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Abstract We study the production of dimuonium (also
known as true muonium) in two- and three-photon fusion
processes in nucleus—nucleus collisions at the CERN Large
Hadron Collider (LHC). A new formalism is introduced for
the production process, and valuable new information is
extracted, which will be helpful in proposals of future exper-
iments. We explore the phase space constraints, the reaction
mechanisms, and how dimuonium decay observables might
be jeopardized by other physical processes. We show that
the energies available at the Large Hadron Collider at CERN
might lead to the first identification of dimuonium in a ter-
restrial laboratory.

1 Introduction

There should exist six leptonic atoms: (1) positronium
(ete™), (2) muonium (uTe™), (3) dimuonium (T p™), (4)
tauonium (zte™), (5) tau-muonium (tr* ), and (6) ditauo-
nium (z 7). Only positronium, muonium, and dipositron-
ium, a (ete™)(eTe™) molecule, have been observed [1-3].
Dimuonium is more compact than positronium and muo-
nium: Ry, ~ Rye/100 ~ R../200. Due to its large mass,
it is sensitive to physics beyond the standard model [4]. The
decay rate of dimuonium depends on radiative corrections
from the unexplored time-like region of quantum electrody-
namics (QED). Observation of dimuonium [5] would be a
significant discovery in physics. It would add to new tests
of QED because the properties of dimuonium are similar
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to those of positronium, obtained by simply substituting the
electron with the muon [6]. It is well known that there are
muon sector anomalies, because there is a 3o difference
between the muon (g-2) standard model prediction and mea-
surements [7]. The magnetic moment of each muon in dimuo-
nium includes an anomalous (g-2) part. Therefore, the hyper-
fine splitting in dimuonium may help clarify the discrepancy
between the anomalous magnetic moment of the muon and
theoretical predictions. The (g-2) value for the muon can be
modified by various phenomena beyond the standard model
(BSM), including leptoquarks, lepton compositeness, super-
symmetry (SUSY), Born—Infeld extensions of QED, space-
time non-commutativity in QED, and extra spatial dimen-
sions [8]. Quantum chromodynamics introduces corrections
in the dimuonium structure in the form of relatively well-
studied hadronic vacuum polarization. Electroweak correc-
tions to the hyperfine splitting of dimuonium can also be
calculated.

The properties of dimuonium can shed light on the proton-
deuteron radius puzzle [9], in addition to clarifying a possi-
ble lepton-universality violation in rare B decays such as the
branching ratios for BY — Ktete”and BT — K utu™.
The LHC beauty (LHCb) experiment collaboration has mea-
sured this branching ratio and found a 2.5¢ discrepancy with
theoretical predictions [10]. Finally, BSM physics scale with
corrections with the scale parameter A and manifest in the
form of corrections of power counting O(mi /A?), making
dimuonium more than 10° more sensitive to BSM phenom-
ena than the positronium or the muonium.

The production of dimuonium in eTe™ and heavy ion
collisions has been studied theoretically in, e.g., Refs. [11-
17]. The bound states are the spin-singlet paradimuonium
(PM) 'Sy (JP€ = 177) and the spin-triplet orthodimuo-
nium (OM) 38, (JP€ = 0~1). The leading-order prediction
for the 3S; —! Sy hyperfine splitting is AE = 7mﬂa4/12
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[18]. The PM decays into two gammas with a lifetime
tpm = 2hn? Jam,, = 0.602 ps, while the OM decays into
an ete™ pair with toy = 6hn/a5mﬂ = 1.81 ps. Therefore,
the 2.2 us muon weak decay lifetime is effectively infinite
when compared to dimuonium’s lifetime. On the other hand,
the ditauonium annihilation decay and the weak decay of
the tau lepton are of the same order of magnitude, and the
bound 77~ system is not as suitable as dimuonium for pre-
cision QED tests. Moreover, the small signal yield compared
to the background greatly decreases the prospects for ditauo-
nium being observed at the LHCb [19-21]. There are recent
experimental proposals to produce dimuonium at the LHCb
as a displaced et e~ resonance or via rare B decays into lep-
tonium [20,22], in a low-energy n™ ™ collider [23] or in
e*e™ collisions at Fermilab by a modification of the existing
FAST/New Muon Lab facility [4]. The direct production of
dimuonium in £ 4~ collisions meets the experimental diffi-
culties associated with the production of slow muon beams.
Most of the proposals exploit the production of OM (°S;)
and its decay via detection of eTe™ pairs. The production
of PM (1 Sp) is often neglected because its dominant decay
into yy is challenging to reconstruct with current detectors
[4,20,22].

In this work, we focus on the possibility that the properties
of PM can be studied with the energies currently available
at the Large Hadron Collider (LHC) at CERN. We propose
a new venue to calculate PM production probabilities and
study its dependence on phase-space components. In heavy-
ion collisions such as Pb + Pb, the production cross sections
of OM are orders of magnitude smaller than the production of
PM because they require the fusion of three photons as in the
production of orthopositronium [24]. Our goal in this work is
to quantify the regions in phase space where dimuonium can
be observed in ultra-peripheral collisions (UPCs) of relativis-
tic heavy ions [25]. We adopt a projection technique [24] to
calculate tree-level Feynman diagrams and connect the cal-
culated amplitude with the production of a bound PM. This
contrasts with the frequently used virtual photon approxima-
tion, which relies on a folding of virtual photon fluxes from
each ion multiplying a cross section for the gamma—gamma
particle production [25]. The production of free u*u~ and
77~ pairs at the LHC was predicted and calculated fol-
lowing this recipe in Ref. [26]. Alternatively, the production
of exotic atoms consisting of muons and taus in the atomic
nucleus orbitals at the LHC was calculated using a direct
application of perturbative QED in Ref. [27].

2 Dimuonium probability distribution
In this work, we adopt the laboratory system of the collider

and a first-order perturbation theory for dimuonium produc-
tion, well justified due to its small creation probability. The
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direct and exchange Feynman diagram combined yield the
probability amplitude for the production of a ™+ ™ pair as
given by

(P d*q P\ gd+my
m=—ien(3) [ Gten (5 - T —m?

x A (§+q>v<§>+(4(1<—>4‘2), (1

where the electromagnetic field of ion 1 at the center of mass
of the collision with impact parameter b is given by

A® = 872 Ze3(q0 — fg)—

1 q0 qz q% +6122/)/2’
Only the time-like (0) and third (z) components of the elec-
tromagnetic fields are needed, assuming that the quantization
axis z is along the beam direction. The index 7" denotes the
direction perpendicular to the beam. Here, the Lorentz fac-
tor is given by (1 — 2)~1/2 in terms of the beam velocity
B. To obtain the field A, of ion 2, one uses the replace-
ments b — —band § — —p.In Eq. 1, P is the dimuonium
momentum, m,, = 105.66 MeV/c=0.5267 fm~! is the muon
mass, Z is the ion charge, and u (v) is the spinor associated
with the = (™).

The production probabilities and cross sections for dimuo-
nium rely on Eq. 1 and the projection technique introduced
in Ref. [24] for the creation of the positronium in UPCs. We
consider only the production of PM (!Sy) via two-photon
fusion. When calculating production probabilities and cross
sections, we need to average over spins and use the projec-
tion operators onto bound dimuonium states, obtained by the
replacement [28-30]

¥ (0)
2,/2my

where W (0) is the dimuonium wave function at the origin.
This procedure leads to integrals stemming from Eq. 1 that
are performed using Feynman’s well-known parameteriza-
tion to solve integrals of products of fractions [31]. Our final
expression for the probability P of PM production is
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The functions Ky(C;b) are modified Bessel functions of the
second kind and order zero. As shown in Ref. [24], Eq. 4
reduces to the well-known equivalent photon approximation
(EPA) after additional approximations are used. A compari-
son of the two methods will be shown later in this article to
explore the validity of the equivalent photon approximation.
The projection technique implemented via Eq. 3 is a power-
ful simplification allowing us to calculate simple tree-level
diagrams and project the open legs into bound states.

3 Results

The LHC provides Pb + Pb collisions with center-of-mass
energy of /syy = 5.5 TeV/nucleon, corresponding to a
laboratory beam energy of E;,;, = 2.76 TeV/nucleon and
to a Lorentz factor y = 2941. We use Eq. 4 to obtain the
distribution probability of dimuonium production events as a
function of the impact parameter » and the momentum com-
ponents P, (Pr) along (perpendicular to) the beam direc-
tion. The experimental determination of this distribution is
a way to access information on the dimuonium wave func-
tion W (0). Based on similar treatment as the nonrelativistic
Schrodinger equation, it is given by W (0) = 1/(nag)>/%/7
=4.8 x 107 fm—3/?/n, where the Bohr radius for dimuo-
niumis ag = 2/myoa =512 fm (weuse i = c = 1), and n
is the principal quantum number.

The impact parameter dependence of the PM production
mechanism depends on the function K, which decays expo-
nentially at large impact parameters. The largest production
probability occurs at the smallest possible impact parameter,
b ~ 2 Rpy, where Rpy is the matter radius of Pb. The argument
of Ko at this impact parameter becomes approximately equal
to & = 4m, Rpy/y ~ 1/100 <« 1, so that the production
probability at small impact parameters scales as In® &. Thus,
the production probability decays rather slowly, like In b, up
to an impact parameter of the order of b ~ 100 fm, where an
abrupt exponential decay of the form exp(—§&) sets in. This
means that compact PM will be produced when the ions col-
lide with an impact parameter in the range 10 fm < b < 100
fm.

We use the relationships y = In[(Py + P;)/2m,] and
dP; = 2mye’dy to express Eq. 4 in terms of the rapid-
ity y. In Fig 1 we show the momentum-rapidity distribution
dPgm/dPrdy (scaled to unity at Pr = 0, y = 0) for PM
production in a Pb + Pb collision at the LHC at an impact
parameter b = 15 fm, which is larger than the sum of the radii
of the colliding ions. The momentum-rapidity distribution is
strongly peaked at Pr = 0 and is spread over rapidities in
the range |y| < 5.

1.0 0.72

0.64
0.56
0.48
0.40
0.32
0.24
0.16
0.08
0.00

0.8

Fig. 1 Contour plot of the momentum-rapidity distribution
dPgm/dPrdy (scaled to unity at Pr = 0, y = 0) for para-dimuonium
production for Pb + Pb collisions at the LHC at an impact parameter
b=15fm
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Fig. 2 Upper panel: Rapidity distribution of para-dimuonium pro-
duced in Pb + Pb collisions at the LHC at an impact parameter
b = 15 fm. Lower panel: Transverse momentum distribution of para-
dimuonium produced in Pb + Pb collisions at the LHC at an impact
parameter b = 15 fm. The dashed lines are calculations following the
equivalent photon method, as described in Ref. [24]

In the upper panel of Fig. 2, we plot the rapidity distri-
bution of PM produced in Pb + Pb collisions at the LHC at
an impact parameter b = 15 fm. The solid line corresponds
to the calculation using Egs. (4—6), whereas the dashed line
is obtained using the equivalent photon method, Low’s for-
mula, and the corresponding y y width for dimuonium decay,
as explained in Ref. [24]. In the lower panel of the same fig-
ure we plot the transverse momentum distribution for the
same reaction. The momentum distribution drops exponen-
tially with Pr (note the logarithm scale), peaking at Pr = 0,
as expected, and dropping by eight orders of magnitude from
Pr =0to Pr =5 fm~! (1 GeV/c). These values are within
the range of possible experimental measurements with detec-
tors such as the ATLAS and the Compact Muon Solenoid
(CMS) detectors at the LHC.
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The computations employing the equivalent photon appr
oximation (EPA) yield slightly higher values, up to 15%
more, than those obtained using Eqs. (4-6). These dis-
crepancies are most pronounced at small Pr values, with
EPA results consistently exceeding those from Egs. (4-6)
across nearly all y values. This comparative analysis high-
lights the limitations in accuracy exhibited by EPA within
certain regions of the phase space. This outcome aligns
with expectations and was comprehensively investigated in
Ref. [24], which demonstrated that EPA accuracy is con-
tingent on excluding specific regions of the phase space,
such as instances involving small longitudinal and trans-
verse momentum transfers distributed throughout the inte-
grand [24].

From Fig. 2 we see that a significant fraction of the parti-
cles may have y >~ 3. Assuming that they have a transverse
momentum much smaller than their mass, Py << m, their

approximate energy will be £ =,/ P% + m? cosh y. Substi-
tuting the numerical values, we find E >~ 2 GeV in the CM

frame. The two photons resulting from the dimuonium decay
would have 1 GeV each and would move in the beam direc-
tion. Forward photons with energies in the GeV region have
been measured by the LHCT collaboration [32]. Measuring
diphotons, they were able to reconstruct the parent 7% and
determine their momentum distribution. Since dimuonium
and the 7 have similar mass and decay into two photons,
one could try to look for dimuonium using the same tech-
niques. The important changes would be that (i) the LHCf
detector would have to be used in UPCs, and (ii) it would need
to be adapted to cover smaller rapidities, e.g., 2 < y < 4,
which is the rapidity range covered by the LHCb collabo-
ration. It is important to observe that, based on the findings
depicted in Fig. 2, dimuonium production is likely at rest,
indicating y = 0 and pr = 0. Implicit in this observation
is the assumption that if the bound state decay is isotropic,
the resulting decay photons do not necessarily have to be
detected solely in the forward direction.

To obtain the differential cross sections, we integrate Eq. 4
over impact parameters as

2,5 (b), )

d? dPym(Pr, P., b
(e} —Zﬂfbdb dm( T, Iz ) 2
dPrdP, ’

dP,dPr

where | S,,|? is the survival probability written as the square
of the scattering matrix, introduced here to enforce absorp-
tion at small impact parameters [33], and

Sabs (b) = exp [—?—nN/O dqq p; (q)Jo(c]b)} . ®)

where oy y is the nucleon—nucleon cross section, p4(q) is
the Fourier transform of the densities of the colliding ions,
and Jj is the cylindrical Bessel function of zeroth order. For
Pb we use a Woods—Saxon density with radius parameter
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6.63 fm and diffuseness equal to 0.549 fm. At the LHC ener-
gies, the nucleon—nucleon cross section is oyy = 90 mb
[34]. The S-matrix in Eq. 8 increases from O to unity very
rapidly around two times the radius parameter. The rapidity
and Pr dependence of the cross sections display a similar
pattern as the probability distributions presented in Figs. 1
and 2. The total integrated cross section for Pb + Pb colli-
sions at the LHC is found to be 2.32 ub. This cross section is
for PM production in the ground state. The total cross section
for production in any PM excited state with principal quan-
tum number 7 is increased by a factor ), 1/n® = 1.202,
i.e., by about 20%, reaching opy = 2.86 ub at the LHC.
Knowledge of the total cross section allows us to estimate
the PM production rate. The PM production event rate at an
LHC nominal luminosity of 103* particles/cm?/s is therefore
about 10?8 x 2.86 x 1070 x 10724 = 28.6 x 10~ 3/s per high
luminosity experiment, and only about 0.906 x 10~ events
per beam crossing, according to the beam properties at the
LHC [35]. One could benefit from the much larger luminos-
ity for p—p collisions in the collider, larger by a factor 10°
as compared to Pb—Pb collisions. But the Z* enhancement
due to ion charge (see Eq. 4) more than compensates for the
smaller luminosity of the Pb beams. Therefore, Pb + Pb col-
lisions are the best reactions for producing dimuonium at the
LHC based on the number of events available.

4 Discussion

The observation of dimuonium can be achieved by searching
for X-rays from Bohr transitions such as 2P — 1S (proba-
bly too difficult to measure in the LHC environment due to
its small transition energy), their decay lengths, 2P lifetimes,
and other possible transition energies. The PM decay length
after being createdisabout A = ctppy = 0.181 mm. Itdecays
by two photons each with energy £, ~ m, ~ 100 MeV. For
a photon with this energy, pair production will be the dom-
inant photon interaction in most materials. A reconstruction
of the tracks of the charged e™ (e™) as they pass through a
series of trackers, the y-ray direction, and therefore its ori-
gin where dimuonium is produced, can be inferred. Given the
current limitations of LHC detectors, it is presumed that none
of these experiments can be conducted using existing tech-
nology. However, a straightforward observation of dimuo-
nium could serve as a pivotal step, opening up the potential
for its comprehensive study through alternative experimen-
tal methods. This parallels the situation following the initial
production and detection of antihydrogen, which paved the
way for further investigation and insights [36].

A small fraction of the dimuonia will have large veloci-
ties, and if they interact with matter, they will be dissociated
because of their Coulomb interaction with the nuclei within
a thin layer of the material with a cross section of the order



Eur. Phys. J. A (2024) 60:43

Page50f6 43

of Z% x 1072 cm? = 10 x Z? barns [37]. This is a large
cross section, implying a dissociation length for a substance
with number density n given by A ~ 1/noc ~ 1 mm, for
a typical material with Z ~ 30. This value is only about a
factor 10 larger than the dimuonium decay length. Therefore,
the observation of dimuonium will also need to consider the
detection of free muons. This poses a problem, as the pro-
duction cross section of free 4 1™ pairs is orders of magni-
tude larger [26] than that for the production of dimuonium in
heavy ion collisions. Thus, most free muons will be produced
directly and will serve as a large background for the obser-
vation of the dimuonium dissociation process. The interac-
tion of dimuonium with matter would be of great interest
for QED. It has been predicted [39,41] that the probability
of observing a positronium in a bound state after its pas-
sage through a thin layer of matter is inversely proportional
to the layer thickness L. This positronium “transparency”
takes place when L is much smaller than the characteris-
tic internal positronium time Lorentz-dilated in a laboratory
system. This phenomenon deviates from the typical exponen-
tial law for the survival probabilities of charged particles in
matter. The physical reason for this effect is that the positro-
nium fluctuates in different excited states during its passage
through the slab of matter [40]. The observation of a rela-
tivistic dimuonium interacting with matter would further aid
in understanding this QED property, with implications for
quantum field theory in general.

Assuming that one tries to experimentally identify the PM
via its decay into two gamma rays, it is important to check
the y-background which can arise, e.g., by Bremsstrahlung
or by light-by-light scattering. Production of Bremsstrahlung
photons at the LHC was estimated in Ref. [37]. We consider
the emission of photons with energy £, = m, within a win-
dow AE, ~ 10_2mu corresponding to accuracy of 0.01 in
the measurement of a ys from dimuonium decay. The cal-
culated Bremsstrahlung cross section is found to be smaller
than the cross section for the PM production by a factor 10~
This is because the ion mass, mpy, is too large to be “shaken”
appreciably as it passes by another ion moving in the opposite
direction at impact parameters b > 2R pp.

Light-by-light scattering during a heavy ion collision was
also estimated in Ref. [38] using the Delbriick elastic scatter-
ing of photons by photons as input. In this model, the cross
section for light-by-light scattering events leading to high-
energy gammas E, 2 m, is given to the leading order by
integrating the Delbriick cross section folded with equivalent
photons around a window with uncertainty AE,, = m,,/100.
One obtains

op ~ 254 x 1072Z%42 In® (L) , ©)
my, Rpp

where r,, = ¢?/m,, fm is the classical muon radius. For Pb
+ Pb collisions at the LHC, the result is op ~ 30 nb, that

is, two orders of magnitude smaller than the PM production
cross section. Therefore, the direct photon production mech-
anisms such as Bremsstrahlung or light-by-light scattering
will not lead to substantial backgrounds in the detection of
dimuonium decay.

Another potential source of the y-ray background stems
from the production of ¥ particles. The direct production
of a single 7 is not a significant concern, as it manifests
as a distinct narrow peak at an energy corresponding to half
the mass of a pion. However, the production of two pions
can result in a broader spectrum of y energies that warrants
careful consideration. This particular production mechanism
was examined in detail in Ref. [42], where the calculated
cross sections for this process were found to be on the order
of a few tens of nanobars within the region of interest—up
to 1 GeV gammas. It is important to note that these cross
sections are considerably smaller than our predictions for
y production through the process of dimuonium production
and decay in ultra-peripheral collisions (UPCs).

Our proposal in this work is to use the LHC facility at
CERN to produce dimuonium for the first time. The facility
already exists, is well equipped, and has experience with
UPCs to produce particles in one- and two-photon exchange
processes. We have shown that the production of dimuonium
at the LHC could be within experimental reach. But one also
needs to be realistic, since at present it may not be possible
at the LHC to resolve low-energy transitions such as the 2P-
1 S transition. Many other processes compete simultaneously
with the UPC, with events induced by slow neutrons, cosmic
rays, and radiation from decaying materials. One has to rely
on innovative ideas, similar to those developed over the past
two decades to detect events generated by UPCs.

Perhaps the most basic and important question to consider
once leptonic atoms are studied is how one accurately cal-
culates a bound state in QED starting from Feynman tree
diagrams. This question is not as easy to answer as that
of QED treatment of free particles, because it relates to a
bound system in which Coulomb exchange is not a small
effect. To calculate the formation of a bound state, a spe-
cial treatment like a nonrelativistic quantum electrodynamics
(NRQED) approach is often used. Many studies of positro-
nium have contributed to the development of bound-state
NRQED [43,44]. The production and decay of dimuonium
will certainly be an important part of this study.

5 Conclusions

To conclude, we would emphasize that our calculation is very
clean. It is a step along the direction of high-precision QED
and tests of physics beyond the standard model. Our goal
was to provide theoretical guidance that could be used by
experimentalists either now or in the future using the magni-
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tude of cross sections and phase-space exploration in y and
Pr to judge whether their complex detector environment is
adequate for assessing the predicted information.
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