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Abstract. Neutron tunneling in neutron star crusts can release enormous amounts of energy
on a short timescale. We have clarified aspects of this process occurring in the outer crust
regions of neutron stars when oscillations or cataclysmic events changes the crustal ambient
density. We report a time-dependent Hartree-Fock-Bogoliubov model to determine the rate of
neutron diffusion and conclude that a large amount of energy, in the range of ∼ 1040 − 1044

erg, can be released rapidly. We suggest that this mechanism may be the source of hitherto
unknown phenomena such as the Fast Radio Bursts (FRBS).

1. Introduction
Isospin diffusion is a quantitative exchange of isospin in environments with inhomogeneous
isospin content. It is a well known process which has been studied in nuclear central collisions
between heavy ions due to a momentarily local imbalance of protons and neutrons [1] with the
goal to understand the contribution of the symmetry energy term to the equation of state of
neutron stars [2]. An extreme case of isospin imbalance might occur in neutron star crusts
where neutron-dense regions can coexist momentarily with neutron poor regions. In such cases,
neutrons will diffuse and a homogenization of the neutron density occurs after a given time.
In fact, neutron transfer in an isospin unbalanced medium has been predicted to modify the
cooling rates in accreting neutron stars [3]. We also infer that neutron diffusion in neutron star
mergers will determine the rate to achieve local homogeneous densities. Pockets, bubbles, or
clumps of neutron-rich regions will certainly be formed as neutron stars merge or during the
fallback of a core-collapse supernovae. The diffusion mechanism will be of huge importance for
nucleosynthesis because supernova fallback/accretion and neutron star mergers are the proposed
sites for the r-process [4] responsible for the production of about half of the elements in the
universe heavier than iron. We also propose that neutron diffusion by tunneling in transient
environments can be the source of gamma-ray bursts in magnetars (see, also [5, 6]), a source of
soft gamma repeaters (SGRS) and of anomalous X-ray pulsars (AXPs)).

Recently, the current authors have explored [7] the physics of isospin diffusion in
inhomogeneous neutron media due to tunneling, considering the flow of single neutrons and
of neutron-pairs passing through the potential barriers generated by the strong interaction
mean-field. Neutron-rich regions were emulated and the neutron diffusion rates to neutron-
poor regions were calculated. The goal of our study is to deduce the general properties of
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neutron diffusion and to identify possible scaling laws for the diffusion rates. We further suggest
that the diffusion of neutrons in inhomogeneous distributions is a trigger mechanism of short
gamma/X-ray bursts/flaring activities in magnetars and in fast radio bursts (FRBs).

We have shown that significant energy release can occur by neutron diffusion in
inhomogeneous neutron matter and we infer [7] that neutron diffusion in such environments can
be enhanced by the presence of multiple neighbors. Neutrons tend to flow to states with nearly
the same single-particle energies due to an effect known as resonant tunneling. After this step,
the neutrons will decay to lower energy states and also induce nuclear many-body rearrangement
of the neutron bubbles. They will also be followed by beta-decay or gamma emission. In any of
these situations, several processes can be manifested: (a) A quasi-instantaneous energy release;
(b) Particles will be liberated in the medium composing the neutron star crust or in transient
mergers; (c) Ambipolar diffusion by perturbations in huge magnetic fields can further induce
non-equilibrium; (d) Electromagnetic nonlinear effects can occur in the nuclear medium. In the
latter scenario, liberated particles (electrons and photons) will interact with the strong magnetic
field, creating more particles (electrons and positrons) in a cascade process, that will act as a
seed for a strong electromagnetic radiation pulse.

A disruptive phenomenon within a neutron star, such as a star quake or crust fracture,
will produce elastic waves that sweep across the crust, compressing and rarefying the nucleon
density. The waves are followed almost instantaneously, within a time scale of 10−20s or less, by
a flurry of neutron diffusion, releasing photons and electrons. The interactions of the liberated
particles with the huge magnetic field of a magnetar will produce flares responsible for the burst
phenomena. The burst duration will have the same time scale as that of the elastic waves passing
through the crust.

We have demonstrated that the loosely bound character of the transferred neutrons, together
with the presence of multiple neighbors, will lead to neutron diffusion rates that are considerably
different than those obtained with popular perturbative calculations, such as the WKB
approximation. The presence of multiple neighbors leads to nonlinear effects not treatable
under perturbation theory because at a given time the decrease of the neutron density will also
decrease the neutron transfer, or tunneling probability. The neutron-neutron interaction and
neutron-neutron pairing are other important physical inputs in the calculation of the tunneling
probability and diffusion rates, which are not amenable to a perturbative treatment.

2. HFB diffusion model
To deduce the gross properties of neutron diffusion by tunneling, we have considered a one
dimensional system of neutrons. This isn’t a drawback because, despite their simplicity, one-
dimensional systems such as the Ising model have led to major scientific progress. In our
simulations, the neutrons are immersed within a one-body potential U(x) with an additional
neutron-neutron interaction v(x, x′). We then solved the Time-Dependent Hartree-Fock-
Bogoliubov (TDHFB) equations in the form

i~
∂

∂t
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{
− ~2∆(2)

x

2m(δx)2
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The relevant quantities are defined as follows. We use the constant ~2/2m = 20.73 MeV fm2,
and uα and vα are amplitudes so that |uα|2 (|vα|2) is the probability that a neutron state
α is occupied (unoccupied). The parameter δx represents the discretization step of the one-

dimensional coordinate x. The function ∆
(2)
x is a three-point second-order differential operator,
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i.e., ∆
(2)
x φ(x) = φ(x+ δx)− 2φ(x) + φ(x− δx). Moreover,
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where Γ(x) is the interaction density, ∆ (x, x′) is the pair correlation matrix, ρ (x, x′) is the
density matrix and κ (x, x′) is the pairing density matrix. This set of time-dependent coupled
differential equations are solved using a fourth-order Runge-Kutta algorithm.

We have obtained the initial (t = 0) many-body wave-function by means of a diagonalisation
of the Hartree-Fock-Bogoliubov (HFB) equations based on an expansion of the single-particle
wavefunctions in a harmonic oscillator basis. The required particle-number conservation was
enforced using Lagrange multipliers [8]. For a system containing N neutrons, this method
prepares initial states α and their corresponding energies and occupation numbers. A further
simplification is incorporated by assuming spin symmetry, so that uα↑ = uα↓ (vα↑ = vα↓),
reducing the computational working space to half the number of states.

To prepare the initial states, we enforce a confining potential of the form Ut=0(x) =
U(x) + Uλ(x), where

U(x) =
U0

[1 + exp{(|x| − d)/a}]
. (7)

Typical values of the parameters we have used are U0 = −100 MeV, d = 5 fm and a = 1 fm. A
Gaussian interaction was assumed for the particle-particle potential,

v(x, x′) = v0 exp

(
−|x− x

′|2

2σ20

)
. (8)

Here, typical parameters used are v0 = −14 MeV and σ0 = 2.5 fm. To describe loosely-bound
neutrons, mostly responsible for the tunneling process, and to simulate a chemical potential near
the continuum, a confining harmonic oscillator potential is added to U(x) at t = 0, in the form
Uλ(x) = λx2. Here, λ is adjusted to reproduce various binding energies of the weakly-bound
neutron system.

As a prototypical system we consider clumps of N = 20, 40, 80 and 160 neutrons. Harmonic
oscillator strengths of λ = 2, 10−1, 1.15 × 10−2, and 2 × 10−3 MeV/fm−2 were assumed, with
the static HFB equations yielding loosely bound neutrons with separation energies of Sn = 1.55,
0.96, 0.40, and 0.25 MeV for N = 20, 40, 80 and 160, respectively. The solution of the static
HFB equations yield much larger binding energies per neutron than in a typical nucleus. But
our goal is to understand the physics involved in the diffusion rates, which can be clarified well
with these values, as we are going to prove.

3. Time evolution and diffusion rates
After the N -neutron system initial wave-function is prepared, the Eqs. (1)-(2) are solved by
suddenly removing the confining potential Uλ. Moreover, the single-pocket potential U(x), is
replaced at t > 0 by a sequence of equally spaced Woods-Saxon-type potentials with a separation
distance D, i.e.,

U(x, d, a)→
M∑

n=−M
U(x− nD, d, a). (9)
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Figure 1. The dashed line represents the initial, t = 0, neutron number density for N = 160
located at the center of a row of Woods-Saxon potentials separated by a common distanceD = 20
fm. The initial density is obtained from a HFB calculation with potential parameters described
in the text. The density at t = 20, 000 fm/c is shown by the solid line, as calculated with
a TDHFB method. For better visualization, the neutron number densities and Woods-Saxon
potentials are multiplied by scaling factors.

The initial N -neutron ssytem was placed at the center of the mean-field potential chain. The
neutrons, in particular the most weakly bound ones, tunnel through the potential barriers having
an approximate width of D − 2(d+ a). The solution of Eqs. (1)-(2) are limited to a box of size
L = 200 fm. Furthermore, absorbing boundary conditions were used by enforcing an imaginary
potential with thickness dim = 50 fm and strength Wim = −200 MeV at the left and right edges
of the box. We allow 2M (M an integer) of potential wells in Eq. (9), with M depending on the
separation distance D. For the cases considered here, we use M in the range M = 2 − 5 when
D is taken within the values of D = 20− 50 fm.

By solving the TDHFB equations the initial N-neutron wave-function is allowed to evolve
and the transfer of neutrons from the densest regions to the neighboring, less dense, regions is
obtained as a function of time. This is displayed in Figure 1 for the neutron number density
ρ(x, t) when N = 160 and t = 20, 000 fm/c. The initial number density is shown by a dotted line
and a light shaded area, whereas the density at time t is shown by a solid curve. The nuclear
potential is indicated by dashed lines and the separation between them is taken as D = 20 fm.
The number densities and potentials are multiplied by scaling factors for better visualization in
the same graph. The darker shaded areas in the neutron number density at time t represent the
leakage of neutrons from the central potential to the neighboring ones.

The neutron density time evolution allows us to calculate the rate with which the neutrons
diffuse to neighboring regions, as well as the average diffusion coefficient D appearing in the
diffusion equation ∂ 〈ρ〉 /∂t = D∂2 〈ρ〉 /∂x2. But using the diffusion equation to infer the neutron
diffusion/tunneling rates takes a prohibitive numerical computation time. We use instead a
simpler method, by monitoring the time-dependence of the number of neutrons within the initial
region, to assess the diffusion rate to less dense regions. We can estimate the neutron transfer
rate Λn(t) by using the relation Λn(t) = −dN/dt, with N(t) being the number of neutrons
within the initial confining region centered at x = 0. It corresponds to the term with n = 0 in
Eq. (9) (see Fig. 1).
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Figure 2. Neutron diffusion rates as a function of time for neutron clumps immersed in a row
of mean field potentials depicted in Figure 1.

The tunneling rate according to Gamow’s model [9], widely used in the literature to estimate
nuclear decay times, e.g., alpha-decay times, is given by

ΛG(t) = νT ∼ v

d
exp

(
−2

∫
|κ(x)|dx

)
. (10)

Here, ν ∼ v/d is known as the barrier assault frequency. The local momentum of a neutron
with kinetic energy E is given by ~κ =

√
2m[U(x)− E]. The integration is carried out

between the limiting points where E = U(x). Assuming that only the most energetic neutrons
tunnel during a short time, the Gamow model yields increasing tunneling rates in the range
ΛG ∼ (0.5−0.9)×10−2 c/fm as the separation energies decrease within Sn = (1.55−0.25) MeV.

As seen in Figure (2), the neutron transfer rates Λn calculated with the dynamical microscopic
method yield tunneling rates that oscillate and decrease as time evolves. During a transient time,
the rates remain nearly constant, mainly because only the most energetic neutrons are able to
leak to neighboring sites. But notably, oscillations are due to set in a later stage simply because
the system displays wave mechanical features such as reflection and interference. Then, at larger
time scales, the rates drop again before they flatten out when less-energetic neutrons begin to
tunnel appreciably. This pattern likely repeats as more and more deeply bound neutrons get
involved in the diffusion process. As expected, the neutron transfer rates become larger when the
neutron separation energy Sn is smaller. As we show later, the rates calculated microscopically
are smaller by orders of magnitude than those calculated using, e.g., a WKB transmission model.

The reason why the microscopically calculated transmission rates from the TDHFB model
are smaller than expected from a WKB approximation is partially because the two-body
interaction is responsible for a larger total internal energy, Eint, of the system. The neutron
clump, or bubble, prefers to stick together due to the strong interaction and, therefore, density
homogenization by tunneling is suppressed.

Another way to assess the relevance of the two-body interaction on the tunneling probability
is to set v(x, x′) = 0 at t > 0. The result is displayed in Figure 3 where the average value of 〈Λn〉
is shown within the time interval t = 0−1000 fm/c. In the figure, the error bars take into account
the statistical deviation from the mean values. The filled diamonds represent the calculations
using Eqs. (1)-(2) with the particle-particle interaction set to zero, i.e., v(x, x′) = 0. The filled
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Figure 3. Average value of 〈Λn〉 within the time interval t = 0 − 1000 fm/c and for neutron
clumps with N = 20, 40, 80 and 160. The error bars include the statistical deviation of the
calculations from their average values. The filled diamonds represent the calculations using Eqs.
(1)-(2) with the particle-particle interaction set to zero, i.e., v(x, x′) = 0. The filled circles are
obtained with v(x, x′) 6= 0.

circles are obtained with v(x, x′) 6= 0. One notices that the tunneling probabilities increase by
about ' 4 − 5 times when the neutron-neutron interaction is turned off, as claimed above. It
is clear that this effect is not treatable within the Gamow model and requires a microscopic
formulation of the process when residual nucleon-nucleon interactions play a role.

It is well known that pairing correlations play an important role in nuclear reactions involving
two-neutron transfer [10, 11]. The effect tunneling enhancement due to pairing becomes evident
in transparent analytical models for, e.g., the transfer of Cooper pairs and the effects of particle
compositeness, as was proved in Ref. [12, 13]. In our microscopic model it is easy to assess the
role of pairing by turning on and off the pairing density matrix κ (x, x′) = 0 in the TDHFB
equations (1)-(2). When it is off, the method is equivalent to solving the much simpler TD-
Hartree-Fock equations. Intriguingly, we have found that the Λn rates are not strongly modified
by paring, with the transfer rates changing by less than 3% for N = 160 and 5% for N = 20. In
fact, our 1D model shows that there is a dominance of single neutron transfer by tunneling. It is
also worthwhile mentioning that there is no one-to-one correlation of the process we study here
with that involved in neutron transfer in nucleus-nucleus collisions. In the later case, two time-
scales are of relevance: (a) One is the reaction time; (b) Another is the neutron-pair tunneling
time. The effect we consider in this work only involves one timescale in which the neutrons flow
to the less populated regions of space. Our results show that the effect of the pairing energy is
unlikely to influence the total energy rearrangement of the system leading to a suppression of
single-neutron transfer and favoring the transfer of a neutron pair.

Finally, we look at the variation of the transfer rate as a function of the distance between
the neutron clumps. The same physics properties obtained for D = 20 fm and discussed above
also emerges with increasing values of D. Only the computation time increases exponentially
due to the exponential decrease of the tunneling probabilities with the separation distance. This
property is visible in Table 1 where the aforementioned parameters for the initially prepared
states are used. The diffusion rates resulting from TDHFB calculations are about a factor 6-12
smaller than those predicted by the Gamow model.
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D 20 fm 35 fm 50 fm
〈Λn〉 [c/fm] 5.86× 10−4 1.13× 10−5 0.334× 10−5

ΛG [c/fm] 5.70× 10−3 8.27× 10−4 1.95× 10−4

Table 1. Average tunneling probabilities 〈Λn〉 dependence on the separation distance for
N = 160 neutron bubbles with the aforementioned parameters used for the initial many-body
wave-function. Also shown are WKB results calculated with Eq. (10).

4. FRBs and magnetars
Fast radio bursts (FRBs) form a recently discovered astrophysical electromagnetic phenomenon.
They have an unknown origin, being bright and of brief duration, with typical time duration
within a range from ∼ 30 µs to ∼ 20 ms [14, 15, 16]. It is possible that the emission
process involves relativistic electron-positron beams with large Lorentz factors γ, similar to
a pulsar radiation mechanism. Electron-position pairs, e±, are created and further accelerated
to ultra-relativistic speeds around the polar cap region of the star. A radiation coherence
follows leading N particles to radiate with a N2 strength, by far larger than single-particle
emission [17]. Magnetars (SGRs/AXPs) also manifest a pulsar-like mechanism, with the radiated
power believed to arise from huge magnetic fields (B ∼ 1012 − 1015 G) instead of star rotation.
In other words, the decay of the hyper-strong magnetic fields is responsible for the cataclysmic
emission. Unpredictable and unknown instabilities occurring within these sources are possibly
responsible for the bursting/flaring activities producing X- and gamma-ray bursts lasting few
milliseconds to tens of seconds. Recently, it was raised the possibility that FRBs originate from
magnetars [18]. We augment these ideas by proposing that the trigger mechanism for the short
X/gamma-ray bursts occurring in magnetars and leading to FRBs are due to the diffusion of
neutrons in a transiently created inhomogeneous density environment within the star crust. As
we have shown, the neutron diffusion can occur in a short time scale within regions of the crust
where neutron-rich nuclei are formed by a precursor phenomenon such as a star quake. The
diffusion almost instantaneously promotes neutrons to flow to the neighborhoods poor in neutron
content, yielding beta and gamma decays which further interact with the strong magnetic fields
causing the flares or bursts. The relativistic particles are produced in regions where the density
is larger than 106 g/cm3 and will move freely with kinetic energies in the MeV range. The
particles generated are responsible for the instabilities in the region, perturbing the magnetic
field, which will lead to a surge in electromagnetic emission. These particles in the crust and inner
magnetosphere will further promote a e± production cascade, yielding a high-energy radiation
due to synchrotron radiation and inverse Compton scattering. Moreover, such a mechanism can
also drive Alfvn waves and a large-amplitude wave packet is launched due to the disturbance
near the surface of the magnetar [19]. Again, part of the wave energy is converted into coherent
radio emission within a region of few tens of the neutron star radii.

We now provide a rough estimate of amount of energy that our proposed mechanism can
release in a burst, Eburst. We assume that the average separation energy of the less bound
neutrons is of the order ε ∼ 1 MeV and that the subsequent tunneling of neutrons to a
neighboring site will release the same amount of energy. Therefore, the burst can be estimated
as

Eburst ∼ εNimpΛG∆t ∼ εNimp102L

αD

√
2U0

mc2
exp

(
−2D

√
2mc2ε

~c

)
, (11)

where, for simplicity, we take the tunneling rate ΛG from Eq. (10). This procedure neglects
the many-body effects we have considered so far, but can be modified to account for such
effects in a more complicated calculation. Because the energy released by the tunneling process
occurs almost instantaneously, the time during which the explosive emission occurs is the same
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as the time during which the wave sweeps through the crust changing its local densities, i.e.,
∆t ≈ L/v = 102L/c, where L ≈ 2 km. In this equation Nimp is the number of impurities
(neutron bubbles, or clumps) coherently participating in the process. The bubbles are assumed
to have a dimension αD, with α > 1 adjusted so that the bubbles sizes can be varied at will.

To determine the number of neutron-rich clusters participating in the coherent mechanism,
we consider the polar cap region within a twisted magnetic field configuration with a radius
Rp = R sin θp = R

√
(RΩ/c)n/(15 + 17n)/32, with n evolving from n < 1 to n = 1 [20]. We

estimate the height under the polar cap, hρ0 , starting from the star surface and ending in a layer
with density ρ = ρ0 (ρ0 = 0.17 fm−3 being the nuclear matter saturation density). This yields
hρ0 ≈ 2 km. Therefore, we obtain the volume of interest, V = πR2

phρo , comprising the emission
region within magnetars. The number of neutron clumps in this region follows as

Nimp =
V

4/3π(αD)3
∼ 3R2hρo

4α3D3

(RΩ/c)n

(15 + 17n)/32
. (12)

We study four possible scenarios with α = 1, 5, 10 and 50, allowing for neutron inhomogeneities
which can also be much larger in size than their separation distances. In Figure 4 we plot the
energy emitted during such a burst mechanism as a function of the separation distanceD between
the neutron clumps. We assume a polar cap radiusRp = 2 km. The green shaded horizontal band
accounts for the values of short bursts observed in magnetars ∼ 1039− 1041 erg/s [21] while the
shaded orange band represent the energy burst values observed for FRBs ∼ 1038−1046 erg/s [22].
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Figure 4. Energy released in the form of bursts as function of the separation distance D and
neutron dense sites with sizes determined by α = 1, 5, 10, 50. The green horizontal band limits
the observed values of short bursts from magnetars, while the orange band represents the limits
of the observed values for FRBs.

It is noticeable from Figure 4 that our proposed mechanism for the aforementioned bursts are
comparable to the astronomically observed ones for magnetars. The same applies to the observed
values of FRBs, assuming that the dense neutron sites are separated by distances smaller
than D ∼ 50 fm. Figure 4 also shows that smaller size impurities favor larger energy yields.
Evidently, these are crude estimates, relying on the WKB approximation. Corrections due to
the microscopic behavior of the many-body neutron systems and further medium interactions
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can easily change these figures by an order of magnitude. A microscopic calculation carried
out in a three-dimensional lattice can also increase the tunneling rates because the increased
number of neighbors can offer more diffusion/tunneling opportunities. Many features displayed
as an outcome of our one-dimensional model are likely to remain valid in a more complicated
three-body lattice dynamical modeling.

5. Conclusions
In this work (see also Ref. [7]), we have reported a microscopic TDHFB calculation for the
neutron diffusion rates in transient neutron stars due to neutron diffusion/tunneling from
neutron-rich to neutron-poor regions. We considered neutron clumps consisting of 20, 40, 80
and 160 neutrons taking into account that nuclear barriers will form between the impurities and
the surroundings. Our model is one dimensional in nature, as are other models used to infer the
gross properties of many-body interacting systems, such as the well-known Ising model. Our
model allows the understanding of key features of the time evolution of strongly interacting
particles.

Our main findings in this pioneer study include, albeit they are not limited to,

• there are clear differences between calculations based on perturbation theory such as the
WKB model and a time-dependent microscopic modeling. The detachment and diffusion
of neutrons within an inhomogeneous neutron environment is poorly inferred from a
perturbative treatment,

• the role of neutron pairing is subtle and strongly depends on the size and density of the
system under scrutiny. We did not observe an enhancement of the tunneling rates for a
neutron pair compared to single neutron transfer, as has been usually advertised in heavy-
ion transfer reactions,

• neutron diffusion by tunneling cannot be ruled out as a possible mechanism for the
occurrence of electromagnetic bursts from magnetars. Our estimates have shown that such
a mechanism is possible.

Our studies conclude that the subject of dynamical density homogenization and isospin
diffusion in stellar environments and in nuclear reactions is far from being understood and
therefore deserves a more extensive theoretical study. Perturbative estimates such as those
based on WKB transmission probabilities are likely to yield poor results, due to the dynamical
rearrangement of strongly interacting systems. There are other subtleties involved, such as
the dynamical contribution of the mean field and the particle-particle interaction to the time
evolution of the local energies within the system. The microscopic approach is rich in details
emerging for the transmission and diffusion rates.

This work also provides further insights on the role of the microscopic behavior of tiny nucleon
inhomogeneities within a macroscopic object such as a neutron star and its dynamical evolution
following a disruptive process and the ensuing explosive phenomena. The time evolution of
density inhomogeneities and their energy release by means of sudden nuclear diffusion processes
are also of relevance for the dynamical description of neutron star mergers.
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