given V(r) one needs a single integral to determine the wavefunction:
a great simplification of the problem.

The eikonal approximation, in the same form as given by Eqs. 20, can be obtained from
the Klein-Gordon equation with a (scalar) potential V. The proof can be found in some
textbooks, e.g., Ref. [2].

Supplement A

0.1.1 Green’s function

The solution of the Schrédinger equation for £ > 0 (scattering states) is denoted by 1/11': (r) where
the plus sign indicates that the asymptotic behavior is that of an outgoing spherical wave. (1)
is also a solution of the same Schrodinger equation but has the asymptotic behavior of an incoming
spherical wave. From time-reversal invariance

(1) = ¢ (r), (22)

which gives, from Eq. 8,

—ikr

Uelt) — €4 - 6) (23)

r

Thus, we concentrate on 1/1{{ and if the sign is not given ¢1f is understood. We denote
¢k — eik~r .
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0.1. EIKONAL WAVEFUNCTION

The Schréodinger equation is

(£ — Ho)x(r) = V(r )y(r) (24)
where Hj is the kinetic energy operator. ¢y obeys the equation
(E — Ho)opx = 0. (25)
It also obeys the equation
(E— Ho)po = (F — E' )y, (26)
the orthogonality condition
[ o) = 2n60c - 1), (27)
and the closure relation
[ o ulr )k = (2075 1), (28)
It is useful to expand the scattering solution in terms of ¢y |,
wl) = [ a®)owle)Px. (29)
Using this in Eq. 26, Eq. 24 becomes
[ al)(E = E)w o)k = Vi i) 30
Multiplying by ¢g(r ), integrating over r, and using 28 we get
@mE ~ Balk) = [ 0io(x)V (6 )unlo ) (31)
Putting this back into Eq. 29 we have
y(r) = / a(K)pw (r )Pk = / Go(r, e )V (Y (x")d>r (32)
where Go(r,r’) is given by
¢k/ ¢k’ 37,/
d k.
Golrt') = 55 / e (33)

The general solution of Eq. 24 is obtained by adding any solution of the homogeneous Eq. 25
to Eq. 32. Le.,

be(r) = dulr) + / Golr, ')V (2 )(x ). (34)
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0.1. EIKONAL WAVEFUNCTION

Using 26 we obtain that Go(r,r’) satisfies the equation

(E — Hp) Go(r,r") = (271r)3 / XTI PE = §(r —1'). (35)

Eq. 33 has poles in k = +k’. We can eliminate these poles by defining Go(r,r’) as

GEr,r') = lim — 2 [ elr)op )

e K 36
n—0%t (2m)3 h? k2 — k" 4 in (36)

where 77 is a small positive quantity which is allowed to go to zero after the integration is performed.
The integral in 36 is easily obtained by the residue technique. One gets

m e:I:ik|r—r’|

Comh? fr—r|

GE(r,r') = (37)

The =+ sign arises from the residues in the k’-plane at +7 and —n, respectively. Assuming
that V' (r’) falls off rapidly with 7 so that in the asymptotic region r >> ' we can approximate

e

exp{xiklr —r'|} — exp{Li(kr —X -r’)} (38)

where k' = kT .
Using 37, 38, and 34 we get

m e:l:zkr

+ ikr
Yic(r) R

/ TRy (2 Y (e ) dBr (39)

Thus the £ sign in Goi is associated with the &+ sign of ¥y .
As a by-product we obtain for the scattering amplitude

FO) = =5 | TV utdy, (40)
Multiplying 26 by (E — Hy)™! we get
(B Hy)ou(r) = (B B) ——ou(r)
E — Hy E — H,
from which we obtain ] !
() = o). (41)
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0.1. EIKONAL WAVEFUNCTION

Thus, ¢y are eigenfunctions of the operator (E — Hy)™!, with eigenvalues 1/(E — E’) where
E' >0 and E # E'. For E = E' the operator (E — Hy)™' is not defined. Similarly, from
Eq. 24 we obtain

Ui(r) = (B — Ho) ' V(r )tu(r).

Removing the divergence by inserting a small quantity 1 and adding the solution of the homoge-
neous equation we get the formal solution

i (r) = ow(r) + (B — Ho & in) ™'V (r)d(r). (42)

This is a solution of the Schrédinger equation only when 1 — 0.
Comparing 34 with 42 we see that formally the Green’s function is given by

1
Gft= ———. 43
O " FE—Hy+in (43)

We can check this by using Eq. 41 which can be written in the more general form

1 1

F-m o™ " E-E, v

where H is any Hamiltonian and |m) are the corresponding eigenfunctions. Multiplying on the
right by (m/, summing over m and using closure () |m)(m|=1) we get

1 1
N 44
E—H+in ;E—Em+in‘m><m‘ (44)

where Zm implies summation over discrete eigenstates and integration over continuous eigenstates.
If H is replaced by the kinetic energy operator Hy and |m) are replaced by the continuous
eigenstates (27r)_3/ 2 |k ) equation 44 reduces to

1 1 k') (K|
= Pk 4
E — Hy+1in (27r)3/ E—FE+in (45)

which is identical with Eq. 36, Gy(r,r’) = (r|Gp|r’) . Eq. 42 can also be written formally as
[4*) =10) + G VIv™). (46)

Eq. 46 is know as the Lipmann-Schwinger equation. It can be solved by iteration, first replacing
%) by |¢) on its r.h.s., then replacing by |¢) + G5V |¢), and so on. This is yields the Lipmann-
Schwinger series.
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0.2. ELASTIC SCATTERING OF SPINLESS PARTICLES

0.2 Elastic scattering of spinless particles

The “outgoing” wavefunction of a particle scattered by a potential V' (r) is given by Eq. 34,

ie.,

zk\r r’
wre) = o= [ Ve

where m is the particle mass.
For r > ', we expand |r — /|~ 7 —r-r’/r and obtain

€+ikr

Yr(r) =™ — f(0)

r

where f(0) is given by 40.
Using the eikonal wavefunction 20 for " (r) in Eq. 40, we obtain

o) = — 277;2 d2beikk’)-b/ dz eiltk—k")k =
T

vieren{ L [ v

But, for 0 <1, (k—k’)-k =0, and

/: dz V(r) exp {—%/_m V(rf)dz’}

= ihvexp {_hi/ V(r’)dz’}‘ = ihv {eX®) — 1}
v/

[e.e]

where 1 [
X<b> EX(b7 OO) = T3 V(b,2/> dz'
hv J_o
is the total eikonal phase.
Denoting
q=Ak =k - k', q = 2ksin 0/2
we get
ik iq- i
f(0) = —5- d’be ™ [e x(b) _ 1].

(47)

(48)

(50)

(51)

(52)

If the potential is spherically symmetric, y(b) is a function of the absolute value of b

only and using

2
/ dg e <? = 21 Jo(qb)
0
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0.2. ELASTIC SCATTERING OF SPINLESS PARTICLES

we obtain,
f(0) = —ik / db b Jo(gb) [eX® —1]. (53)

Thus in the eikonal approximation the elastic scattering amplitude f(#) is obtained from
two simple integrals: Eqs. 50 and 53.

The elastic scattering cross section is given by

dO’ el

(o) (54

Supplement B

0.2.1 Coulomb amplitude and Coulomb eikonal phase

In general, the scattering potential is given by
V(r) = Uy"(r) + Uc(r) (55)

where UsP" is the nuclear optical potential and Ug(r) = Z1Z2€?/r is the Coulomb potential
between the nuclei.

Since Ux,pt (generally complex) is well localized in space, the eikonal phase for the nuclear part
of 55 is obtained by a well convergent integral Eq. 50. However, the integral diverges logarithmically
for the Coulomb potential. This is due to the use of the approximation 17 which is not valid for the
(long range) Coulomb potential. But this does not pose a real problem since an analytical formula
can be given for the Coulomb eikonal phase which reproduces the exact Coulomb amplitude, Eq.
11. The total eikonal phase is

1 * (0} ! /
x(0) = 5 [ UR(0.2)d + xe(0) (56)
where
27, 7€
Yo(b) = =52 In(kb) (57)
A%

We now show that the Coulomb phase, as given by the above formula, reproduces the Coulomb
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0.2. ELASTIC SCATTERING OF SPINLESS PARTICLES

amplitude in the eikonal approximation. We have

fe(0) = ik /00 Jo(qb) [6ixc(b) _ 1} bdb

0
ik [~ k™
_ J(x - — 1| zdx
Ly e [( “) ]
VA : >
_ g{(_) / Jol)e® " dr — / JO@W}
q q 0 0
where 7 7 2
n = 17:;6 : k=$; q=2ksin(6/2). (58)

Integrating by parts and using

/ vJo(z)dz = 2 Jy ()

one gets
Lk i2m ‘ - L i2m o o
f(e) = Z—z <—) A A (x)‘o — 2 <—) / 1 J (z)dx — xJ,(x)
q° \4q q 0 0
ik : [N G
_ Z_z v Ji () [612771n(kac/q) _ 1] ‘0 — 2in (_) . 921 M
q > q I'(1—in)
where we have used the integral Eq. 6.561.14 of the book of Gradshteyn and Rhyzik [3] in the last
step.
The first term in the equation above can be neglected and we get
okn (2k\"" T (1 +in)
jelo) =21 (2) " p e
¢ \q (1 —in)
But
. . . . . eido
['(1+in) = tinl (+in) = +in |T (in) { —ildo+)
where
¢o = arg ' (1 +in) (59)
Therefore,
71 Z€? 0
fo(0) = —% exp { —inln [ sin® = | + 2 (60)
2mv?sin” g 2

which is the exact Coulomb amplitude, Eq. 11 (with ¢ = 6§).
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0.2. ELASTIC SCATTERING OF SPINLESS PARTICLES

The phase 59 can also be written as

[ 1
G0 = —ny+ Z (k——i—l — arctan L 1) (61)
k=0

where v = 0.57721 ... is the Euler’s constant.
For numerical evaluation it is appropriate to rewrite Eq. 53 as

f(0) =ik /O h Jo(gb) eXc®) [1 — eX¥O)] bab + fo(6) (62)

which can be easily obtained by adding and subtracting fo to 53 and combining terms. This is
because 1 — exp [ixn(b)] drops to zero rapidly for b > R; + Ry since Uy’ goes to zero there. In
Eq. 62 we use 60 for fo(6). xn(b) is given by the first term of Eq. 56 and x“(b) is given by 57.

A few modifications of the Coulomb eikonal phase are need to account for the extended nature
of the nuclear charge distributions. For light nuclei, one can assume Gaussian nuclear densities,
and the Coulomb phase is given by

xo(b) =2 Zlhzjez [1n(kb) + %El <£—2>} , (63)

with Rg) equal to the size parameter of Gaussian matter densities of nucleus 1 and nucleus 2,
respectively, R% = [Rg)]Q + [Rg)]Q, and

By (z) = /Oo < (64)

t

The first term in Eq. (63) is the contribution to the Coulomb phase of a point-like charge distri-
bution. It reproduces the elastic Coulomb amplitude when introduced into the eikonal expression
for the elastic scattering amplitude, as we have shown above. The second term in Eq. (63) is a
correction due to the extended Gaussian charge distribution. It eliminates the divergence of the
Coulomb phase at b = 0, so that

Z1Z2€2
U

Ye(0) =2

where 7 is the Euler’s constant.

[In(kRea) — ] (65)

For heavy nuclei a “black-sphere” absorption model is more appropriate. Assuming an absorp-
tion radius Ry, the Coulomb phase is given by

Yo lb) = 2215562 [6(6 — Ro) (kD) + ©(Fy — b) [In(ky)
FIn (14 (1 B2/R)Y2) — (1 - v*/R2)V? — % (1 0?/R3)2|} . (66)

Again, the first term inside the curly brackets is the Coulomb eikonal phase for pointlike charge
distributions. The second term accounts for the finite extension of the charge distributions.
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0.3. SPIN PARTICLES

0.3 Spin particles

. 1 . : :
In the scattering of a sp1n—§ particle by a nucleus, e.g., proton-nucleus scattering, the optical

potential contains a spin-orbit term, i.e.,
Uxfpt = UN(’I“) + Us(’f‘)O' -L

where ] ]
L:ﬁ(rxp), s =50,

and the Dirac matrices o = (01,09, 03) obey the commutation rule
0i0; + 0;0; = 20;;.
As in the spinless case, the distorted wavefunction can be written as
Ue(r) 2 ™ p(r uy(k)
where w;(k) is a spinor wavefunction. One obtains
o(r) = exp {—% /; dz' {UN(b, )+ Us(b, 2 )o - (b x R)k}}

since z = zk.
The eikonal amplitude is

£(6) = ;/eiq-b {eiXN(b)+iXS(b)o-(be)k _ 1} 2b
T
where | e | e
xn(b) = T ) Un(b,2z)dz,  xs(b) = T ) Us(b, z)dz .
Using 69

exp {ixs(b)o - (b x k) } = Zl! [ixs)o - (b x k]

- ¥ %(kb)" ixs®)]"o-(bxk)+ Y % (kb)"™ [ixs(b)]"

n=odd n=even
= o - (b x k)sin [kbyg(D)] + cos [kbys(D)] .
Including the Coulomb amplitude as in 62 we obtain
f(@) _ ik /d2b eiq~b eixc(b) [1 i eixN(b)+iXS(b)a-(b><k )} + fC(e)

T or

(67)

(68)

(69)

(70)

(71)

(74)

(75)
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0.4. TOTAL REACTION CROSS SECTIONS

which, by using 74 becomes
ik 27 iq-b ; b % &k
10) = 5= [ e {ro(b) +io - (b x K1 (6) } + fe (6) (76)
where the profile functions To(b) and T'1(b) are defined as
To(b) = eXxe® 1 — N0 cos [kbys(b)]},
Ty (b) = —eXe®+on® gin [kbyg(D)]. (77)

It is more convenient to rewrite 76 as
f(0) =F(0) + (o -0)G(0) (78)

k x k'
[k x k’|

where N = The azimuthal integrals in 76 can be easily performed,*

FO) = fol0) + ik / " Jo(gh)To(b)bdb

GO) = —ik / " 1 (gb)Ty (bbb, (79)

Since Ji(x =0) =0, G(#=0)=0, which is a consequence of the conservation of angular
momentum + spin.
For unpolarized beams

Lo S0P = [FOP + (G0 (50)

spins

0.4 Total reaction cross sections

According to the unitary theorem (see [4]) the total scattering cross section is given by

4
Oior = - Imf(6 = 0°). (81)

Using 52 we obtain
ot = 2 / [1 — ReeX®)] . (82)

.- (bxk)=(c- n)by, where b is the component of b parallel to k’. So, o - (b x k) =
(o-f)bcosf. The component of b perpendicular to k x k’ defines another term, proportional to
(o - &), which is unnecessary by symmetry arguments.
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0.5. THE “T'pp” APPROXIMATION

We can also verify 82 by an integration of 54 over angles, using the eikonal amplitude

f(9), 52,
EN? [ . ,
/|f(9)|2dﬂk = <%) /el(kk’)-(bb’) {e'LX(b) _ 1}
X {e—ix(b/) o 1} d2b d2b/ ko/ (83)

But
k? sin 0dOd¢ ~ (kOdO) (kdo)

dQy = sinfdfde = valid for 6 <1

k2 k2
 kdedk  d°K
Furthermore, using
/ kDb 21 — (27)2 6@ (b — b') (85)
where §® (b —b’) is a two-dimensional delta-function, we find
Oscatt = / ‘eiX(b) - 1|2 d%b. (86)

For x(b) real (real optical potential), 86 reduces to 82.
However, when x(b) is complex (optical potential has an imaginary part). 86 is not
equal to 82. The difference is equal to the reaction cross section. That is,

OR = Otot — Oscatt — / |:1 - |€iX(b)‘2i| d2b = / [1 =T (b)] d2b (87>

where T (b) = }e"><(b)|2 = e~ 2mx(P) ig known as the transparency function.

Supplement C

0.5 The “tpp” approximation

The theory of multiple scattering has been studied by many other authors, besides Glauber. Par-
ticularly useful for our purposes are the results obtained by Kerman, McManus and Thaler [5].
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0.5. THE “T'pp” APPROXIMATION

For a review of the theory we refer to Ref. [6]. The basic idea is that the nucleus-nucleus
potential at a separation distance R is proportional to a folding of the nucleon densities. The
proportionality constant is the f-matrix for nucleon-nucleon scattering at forward angles, namely

tnn(0 =0° F) = — (2rh*/u) fyn(0 = 0°, E),where p = m/2. In other words
UR(R) = tux(6=0°.E) [ Erou(c)m® + 1)

B —QTZfNNw =) [ @rpe)mR ), (83)

This approximation assumes that only binary collisions between the nucleons occur and that

each nucleon interacts once only. Multiple nucleon-nucleon collisions lead to corrections to 88 and
involve nucleon-nucleon correlation distances in matter (see [6]).
From the optical theorem, Imf(6# = 0°) = (k/47) onyn , and defining

o = RefNN(9 = 00)
- ImfNN(H = 00)

(89)
we can rewrite 88 as
h
US(R) = ~own 'y (0 0) [ p@pal® 1) (90)

The value of the nucleon-nucleon cross section, oypy , which enters Eq. 90 is somewhat modified
by the Pauli-blocking (for a study of the effect see Ref. [6]). But, since the elastic and inelastic cross
sections are mainly dependent on the peripheral collisions between the nuclei, with poor nuclear
overlap, onn is not appreciably modified there, at least for highly energetic collisions. Thus,
to construct the “tpp” optical potential only needs the values of ony, @, and the ground state
densities p;(1).

Good parametrization of the ground state nuclear densities are given by Gaussian distributions
for light nuclei (e.g., o’s and '2C) or by Fermi functions for heavy nuclei (e.g. “°C and 2%Pb).

R a c
Nucleus  Model (fm)  (fm) (fm)
‘He Gaussian  1.37

2¢ MF 2.335 0.522 —0.149
160 MF 2.608 0.513 —0.051
20Ne MF 2.740 0.569 0

2883 MF 3.300 0.545 — 0.18
40Ca MF 3.725 0.591 — 0.169
42Ca MF 3.627 0.594 —0.102
98Ni MF 4.309 0.517 —0.131
W07y MG 4.522 2.522 0.245

208py, MF 6.624 0.549 0
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0.5. THE “T'pp” APPROXIMATION

Table 2.1 - Data for parameters used in Gaussian, Modified Fermi (MF), and Modified Gaussian
(MG) fits of the density matter distribution of some nuclei (from Refs. [7] and [§]).

For a better description slight modifications of the Gaussian or Fermi distributions might be
needed. In Table 2.1. we give examples of ground state nuclear densities for some nuclei, where we
use

p(r) = p(0)e " /F (Gaussian)

= p(0) (1 + ;Lj) {1+exp[(r—R)/a]}"" (modified Fermi (MF))

2

= p(0) (1 + %) {1+exp [(r* — R?) /a?] }_1 (modified Gaussian (MQG)).

(91)

For oyy and apny , the values in Table 2.2 were compiled [9, 10].

E/A ONN . NN
(fm?) .

30 19.6 0.87
38 14.6 0.89
40 13.5 0.9
49 10.4 0.94
85 6.1 1

94 5.5 1.07
120 4.5 0.7
200 3.2 0.6
342.5 2.84 0.26
550 3.6 0.04
1000 4.22 —0.2
2200 4.35 —0.3

Table 2.2 - Nucleon-nucleon cross sections. F//A is the laboratory energy per nucleon.

From Table 2.2 we observe that at very high energies (2 500 MeV /nucleon) the real part of
the “¢pp” potential vanishes, i.e.,

h
U'R) = —z’aNN% p1(r)p2(R4+1)d®  [> 500 MeV]. (92)

But at Ej,p/nucleon 2 1 GeV the real part of the potential becomes repulsive (see Table 2.2).
In any case, we can write

- / 1 — T(b)]d2 (93)
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0.6. INELASTIC SCATTERING

where -
T(b) = exXp |:—O'NN/ dz / pl(r)pg(R + I‘)d3’f‘:| . (94)
Eq. 94 has a simple interpretation. The mean free path for a nucleon-nucleon collision is
-1
given by Ayn(R) = (aNN / p1(r) p2(R + I‘)d37’) . Thus, the probability that the nuclei

dz
Avn(R)

of the probabilities that the nuclei survive after moving through each path element dz along the

“survive” without a nucleon-nucleon collision is given by exp |— f 1 which is a product

trajectory (assumed to be a straight-line). This probabilistic interpretation is consistent with the
concepts introduced in Chapter 1.

Thus 7'(b) is known as the transparency function for a collision with impact parameter b. Of
course, 1 —T'(b) is the probability that the nuclei interact at that impact parameter. Eq. 93 is
then the result of two-body collisions in nucleus-nucleus collisions.

0.6 Inelastic scattering

The eikonal approximation is also very useful to calculate the excitation of a nucleus in
a grazing collision with another one. When the excitation amplitude is small so that the
Distorted wave Born approximation can be used (see Chapter 8), we can write

Ty = (v () OV (e ) o (1) oi(x) ) (95)

where wl(j:z{ are the (outgoing/ingoing) distorted scattered waves for the c.m. motion of
the two nuclei and ¢; ¢(r’) are the initial and final wavefunctions for the internal nuclear
motion, respectively. We will now describe a method appropriate for inelastic scattering in
high energy collisions, described in Ref. [11]. In the eikonal approximation

O ()l (0) = exp {—iq - T +ix(b)} (96)

where q =k’—k, b=|rxk|.

In 95 V(r,r’) is the interaction potential between the two nuclei. It can be taken as
the interaction potential between a nucleon in nucleus 1 at position 7;, with a nucleon in
nucleus 2 at position ry (see Fig. 1). Thus,

T = [ @R {6000 () [V () e O o010 1) (97)
where
r=R-+ry,—r;. (98)
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Figure 1: Coordinates used in text.

Using the Fourier transform

1 -
Vi) = o [ daVip)er (99)
the expression 95 becomes
T’if — (27T)3 /ddp dSRe—iQ'R—H’pR-Hx(b) M(q) (100)
where
M(a) = (o ()6 (r2) e V(@) e 6V (r)0 (r2) ). (101)
The z-integral can be done immediately, resulting in
1 —_ )
Ty = G | 07  [ dipev M) (102)

where p is now given by p = p; + ¢.z. The indices ¢ and z refer to the direction perpen-
dicular and parallel to the collision axis, respectively.

For a spherically symmetric optical potential, x(b) = x(b) and the azimuthal integrals
in Eq. 95 can be easily performed, resulting in

o0

00 00 2m
= eiu(b/ db b JV(th)eiX(b)/ dpt pt Ju((ltb)/ dgye™* M(p).  (103)
"o 0 0 0
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For small energy transfers, and in inter intermediate or high-energy collisions, the mo-
mentum transfer p is predominantly transverse. Thus,

Tzf_27r

V=—00

e / db b J,(qb)M (v, b) eX®) (104)

where . o
M) = [ o o) [ d,e M), (1052)
0 0

The differential cross section for inelastic scattering is obtained by an average of initial
spins and sum over final spins, i.e.,

do K/ p \2 1
a0~ 1
Q.  k (27Th2> (271 4+ 1)(242 + 1) Z | 1f| (106)

spins

where i is the reduced mass of projectile 4 target. Performing the azimuthal integration,

x> Y / db b J,(q:b) M (v, b) eX® 2 (107)
v spins
In high-energy collisions (see Eq. 84) dQ = 27 ¢, dg;/k* . Using
[ Jad) gt yada = 5506~ v) (108
we can write the total cross section as
=2 /OOO db b Piy(b) (109)

where P;; is interpreted as the probability for inelastic excitation in a collision at impact
parameter b:

% 1\ L _
Pis(b) = E(M) 21 +1) 7 (22 + 1)

xexp {—20my(b)} Y D [M(v,b)]. (110)

v spins

The differential and total inelastic cross sections probe the structure of the nuclei through
the matrix elements 101 and 105a. For some simple cases (see e.g. Ref. [11]) these matrix
elements can be easily calculated.
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0.7 Glauber theory of multiple scattering

The conditions of validity of the eikonal approximation are that the momentum and energy
transfers in high energy collisions are much smaller than the bombarding energy. However,
the eikonal-Born approximation described in last Section assumes that the transition |i >—
|f > occurs in one step.

Glauber [1] has shown how to treat the general problem of multi-step collisions using the
eikonal approximation. The derivation is quite similar to the one leading to Eq. 53 and we
Tif)

inel __

only present the result here. The inelastic amplitudes (note that f o
™

fimel(g)y = i/de giab /d%'@b?(r') [eix(b—s) _1] wi(1) (111)

271

where 1); (1) denote the initial (final) internal wavefunctions of the projectile, or target (or
both) and

s=r'—k(k-rt)=p’ (112)

is the component of r’ perpendicular to the propagation direction k.

One can easily show that 95 is a limit of 111 when y < 1, if the potential V' in 95
is assumed to be the same as the one entering in the calculation of y. However, in some
situations one can make a clear distinction between the potential which induces the excitation
and the one which leads to elastic scattering. An example of this is m-exchange in peripheral
nuclear collisions [11]. In this case V = V,;_gen in 95, while the nuclei are scattered by a
U + U, . Then 95 is valid even for y > 1.

The advantage of using the Glauber amplitude 111 is to treat multiple collisions between
the constituents of the nuclei. Then the amplitude is calculated from a single fundamental
interaction, namely the nucleon-nucleon potential. Fortunately, as we shall see later, this
interaction is not needed and in most situations the only inputs needed are the nucleon-
nucleon cross sections and nuclear ground-state densities, which are well known.

For an explicitly many-particle system we replace the single particle wavefunction (r)
in 111 by the many-particle wavefunction

Qﬁ(r) Hw(rlvr%"' 7rn)

and the single-particle phase shift function y(b) by the phase shift in the projectile wave-
function due to multiple collisions with the target nucleons. That is,

x(b—s) —>Z x;(b —s;)
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Thus, 111 becomes
inel 9 - k iq-bd2b *
o) = o e Ui, o)

« [eizyzlxﬂbfsﬂ - 1] Gilrr,. 1) [ drye (113)
J

which is the well-known Glauber formula for high energy collisions between composite par-
ticles.
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