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ABSTRACT

Radiative Capture Reactions of Astrophysical Interest

Junting Huang, MS
Texas A&M University-Commerce 2009

Advisor: Carlos Bertulani, PhD

Radiative capture of nucleons at energies of astrophysical interest is one of
the most important processes for nucleosynthesis. The nucleon capture can occur
either by a compound nucleus reaction or by a direct process. The compound
reaction cross sections are usually very small, specially for light nuclei. The di-
rect capture proceeds either via the formation of a single-particle resonance, or
a non-resonant capture process. In this thesis I calculate radiative capture cross
sections and astrophysical S-factors for nuclei in the mass region A < 20 using
single-particle states. I carefully discuss the parameter fitting procedure adopted
in the simplified two-body treatment of the capture process. Then I produce a
detailed list of cases for which the model works well. Useful quantities, such as
spectroscopic factors and asymptotic normalization coefficients, are obtained and
compared to published data.

A novel effect due to non-inertial motion in reactions occurring in stars, and
elsewhere is also discussed. I demonstrate that non-inertial effects due to large
accelerations present in collision reactions will appreciably modify the excitation
processes in nuclear and atomic collisions. Applying Einstein’s equivalence princi-
ple, I also explore the magnitude of the corrections induced by strong gravitational
fields on nuclear reactions in massive and/or compact stars.
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Chapter 1

Introduction to Nuclear
Astrophysics

1.1 Stellar evolution: hydrogen and CNO cycles

The energy production in the stars is a well known process. The initial energy
which ignites the process arises from the gravitational contraction of a mass of gas.
The contraction increases the pressure, temperature, and density, at the center of
the star until values able to start the thermonuclear reactions, initiating the star
lifetime. The energy liberated in these reactions yield a pressure in the plasma,
which opposes compression due to gravitation. Thus, an equilibrium is reached
for the energy which is produced, the energy which is liberated by radiation, the
temperature, and the pressure.

The Sun is a star in its initial phase of evolution. The temperature in its
surface is 6000◦ C, while in its interior the temperature reaches 1.5× 107 K, with
a pressure given by 6 × 1011 atm and density 150 g/cm3. The present mass of
the Sun is M¯ = 2× 1033 g and its main composition is hydrogen (70%), helium
(29%) and less than 1% of more heavy elements, like carbon, oxygen, etc.

What are the nuclear processes which originate the huge thermonuclear energy
of the Sun, and that has last 4.6 × 109 years (the assumed age of the Sun)? It
cannot be the simple fusion of two protons, or of α-particles, or even the fusion
of protons with α-particles, since neither 2

2He, 8
4Be, or 5

3Li, are stable. The only
possibility is the proton-proton fusion in the form

p + p −→ d + e+ + νe, (1.1)

which occurs via the β-decay, i.e., due to the weak-interaction. The cross section
for this reaction for protons of energy around 1 MeV is very small, of the order
of 10−23 b. The average lifetime of protons in the Sun due to the transformation
to deuterons by means of eq. (1.1) is about 1010 y. This explains why the energy
radiated from the Sun is approximately constant in time, and not an explosive
process.

The deuteron produced in the above reaction is consumed almost immediately
in the process

d + p −→ 3
2He + γ. (1.2)

1



CHAPTER 1. INTRODUCTION TO NUCLEAR ASTROPHYSICS 2

Figure 1.1: The p-p chain reaction (p-p cycle). The percentage for the several branches are
calculated in the center of the Sun [1].

The resulting 3
2He reacts by means of

3
2He + 3

2He −→ 4
2He + 2p, (1.3)

which produces the stable nucleus 4
2He with a great energy gain, or by means of

the reaction
3
2He + 4

2He −→ 7
4Be + γ. (1.4)

In the second case, a chain reaction follows as

7
4Be + e− −→ 7

3Li + νe,
7
3Li + p −→ 2

(
4
2He

)
, (1.5)

or
7
4Be + p −→ 8

5B + γ, 8
5B −→ 2

(
4
2He

)
+ e+ + νe. (1.6)

The chain reaction (1.1)-(1.6) is called the hydrogen cycle. The result of this
cycle is the transformation of four protons in an α-particle, with an energy gain
of 26.7 MeV, about 20% of which are carried away by the neutrinos (see fig. 1.1).

If the gas which gives birth to the star contains heavier elements, another cycle
can occur; the carbon cycle, or CNO cycle. In this cycle the carbon, oxygen,
and nitrogen nuclei are catalyzers of nuclear processes, with the end product also
in the form 4p−→ 4

2He. fig. 1.2 describes the CNO cycle. Due to the larger
Coulomb repulsion between the carbon nuclei, it occurs at higher temperatures
(larger relative energy between the participant nuclei), up to 1.4 × 107 K. In the
Sun the hydrogen cycle prevails. But, in stars with larger temperatures the CNO
cycle is more important. Fig. 1.3 compares the energy production in stars for the
hydrogen and for the CNO cycle as a function of the temperature at their center.
For the Sun temperature, T¯, we see that the pp cycle is more efficient.

After the protons are transformed into helium at the center of a star like our
Sun, the fusion reactions start to consume protons at the surface of the star. At



CHAPTER 1. INTRODUCTION TO NUCLEAR ASTROPHYSICS 3

Figure 1.2: The CNO cycle.

this stage the star starts to become a red giant. The energy generated by fusion
increases the temperature and expands the surface of the star. The star luminosity
increases. The red giant contracts again after the hydrogen fuel is burned.

Other thermonuclear processes start. The first is the helium burning when the
temperature reaches 108 K and the density becomes 106 g.cm−3. Helium burning
starts with the triple capture reaction

3
(
4
2He

) −→ 12
6C + 7.65 MeV, (1.7)

followed by the formation of oxygen via the reaction

12
6C + 4

2He −→ 16
8O + γ. (1.8)

For a star with the Sun mass, helium burning occurs in about 107 y. For a much
heavier star the temperature can reach 109 K. The compression process followed
by the burning of heavier elements can lead to the formation of iron. After that
the thermonuclear reactions are no more energetic and the star stops producing
nuclear energy.

1.2 Thermonuclear cross sections and reaction rates

The nuclear cross section for a reaction between target j and projectile k is defined
by

σ =
number of reactions target−1sec−1

flux of incoming projectiles
=

r/nj

nkv
. (1.9)

where the target number density is given by nj, the projectile number density is
given by nk , and v is the relative velocity between target and projectile nuclei.
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Figure 1.3: Comparison of the energy production in the pp and in the CNO cycle as a function
of the star temperature [2].

Then r, the number of reactions per cm3 and sec, can be expressed as r = σvnjnk,
or, more generally,

rj,k=

∫
σ|vj−vk|d3njd

3nk. (1.10)

The evaluation of this integral depends on the type of particles and distributions
which are involved. For nuclei j and k in an astrophysical plasma, obeying a
Maxwell-Boltzmann distribution (MB),

d3nj = nj(
mj

2πkT
)3/2exp(−mjv

2
j

2kT
)d3vj, (1.11)

eq. (1.10) simplifies to rj,k =< σv > njnk, where < σv > is the average of σv over
the temperature distribution in (1.11). More specifically,

rj,k =< σv >j,k njnk (1.12)

< j, k > ≡< σv >j,k= (
8

µπ
)1/2(kT )−3/2

∫ ∞

0

Eσ(E)exp(−E/kT )dE. (1.13)

Here µ denotes the reduced mass of the target-projectile system. In astro-
physical plasmas with high densities and/or low temperatures, effects of electron
screening become highly important. This means that the reacting nuclei, due to
the background of electrons and nuclei, feel a different Coulomb repulsion than
in the case of bare nuclei. Under most conditions (with non-vanishing tempera-
tures) the generalized reaction rate integral can be separated into the traditional
expression without screening (1.12) and a screening factor [3]

< j, k >∗= fscr(Zj, Zk, ρ, T, Yi) < j, k > . (1.14)
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This screening factor is dependent on the charge of the involved particles, the
density, temperature, and the composition of the plasma. Here Yi denotes the
abundance of nucleus i defined by Yi = ni/(ρNA), where ni is the number density
of nuclei per unit volume and NA Avogadro’s number. At high densities and low
temperatures screening factors can enhance reactions by many orders of magnitude
and lead to pycnonuclear ignition.

When in eq. (1.10) particle k is a photon, the relative velocity is always c
and quantities in the integral are not dependent on d3nj. Thus it simplifies to
rj = λj,γnj and λj,γ results from an integration of the photodisintegration cross
section over a Planck distribution for photons of temperature T

d3nγ =
1

π2(c~)3

E2
γ

exp(Eγ/kT )− 1
dEγ (1.15)

rj = λj,γ(T )nj =
1

π2(c~)3

∫
d3nj

∫ ∞

0

cσ(Eγ)E
2
γ

exp(Eγ/kT )− 1
dEγ. (1.16)

There is, however, no direct need to evaluate photodisintegration cross sections,
because, due to detailed balance, they can be expressed by the capture cross
sections for the inverse reaction l + m → j + γ [4]

λj,γ(T ) = (
GlGm

Gj

)(
AlAm

Aj

)3/2(
mukT

2π~2
)3/2 < l, m > exp(−Qlm/kT ). (1.17)

This expression depends on the reaction Q-value Qlm, the temperature T , the in-
verse reaction rate < l, m >, the partition functions G(T ) =

∑
i(2Ji+1) exp(−Ei/kT )

and the mass numbers A of the participating nuclei in a thermal bath of temper-
ature T .

A procedure similar to eq. (1.16) is used for electron captures by nuclei. Be-
cause the electron is about 2000 times less massive than a nucleon, the velocity
of the nucleus j is negligible in the center of mass system in comparison to the
electron velocity (|vj − ve| ≈ |ve|). The electron capture cross section has to be
integrated over a Boltzmann, partially degenerate, or Fermi distribution of elec-
trons, dependent on the astrophysical conditions. The electron capture rates are
a function of T and ne = YeρNA, the electron number density [5]. In a neutral,
completely ionized plasma, the electron abundance is equal to the total proton
abundance in nuclei Ye =

∑
i ZiYi and

rj= λj,e(T, ρY e)nj. (1.18)

This treatment can be generalized for the capture of positrons, which are in a
thermal equilibrium with photons, electrons, and nuclei. At high densities (ρ >
1012 g.cm−3) the size of the neutrino scattering cross section on nuclei and electrons
ensures that enough scattering events occur to thermalize a neutrino distribution.
Then also the inverse process to electron capture (neutrino capture) can occur
and the neutrino capture rate can be expressed similarly to Eqs. (1.16) or (1.18),
integrating over the neutrino distribution. Also inelastic neutrino scattering on
nuclei can be expressed in this form. Finally, for normal decays, like beta or alpha
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Figure 1.4: (a) Schematic representation of the nuclear+Coulomb potential for fusion of charged
particles. (b) The integrand of eq. (1.13) is the product of an exponentially falling distribution
with a fastly growing cross section in energy.

decays with half-life τ1/2, we obtain an equation similar to Eqs. (1.16) or (1.18)
with a decay constant λj = ln 2/τ1/2 and

rj = λjnj. (1.19)

The nuclear cross section for charged particles is strongly suppressed at low
energies due to the Coulomb barrier. For particles having energies less than the
height of the Coulomb barrier, the product of the penetration factor and the MB
distribution function at a given temperature results in the so-called Gamow peak,
in which most of the reactions will take place. Location and width of the Gamow
peak depend on the charges of projectile and target, and on the temperature of
the interacting plasma (see fig. 1.4).

Experimentally, it is more convenient to work with the astrophysical S factor

S(E) = σ(E) E exp(2πη), (1.20)

with η being the Sommerfeld parameter, describing the s-wave barrier penetration
η = Z1Z2e

2/~v. In this case, the steep increase of the cross section is transformed
in a rather flat energy dependent function (see fig. 1.5). One can easily see the
two contributions of the velocity distribution and the penetrability in the integral

< σv >=

(
8

πµ

)1/2
1

(kT )3/2

∫ ∞

0

S(E) exp

[
− E

kT
− b

E1/2

]
, (1.21)

where the quantity b = 2πηE1/2 = (2µ)1/2πe2ZjZk/~ arises from the barrier pene-
trability. Experimentally it is very difficult to take direct measurements of fusion
reactions involving charged particles at very small energies. The experimental
data can be guided by a theoretical model for the cross section, which can then be
extrapolated to the Gamow energy, as displayed in fig. 1.5(b). The dots symbolize
the experimental data points. The solid curve is a theoretical prediction, which
supposedly describes the data at high energies. Its extrapolation to lower energies
yields the desired value of the S-factor (and of σ) at the energy E0. The extrap-
olation can be inadequate due to the presence of resonances and of subthreshold
resonances, as shown schematically in figure 1.5.
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Figure 1.5: (a) Schematic representation of the energy dependence of a fusion reaction involving
charged particles. (b) The astrophysical S-factor as defined by eq. ( 1.20).

Taking the first derivative of the integrand in eq. (1.21) yields the location
E0 of the Gamow peak, and the effective width ∆ of the energy window can be
derived accordingly

E0 =

(
bkT

2

)2/3

= 1.22(Z2
j Z

2
kAT 2

6 )1/3 keV,

∆ =
16E0kT

3

1/2

= 0.749(Z2
j Z

2
kAT 5

6 )1/6 keV, (1.22)

as shown in [6], carrying the dependence on the charges Zj, Zk, the reduced mass
A of the involved nuclei in units of mu, and the temperature T6 given in 106 K.

In the case of neutron-induced reactions the effective energy window has to be
derived in a slightly different way. For s-wave neutrons (l = 0) the energy window
is simply given by the location and width of the peak of the MB distribution
function. For higher partial waves the penetrability of the centrifugal barrier
shifts the effective energy E0 to higher energies. For neutrons with energies less
than the height of the centrifugal barrier this was approximated by [7]

E0 ≈ 0.172T9

(
l +

1

2

)
MeV, ∆ ≈ 0.194T9

(
l +

1

2

)1/2

MeV, (1.23)

The energy E0 will always be comparatively close to the neutron separation energy.

1.3 Reaction networks

The time derivative of the number densities of each of the species in an astrophys-
ical plasma (at constant density) is governed by the different expressions for r, the
number of reactions per cm3 and sec, as discussed above for the different reaction
mechanisms which can change nuclear abundances

(
∂ni

∂t

)

ρ=const

=
∑

j

N i
jrj+

∑

j,k

N i
j,krj,k+

∑

j,k,l

N i
j,k,lrj,k,l. (1.24)
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The reactions listed on the right hand side of the equation belong to the three
categories of reactions: (1) decays, photodisintegrations, electron and positron
captures and neutrino induced reactions (rj = λjnj), (2) two-particle reactions
(rj,k =< j, k > njnk), and (3) three-particle reactions (rj,k,l =< j, k, l > njnknl)
like the triple-alpha process (α + α + α −→ 12C + γ), which can be interpreted as
successive captures with an intermediate unstable target (α +8 Be∗ −→12 C + γ).
The individual N i’s are given by: N i

j = Ni, N i
j,k = Ni/

∏nm

m=1 |Njm|!, and N i
j,k,l =

Ni/
∏nm

m=1 |Njm|!. The N ′
is can be positive or negative numbers and specify how

many particles of species i are created or destroyed in a reaction. The denom-
inators, including factorials, run over the nm different species destroyed in the
reaction and avoid double counting of the number of reactions when identical
particles react with each other (for example in the 12C+12C or the triple-alpha re-
action) [4]. In order to exclude changes in the number densities ṅi, which are only
due to expansion or contraction of the gas, the nuclear abundances Yi = ni/(ρNA)
were introduced. For a nucleus with atomic weight Ai, AiYi represents the mass
fraction of this nucleus, therefore

∑
AiYi = 1. In terms of nuclear abundances Yi,

a reaction network is described by the following set of differential equations

Ẏi =
∑

j

N i
jλjYj +

∑

j,k

N i
j,kρNA < j, k > YjYk

+
∑

j,k,l

N i
j,k,lρ

2N2
A < j, k, l > YjYkYl. (1.25)

Eq. (1.25) derives directly from eq. (1.24) when the definition for the, Y ′
i s

is introduced. This set of differential equations is solved numerically. They can
be rewritten as difference equations of the form ∆Yi/∆t = fi(Yj(t + ∆t)), where
Yi(t + ∆t) = Yi(t) + ∆Yi. In this treatment, all quantities on the right hand side
are evaluated at time t + ∆t. This results in a set of non-linear equations for
the new abundances Yi(t + ∆t), which can be solved using a multi-dimensional
Newton-Raphson iteration procedure [8]. The total energy generation per gram,
due to nuclear reactions in a time step ∆t which changed the abundances by ∆Yi,
is expressed in terms of the mass excess Mex,ic

2 of the participating nuclei

∆ε = −
∑

i

∆YiNAMex,ic
2, ε̇ = −

∑
i

ẎiNAMex,ic
2. (1.26)

Therefore, the important ingredients to nucleosynthesis calculations are decay
half-lives, electron and positron capture rates, photodisintegrations, neutrino in-
duced reaction rates, and strong interaction cross sections.

The solution of the above group of equations allows to deduce the path for
the r-process until reaching the heavier elements (see figure 1.6). The relative
abundances of elements are also obtained theoretically by means of these equations
using stellar models for the initial conditions, as the neutron density and the
temperature.
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Figure 1.6: Nuclear chart showing the path of the r-process.

1.4 Models for astrophysical nuclear cross sections

Explosive nuclear burning in astrophysical environments produces unstable nuclei,
which again can be targets for subsequent reactions. In addition, it involves a very
large number of stable nuclei, which are not fully explored by experiments. Thus,
it is necessary to be able to predict reaction cross sections and thermonuclear
rates with the aid of theoretical models. Especially during the hydrostatic burning
stages of stars, charged-particle induced reactions proceed at such low energies that
a direct cross-section measurement is often not possible with existing techniques.
Hence extrapolations down to the stellar energies of the cross sections measured at
the lowest possible energies in the laboratory are the usual procedures to apply. To
be trustworthy, such extrapolations should have as strong a theoretical foundation
as possible. Theory is even more mandatory when excited nuclei are involved in the
entrance channel, or when unstable very neutron-rich or neutron-deficient nuclides
(many of them being even impossible to produce with present-day experimental
techniques) have to be considered. Such situations are often encountered in the
modelling of explosive astrophysical scenarios.

Various models have been developed in order to complement the experimental
information.

(a) Microscopic models. In this model, the nucleons are grouped into clusters,
as was explained in section 3.12. Keeping the internal cluster degrees of freedom
fixed, the totally antisymmetrized relative wave functions between the various
clusters are determined by solving the Schrödinger equation for a many-body
Hamiltonian with an effective nucleon-nucleon interaction. When compared with
most others, this approach has the major advantage of providing a consistent,
unified and successful description of the bound, resonant, and scattering states of
a nuclear system. Various improvements of the model have been made [9].

The microscopic model has been applied to many important reactions involv-
ing light systems, and in particular to the various p-p chain reactions [10]. The
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available experimental data can generally be well reproduced. The microscopic
cluster model or its variant (the microscopic potential model) has also made an
important contribution to the understanding of the key 12C(α, γ)16O reaction rate
[11].

(b) The potential models. The potential model has been known for a long time
to be a useful tool in the description of radiative capture reactions. It assumes
that the physically important degrees of freedom are the relative motion between
the (structureless) nuclei in the entrance and exit channels, and by the introduc-
tion of spectroscopic factors and strength factors in the optical potential. The
associated drawbacks are that the nucleus-nucleus potentials adopted for calcu-
lating the initial and final wave functions from the Schrödinger equation cannot
be unambiguously defined, and that the spectroscopic factors cannot be derived
from first principles. They have instead to be obtained from more or less rough
“educated guesses.”More details on this model is discussed in the next chapter.

(c) Parameter fits. Reaction rates dominated by the contributions from a few
resonant or bound states are often extrapolated in terms of R- or K-matrix fits,
which rely on quite similar strategies. The appeal of these methods rests on the
fact that analytical expressions which allow for a rather simple parametrization of
the data can be derived from underlying formal reaction theories. However, the
link between the parameters of the R-matrix model and the experimental data
(resonance energies and widths) is only quite indirect. The K-matrix formalism
solves this problem, but suffers from other drawbacks [12].

The R- and K-matrix models have been applied to a variety of reactions, and
in particular to the analysis of the 12C(α, γ)16O reaction rate [13].

(d) The statistical models. Many astrophysical scenarios involve a wealth of re-
actions on intermediate-mass or heavy nuclei. This concerns the non-explosive or
explosive burning of C, Ne, O and Si, as well as the s-, r- and p-process nucleosyn-
thesis. Fortunately, a large fraction of the reactions of interest proceed through
compound systems that exhibit high enough level densities for statistical meth-
ods to provide a reliable description of the reaction mechanism. In this respect,
the Hauser-Feshbach (HF) model has been widely used with considerable success.
Explosive burning in supernovae involves in general intermediate mass and heavy
nuclei. Due to a large nucleon number they have intrinsically a high density of
excited states. A high level density in the compound nucleus at the appropri-
ate excitation energy allows to make use of the statistical model approach for
compound nuclear reactions [14] which averages over resonances.

A high level density in the compound nucleus permits to use averaged transmis-
sion coefficients T , which do not reflect a resonance behavior, but rather describe
absorption via an imaginary part in the (optical) nucleon-nucleus potential as
described in Ref. [15]. This leads to the expression

σµν
i (j, o; Eij) =

π~2/(2µijEij)

(2Jµ
i + 1)(2Jj + 1)

×
∑
J,π

(2J + 1)
T µ

j (E, J, π, Eµ
i , Jµ

i , πµ
i )T ν

o (E, J, π, Eν
m, Jν

m, πν
m)

Ttot(E, J, π)
(1.27)



CHAPTER 1. INTRODUCTION TO NUCLEAR ASTROPHYSICS 11

for the reaction iµ(j, o)mν from the target state iµ to the excited state mν of the
final nucleus, with a center of mass energy Eij and reduced mass µij. J denotes the
spin, E the corresponding excitation energy in the compound nucleus, and π the
parity of excited states. When these properties are used without subscripts they
describe the compound nucleus, subscripts refer to states of the participating nuclei
in the reaction iµ(j, o)mν and superscripts indicate the specific excited states.
Experiments measure

∑
ν σ0ν

i (j, o; Eij), summed over all excited states of the final
nucleus, with the target in the ground state. Target states µ in an astrophysical
plasma are thermally populated and the astrophysical cross section σ∗i (j, o) is given
by

σ∗i (j, o; Eij) =

∑
µ(2Jµ

i + 1) exp(−Eµ
i /kT )

∑
ν σµν

i (j, o; Eij)∑
µ(2Jµ

i + 1) exp(−Eµ
i /kT )

. (1.28)

The summation over ν replaces T ν
o (E, J, π) in eq. (1.27) by the total transmission

coefficient

To(E, J, π) =
νm∑
ν=0

T ν
o (E, J, π, Eν

m, Jν
m, πν

m)

+

E−Sm,o∫

Eνm
m

∑
Jm,πm

To(E, J, π, Em, Jm, πm)ρ(Em, Jm, πm)dEm. (1.29)

Here Sm,o is the channel separation energy, and the summation over excited states
above the highest experimentally known state νm is changed to an integration over
the level density ρ. The summation over target states µ in eq. (1.28) has to be
generalized accordingly.

The important ingredients of statistical model calculations as indicated in the
above equations are the particle and gamma-transmission coefficients T and the
level density of excited states ρ. Therefore, the reliability of such calculations is
determined by the accuracy with which these components can be evaluated (often
for unstable nuclei).

The gamma-transmission coefficients have to include the dominant gamma-
transitions (E1 and M1) in the calculation of the total photon width. The smaller,
and therefore less important, M1 transitions have usually been treated with the
simple single particle approach T ∝ E3 of [16]. The E1 transitions are usually cal-
culated on the basis of the Lorentzian representation of the giant dipole resonance.
Within this model, the E1 transmission coefficient for the transition emitting a
photon of energy Eγ in a nucleus A

NZ is given by

TE1(Eγ) =
8

3

NZ

A

e2

~c
1 + χ

mc2

2∑
i=1

i

3

ΓG,iE
4
γ

(E2
γ − E2

G,i)
2 + Γ2

G,iE
2
γ

. (1.30)

Here χ(= 0.2) accounts for the neutron-proton exchange contribution, and the
summation over i includes two terms which correspond to the split of the GDR
in statically deformed nuclei, with oscillations along (i = 1) and perpendicular
(i = 2) to the axis of rotational symmetry.



Chapter 2

Radiative capture reactions

2.1 Introduction

Fusion reactions relevant for astrophysics proceed via compound–nucleus forma-
tion, with a very large number of resonances involved, or by direct capture, with
only few or no resonances. To calculate direct capture cross sections one needs
to solve the many body problem for the bound and continuum states of relevance
for the capture process (for a review see, [17]). A much simpler, and popular,
solution is based on a potential model to obtain single-particle energies and wave-
functions [18]. The model assumes two structureless particles interacting via a
potential with a relative coordinate dependence determined by a set of adjusting
parameters. Often, this solution is good enough to yield cross sections within the
accuracy required to reproduce the experiments.

In this chapter I explore the single-particle model to perform a systematic study
of radiative capture reactions for several light nuclei. This study has not yet
been reported in the literature, where one finds its application to isolated cases.
It is also useful to obtain potential parameters for other reaction channels and
predict quantities of interest, such as spectroscopic factors (SF) and asymptotic
normalization coefficients (ANC).

This chapter is organized as follows. In section II I summarize the theoretical
tools used in the single-particle description of direct capture (DC) reactions. I
show how potentials and wavefunctions are built, followed by a description of
how radiative capture cross sections are obtained. Then I discuss the derivation
and interpretation of the asymptotic normalization coefficients. In section III I
present and discuss the results for radiative proton capture, whereas in section IV
I present and discuss the results for radiative neutron capture. The sensitivity of
the S-factors on the potential parameters is discussed in section V. A summary of
the ANCs obtained in this work is described in section VI. Our final conclusions
are given in section VII.

12
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2.2 Direct capture

2.2.1 Potentials and Wavefunctions

In this work we adopt nuclear potentials of the form

V (r) = V0(r) + VS(r) (l.s) + VC(r) (2.1)

where V0(r) and VS(r) are the central and spin-orbit interactions, respectively, and
VC(r) is the Coulomb potential of a uniform distribution of charges:

VC(r) =
ZaZbe

2

r
for r > RC

=
ZaZbe

2

2RC

(
3− r2

R2
C

)
for r < RC , (2.2)

where Zi is the charge number of nucleus i = a, b.
Here we use a Woods-Saxon (WS) parameterization to build up the potentials

V0(r) and VS(r), given by

V0(r) = V0 f0(r),

VS(r) = − VS0

(
~

mπc

)2
1

r

d

dr
fS(r)

with fi(r) =

[
1 + exp

(
r −Ri

ai

)]−1

. (2.3)

The spin-orbit interaction in Eq. 2.3 is written in terms of the pion Compton
wavelength, ~/mπc = 1.414 fm. The parameters V0, VS0, R0, a0, RS0, and aS0

are chosen to reproduce the ground state energy EB (or the energy of an excited
state). For this purpose, we define typical values (Table I) for VS0, R0, a0, RS0,
and vary only the depth of the central potential, V0. As we discuss later, a different
set of potential depths might be used for continuum states.

For neutron and proton capture reactions, there is no need for using another
form for the potentials. The WS set of parameters are well suited to describe any
reaction of interest, except perhaps for those cases in which one of the partners is a
neutron-rich halo nucleus. Then the extended radial dependence leads to unusual
forms for the potentials. Also, for capture reactions in which the light partner is
either a deuteron, tritium, α-particle or a heavier nucleus, folding models are more
appropriate. Folding models are based on an effective nucleon-nucleon interaction
and nuclear densities which are either obtained experimentally (not really, because
only charge densities can be accurately determined from electron-scattering), or
calculated from some microscopic model (typically Hartree-Fock or relativistic
mean field models). The effective interactions as well as the nuclear densities are
subject of intensive theoretical studies, which is beyond the scope of this work. We
will restrict our studies to neutron and proton radiative capture reactions based
on a nucleon-nucleus interaction of the form of Eq. 2.1.
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The wavefunctions for the nucleon (n) + nucleus (x) system are calculated by
solving the radial Schrödinger equation

− ~2

2mnx

[
d2

dr2
− l (l + 1)

r2

]
uα (r) + V (r)uα (r) = Eαuα (r) . (2.4)

The nucleon n, the nucleus x, and the n+x = a–system have intrinsic spins labeled
by s = 1/2, Ix and J , respectively. The orbital angular momentum for the relative
motion of n + x is described by l. It is convenient to couple angular momenta as
l + s= j and j + Ix= J, where J is called the channel spin. In Eq. 2.1 for V we use
s.l = [j(j + 1)− l(l + 1)− 3/4] /2 and α in Eq. 2.4 denotes the set of quantum
numbers, αb = {Eb, lb, jb, Jb} for the bound state, and αc = {Ec, lc, jc, Jc} for the
continuum states.

The bound-state wavefunctions are normalized to unity,
∫

dr |uαb
(r)|2 = 1,

whereas the continuum wavefunctions have boundary conditions at infinity given
by

uαc(r →∞) = i

√
mnx

2πk~2

[
H

(−)
l (r)− SαcH

(+)
l (r)

]
eiσl(E) (2.5)

where Sαc = exp [2iδαc (E)], with δαc (E) and σl (E) being the nuclear and the

Coulomb phase-shifts, respectively. In Eq. 2.5, H
(±)
l (r) = Gl(r) ± iFl (r), where

Fl and Gl are the regular and irregular Coulomb wavefunctions. For neutrons
the Coulomb functions reduce to the usual spherical Bessel functions, jl (r) and
nl (r). With these definitions, the continuum wavefunctions are normalized as〈
uE′c |uEc

〉
= δ (E ′

c − Ec) δαα′ .

2.2.2 Radiative capture cross sections

The radiative capture cross sections for n+x → a+γ and πL (π = E, (M) =electric
(magnetic) L-pole) transitions are calculated with

σd.c.
EL,Jb

=
(2π)3

k2

(
Enx + Eb

~c

)2L+1
2(2Ia + 1)

(2In + 1)(2Ix + 1)

× L + 1

L[(2L + 1)!!]2

∑

Jcjclc

(2Jc + 1)

×
{

jc Jc Ix

Jb jb L

}2

|〈lcjc ‖OπL‖ lbjb〉|2 , (2.6)

where Eb is the binding energy and 〈lcjc ‖OπL‖ lbjb〉 is the multipole matrix ele-
ment. For the electric multipole transitions we have

〈lcjc ‖OEL‖ lbjb〉 = (−1)lb+lc−jc+L−1/2 eL√
4π

×
√

(2L + 1)(2jb + 1)

(
jb L jc

1/2 0 −1/2

)

×
∫ ∞

0

dr rLub(r)uc(r), (2.7)
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where eL is the effective charge, which takes into account the displacement of the
center-of-mass,

eL = Zne

(
−mn

ma

)L

+ Zxe

(
mx

ma

)L

. (2.8)

In comparison with the electric dipole transitions the cross sections for magnetic
dipole transitions are reduced by a factor of v2/c2, where v is the relative velocity
of the n + x system. At very low energies, v ¿ c, M1 transitions will be much
smaller than the electric transitions. Only in the case of sharp resonances, the M1
transitions play a significant role, e.g. for the J = 1+ state in 8B at ER = 630
keV above the proton separation threshold [19, 20]. In general, the potential
model is not good to reproduce M1 transition amplitudes [21]. We will explore
few situations in which the model works well.

The radiative capture cross sections for n + x → a + γ and M1 transitions are
calculated with

〈lcjc ‖OM1‖ lbjb〉 = (−1)jc+Ix+Jb+1

√
3

4π
µN

×
{

1

l̂b
eM

[
2j̃b

l̂b

(
lbδjb, lb+1/2 + (lb + 1) δjb, lb−1/2

)

+ (−1)lb+1/2−jc
ĵb√
2
δjb, lb±1/2δjc, lb∓1/2

]

+ gN
1

l̂2b

[
(−1)lb+1/2−jb j̃bδjc, jb

− (−1)lb+1/2−jc
ĵb√
2
δjb, lb±1/2δjc, lb∓1/2

]

+ gx (−1)Ix+jb+Jc+1 ĴbĴcÎxĨx

{
Ix Jc jb

Jb Ix 1

} }

×
∫ ∞

0

dr r uc (r) ub (r) , (2.9)

where k̃ =
√

k(k + 1) and k̂ =
√

2k + 1. The spin g-factor is gN = 5.586 for
the proton and gN = −3.826 for the neutron. The magnetic moment of the core
nucleus is given by µx = gxµN . If lc 6= lb the magnetic dipole matrix element is
zero.

The total direct capture cross section is obtained by adding all multipolarities
and final spins of the bound state (E ≡ Enx),

σd.c.(E) =
∑
L,Jb

(SF )Jb
σd.c.

L,Jb
(E) , (2.10)

where (SF )Jb
are spectroscopic factors.
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For charged particles the astrophysical S-factor for the direct capture from a
continuum state to the bound state is defined as

S (E) = E σd.c. (E) exp [2πη (E)] ,

with η (E) = ZaZbe
2/~v, (2.11)

where v is the initial relative velocity between n and x.
For some resonances, not reproducible with the single-particle model, we will

use a simple Breit-Wigner shape parametrization

σBW =
Γ

2π

σ0(E)

(E − ER)2 + Γ2/4
, (2.12)

where ER is the resonance energy. The function σ0(E) is given by

σ0(E) =
π~2

2mxnE

2JR + 1

(2Jx + 1)(2Jn + 1)

Γn(E)Γγ(E)

Γ(E)
(2.13)

where the total width Γ = Γn + Γγ is the sum of the nucleon-decay and the γ-
decay widths. For simplicity, and for the cases treated here, we will assume that
the resonances are narrow so that σ0 = σ(ER).

2.2.3 Asymptotic normalization coefficients

Although the potential model works well for many nuclear reactions of interest in
astrophysics, it is often necessary to pursue a more microscopic approach [22, 23]
to reproduce experimental data. In a microscopic approach, instead of the single-
particle wavefunctions one often makes use of overlap integrals, Ib(r), and a many-
body wavefunction for the relative motion, Ψc(r). Both Ib(r) and Ψc(r) might be
very complicated to calculate, depending on how elaborated the microscopic model
is. The variable r is the relative coordinate between the nucleon and the nucleus
x, with all the intrinsic coordinates of the nucleons in x being integrated out.
The direct capture cross sections are obtained from the calculation of σd.c.

L,Jb
∝

| 〈Ib(r)||rLYL||Ψc(r)
〉 |2.

The imprints of many-body effects will eventually disappear at large distances
between the nucleon and the nucleus. One thus expects that the overlap function
asymptotically matches the solution of the Schrödinger equation 2.4, with V = VC

for protons and V = 0 for neutrons. That is, when r →∞,

Ib(r) = C1

W−η,lb+1/2(2κr)

r
, for protons

= C2

√
2κ

r
Klb+1/2(κr), for neutrons (2.14)

where the binding energy of the n + x system is related to κ by means of Eb =
~2κ2/2mnx, Wp,q is the Whittaker function and Kµ is the modified Bessel function.
In Eq. 2.14, Ci is the asymptotic normalization coefficient (ANC).

In the calculation of σd.c.
L,Jb

above, one often meets the situation in which only
the asymptotic part of Ib(r) and Ψc(r) contributes significantly to the integral over
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Parameter Adopted value
R0 = RS0 = RC r0(A + 1)1/3 fm

r0 1.25
a0 = aS0 0.65 fm

Vs0 −10 MeV

Table 2.1: Parameters of the single-particle potentials, except for few cases explicitly mentioned
in the text.

r. In these situations, Ψc(r) is also well described by a simple two-body scattering
wave (e.g. Coulomb waves). Therefore the radial integration in σd.c.

L,Jb
can be done

accurately and the only remaining information from the many-body physics at
short-distances is contained in the asymptotic normalization coefficient Ci, i.e.
σd.c.

L,Jb
∝ C2

i . We thus run into an effective theory for radiative capture cross
sections, in which the constants Ci carry all the information about the short-
distance physics, where the many-body aspects are relevant. It is worthwhile
to mention that these arguments are reasonable for proton capture at very low
energies, because of the Coulomb barrier.

The spectroscopic factors, SF , are usually obtained by adjusting the calculated
cross sections to reproduce the experimental ones. Here we try to follow the lit-
erature as closely as possible. When experimental data are not available, we use
spectroscopic factors taken from the literature. For the cases in which experimen-
tal data exist, we also try to use spectroscopic factors published in the literature,
and fit the data by varying the depth of the WS potential for the continuum states.

The asymptotic normalization coefficients, Cα, can also be obtained from the
analysis of peripheral, transfer and breakup, reactions. As the overlap integral,
Eq. 2.14, asymptotically becomes a Whittaker function, so does the single particle
bound-state wavefunction uα, calculated with Eq. 2.4. If we call the single particle
ANC by bi, then the relation between the ANC obtained from experiment, or a
microscopic model, with the single particle ANC is given by (SF )ib

2
i = C2

i . This
becomes clear from Eq. 2.10. The values of (SF )i and bi obtained with the simple
potential model are useful telltales of the complex short-range many-body physics
of radiative capture reactions. One can also invert this argumentation and obtain
spectroscopic factors if the Ci are deduced from a many-body model, or from
experiment, and the bi are calculated from a single particle potential model [24].

2.3 Proton capture

Table 2.2 summarizes the potential parameters used in cases where the potential
model works reasonably well for radiative proton capture reactions. A discussion
is presented case by case in the following subsections. Unless otherwise stated, we
use the parameters according to Table 2.1 for the single-particle potential. The
parameters for the continuum potential, Vc, are the same as for the bound state
potential, except for few cases discussed explicitly in the text.
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Reaction Eb Vb SF b > R0 S(0)
d(p, γ)3He 5.49 -44.43 0.7 1.86 0.98 0.14

6Li(p, γ)7Be 5.61 -65.91 0.83 [33] 2.21 1.28 66.8
6Li(p, γ)7Be∗ 5.18 -64.94 0.84 [34] 2.08 1.19 32.7
7Li(p, γ)8Be 17.26 -75.69 1.0 7.84 1.01 238.
7Be(p, γ)8B 0.14 -41.26 1.0 0.72 1.00 19.4
8B(p, γ)9C 1.30 -41.97 1.0 [56] 1.31 1.08 42.5

9Be(p, γ)10B 6.59 -49.83 1.0 [61] 3.43 1.27 1052
11C(p, γ)12N 0.60 -40.72 0.4 [70] 1.49 1.01 50.8
12C(p, γ)13N 1.94 -41.65 1.0 2.05 1.04 2346
13C(p, γ)14N 7.55 -50.26 0.33 5.31 1.10 6217
13N(p, γ)14O 4.63 -46.02 1.88 [85] 3.97 1.45 5771
14N(p, γ)15O∗ 0.50 -14.83 1.5 4.24 1.00 1470
15N(p, γ)16O 12.13 -54.81 1.8 [102] 10.16 0.78 2.21 · 104

16O(p, γ)17F 0.60 -49.69 0.9 [109] 0.96 1.02 304
16O(p, γ)17F∗ 0.11 -50.70 1.0 [109] 77.21 1.00 9075

20Ne(p, γ)21Na∗ 0.006 -47.24 0.7 4.02 1.00 4.28 · 104

20Ne(p, γ)21Na∗ 2.10 -49.63 0.8 2.43 1.00 2493

Table 2.2: Binding energy (Eb, in MeV), central potential depth of bound state (Vb, in MeV),
spectroscopic factor (SF ), single-particle asymptotic normalization coefficients (b, in fm−1/2),
the factor that multiplies S-factor if the integration in Eq. 2.6 starts at r = R0 (nuclear radius)
and S-factor at zero energy (S(0), in eV b) for radiative proton capture reactions.

2.3.1 d(p, γ)3He

Understanding of the nature of 3He, the only stable 3-body nucleus, constitutes a
major advance towards the solution of the general problem of nuclear forces. In
particular, it involves the influence of the third nucleon on the interaction between
the other two. This latter interaction has been studied extensively in deuteron
and in nucleon-nucleon scattering. These are issues beyond the scope of this work.
But we will show that a rather good reproduction of the experimental data for
the capture reaction d(p, γ)3He can be obtained with the simple potential model
described in the previous sections.

The Jb = 1/2+ ground state of 3He is described as a jb = s1/2 proton coupled
to the deuterium core, which has an intrinsic spin Ix = 1+. The gamma-ray
transition is dominated by the E1 multipolarity and by incoming p waves. Our
results require a spectroscopic factor SF = 0.7 to fit the experimental data shown
in Fig. 2.1. If we add d-waves to the ground-state there is a negligible change
in this value. Thus, the contribution of d-waves in the ground state has been
neglected. The experimental data are from Ref. [25] (filled squares), Ref. [26]
(open squares), Ref. [27] (open circles), Ref. [28] (filled triangles).

In Ref. [29], the ANC for this reaction was found by an analysis of s-wave pd
and nd scattering. The ANC for the l = 0 channel was found to be 1.97 fm−1/2

(C2 = 3.9± 0.06 fm−1) [29]. Our ANC value is
√

(SF )b2 = 1.56 fm−1/2, which is
in good agreement with the more complicated analysis presented in Ref. [29].
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Figure 2.1: Single-particle model calculation for the reaction d(p, γ)3He. Experimental data
are from Refs. [25, 26, 27, 28]. The parameters calculated according to Table I are used. The
potential depth (here Vb = Vc) is given in Table II.

2.3.2 6Li(p, γ)7Be

Unlike 7Li, 6Li is predicted to be formed at a very low level in Big Bang nucleosyn-
thesis, 6Li/H = 10−14 [30, 31]. Whereas most elements are produced by stellar
nucleosynthesis, lithium is mainly destroyed in stellar interiors by thermonuclear
reactions with protons. In fact, 6Li is rapidly consumed at stellar temperatures
higher than 2×106 K. The major source of 6Li has been thought for decades to be
the interaction of galactic cosmic rays with the interstellar medium [32]. The low
energy capture reaction 6Li(p, γ)7Be plays an important role in the consumption
of 6Li and formation of 7Be.

The S-factor for this reaction is dominated by captures to the ground state
and the 1st excited state of 7Be. Both the ground state (Jb = 3/2−) and the 1st
excited state (Jb = 1/2−) of 7Be are described as a jb = p1/2 neutron interacting
with the 6Li core, which has an intrinsic spin IA = 1+. The parameters calculated
according to Table I are used. The potential depths which reproduce the ground
and excited states are given in Table II.

The continuum state potential depth for transitions to the ground state is
set as Vc = −37.70 MeV following Ref. [33] and the corresponding one for the
1st excited is adjusted to fit the experimental S-factor for that capture (open
circles in Fig. 2.2). In Ref. [33] the potential parameters and the spectroscopic
factor for the ground state was obtained from a comparison between a finite-range
distorted-wave Born approximation calculation and the experimental differential
cross sections for the 9Be(8Li,9Be)8Li elastic-transfer reaction at 27 MeV. The
spectroscopic factors so obtained were compared with shell-model calculations
and other experimental values. The spectroscopic factor is 0.83 for the ground
state following Ref. [33] and 0.84 for the 1st excited state, following Ref. [34].

In Ref. [34], the reaction is also compared with a calculation based on a four-
cluster microscopic model. The energy dependence of the astrophysical S-factor
for the 6Li (p, γ)7Be reaction has been studied in Ref. [35], as well as in Ref. [36]
where an analysis of the experimental data of Ref. [37] was done. It was found
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Figure 2.2: Single-particle model calculation for the reaction 6Li(p, γ)7Be. The dotted line is
the calculation for the capture to the 1st excited of 7Be and the dashed line for the ground state.
The solid line is the total calculated S-factor. Experimental data are from Refs. [38, 39, 34]. The
dotted-dashed line is the total S-factor calculated in Ref. [34] using a four-cluster microscopic
model.

[36, 35] that the gamma-ray transition is dominated by the E1 multipolarity and
by incoming s and d waves.

Adopting the spectroscopic values listed above and including s and d incoming
waves, we obtain the result shown in Fig. 2.2. Experimental data are from Ref.
[38] (filled triangles), Ref. [39] (filled squares) and Ref. [34] (open circles). The
agreement with the experimental data is very good and consistent with the previ-
ous studies [37, 36, 34, 33]. Based on these results, we obtain an ANC (

√
(SF )b2)

of 2.01 fm−1/2 for the ground state and 1.91 fm−1/2 for the 1st excited state.

2.3.3 7Li(p, γ)8Be

The reaction 7Li(p, γ)8Be is part of the pp-chain in the Sun, leading to the for-
mation of 8Be [40]. The unstable 8Be decays into two α-particles in 10−16 sec.

For this reaction, we consider only the capture to the ground state of 8Be
(Jb = 0+), which is described as a jb = p3/2 proton coupled to the Ix = 3/2−
7Li core. The gamma-ray transition is dominated by the E1 multipolarity and by
incoming s and d waves. In order to reproduce the resonance at 0.386 MeV (in
the c.m.), we choose a spectroscopic factor equal to 0.15. For the other resonance
at 0.901 keV (in the c.m.), we chose SF = 0.05.

The result for both M1 resonances are shown in Figure 2.3, by dashed-dotted
curves. The potential depth for the continuum state, chosen as to reproduce the
resonances, are Vc = −46.35 MeV and Vc = −44.55 MeV, respectively. The non-
resonant component (dashed-line) of the S-factor is obtained with Vc = −56.69
MeV and SF = 1.0. The experimental data are from Ref. [41] (open circles). This
reaction was also studied in Ref. [42]. They have obtained an spectroscopic factor
of 0.4 for the first M1 resonance at 0.386 MeV and SF = 1.0 for the non-resonant
capture. Their analysis is extended to angular distributions for the capture cross-
section and analyzing power at Ep,lab = 80 keV which shows a strong E1-M1



CHAPTER 2. RADIATIVE CAPTURE REACTIONS 21

0 0.4 0.8 1.2
Ecm [MeV]

10-2

10-1

100

101

102

103

S
-f

ac
to

r 
[k

eV
 b

]

7Li(p, γ)8Be

Figure 2.3: Potential model calculation for the reaction 7Li(p, γ)8Be. Experimental data are
from Ref. [41].

interference, which helps to estimate the spectroscopic amplitudes.
If we only consider the fit to the non-resonant capture, our ANC (

√
(SF )b2)

is 7.84 fm−1/2. If we choose spectroscopic factors which reproduce the M1 reso-
nances, the ANC-value evidently changes. This shows that the ANC extracted
from radiative capture reactions with the use of a potential model are strongly
dependent on the presence of resonances, specially those involving M1 transitions.

2.3.4 7Be(p, γ)8B

The creation destruction of 7Be in astrophysical environments is essential for un-
derstanding several stellar and cosmological processes and is not well understood.
8B also plays an essential role in understanding our Sun. High energy νe neutrinos
produced by 8B decay in the Sun oscillate into other active species on their way
to earth [43]. Precise predictions of the production rate of 8B solar neutrinos are
important for testing solar models, and for limiting the allowed neutrino mixing
parameters. The most uncertain reaction leading to 8B formation in the Sun is
the 7Be(p, γ)8B radiative capture reaction [44].

The Jb = 2+ ground state of 8B is described as a jb = p3/2 neutron coupled to
the 7Be core, which has an intrinsic spin Ix = 3/2−. In this case, instead of the
values in Table I, we take a = 0.52 fm and Vso = −9.8 MeV. This is the same set
of values adopted in Ref. [18]. The gamma-ray transition is dominated by the E1
multipolarity and by incoming s and d waves. The spectroscopic factor for non-
resonant transitions is set to 1.0, which seems to reproduce best the S-factor for
this reaction at low energies. Our results are shown in Fig. 2.4. The experimental
data are from Ref. [45] (open square), Ref. [46] (open circles), Ref. [47, 44, 48, 49]
(solid triangle, open triangle, solid square, solid circle, solid diamond and open
diamond).

In Ref. [44], the experimental data is reproduced with the cluster model cal-
culation of Ref. [50] together with two incoherent Breit-Wigner resonances: a 1+

M1 resonance at 0.63 MeV fitted with Γp = 35.7 ± 0.6 keV and Γγ = 25.3 ± 1.2
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Figure 2.4: Single-particle model calculations for the reaction 7Be(p, γ)8B. The dashed-dotted
line is the calculation for the M1 resonance at Ecm = 0.63 MeV and the dotted line is for the
non-resonant capture. Experimental data are from Refs. [45, 46, 47, 44, 48, 49]. The total S
factor is shown as a solid line.

MeV, and a 3+ resonance at 2.2 MeV fitted with Γp = 350 keV and Γγ = 150± 30
MeV. Our calculated M1 resonance (dashed-dotted line) also reproduces well the
data if we use Vc = −38.14 MeV, and SF = 0.7, with the other parameters ac-
cording to Table I. For the non-resonant E1 transitions we use Vc = −41.26 MeV
and SF = 1.0. The S-factor at E = 0, S17(0), is equal to 19.41 eV.b, which is
10% smaller than that from the most recent experimental and theoretical analysis
[44, 52].

A different experimental approach was used in Ref. [51], which extracted the
8B ANC from 8B breakup reactions at several energies and different targets. In
that reference a slightly lower value of S17(0) = 16.9 ± 1.7 eV.b was inferred.
That work also quotes an ANC of 0.67 fm−1/2 (C2 = 0.450(30) fm−1). Our ANC,

extracted from our fit to the radiative capture reaction, is
√

(SF )b2 = 0.72 fm−1/2,
not much different from Ref. [51].

2.3.5 8B(p, γ)9C

Nucleosynthesis of light nuclei is hindered by the gaps at A = 5 and A = 8.
The gap at A = 8 may be bridged by reactions involving the unstable nuclei 8Li
(T1/2 = 5840 ms) and 8B (T1/2 = 5770 ms). The 8B(p,γ)9C reaction breaks out
to a hot part of the pp chain at temperatures such that this reaction becomes
faster than the competing β+ decay. This reaction is especially relevant in low-
metallicity stars with high masses where it can be faster than the triple-α process.
It is also important under nova conditions. In both astrophysical scenarios this
happens at temperatures several times larger than 108 K, corresponding to Gamow
window energies around E = 50− 300 keV [68, 54, 55].

The capture process for this reaction is dominated by E1 transitions from in-
coming s waves to bound p states [56] and the present work is restricted to an
analysis of the capture to the ground state of 9C (Jb = 3/2−), which is described as
a jb = p3/2 proton coupled to the 9C core, which has an intrinsic spin Ix = 2+. The
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Figure 2.5: Single-particle model calculations for the reaction 8B(p, γ)9C (solid line). The open
circle at E = 0 is from Refs. [57, 58]. The result from Ref. [56] (λscatt = 0.55 fm) is shown as a
dashed line.

spectroscopic factor has been set to 1.0 as in Ref. [56], where several spectroscopic
factor values are compared.

A renormalized folding potential for the continuum state is used in Ref. [56],
while in our calculation Vc is adjusted to −22.55 MeV to yield a similar result.
This is done because there are no experimental data for this reaction. The results
of both calculations are shown in Fig. 2.5. The open circle at E = 0 is from
Refs. [57, 58], which is an extrapolated value from a potential model using an
ANC deduced from a breakup experiment. Ref. [56] also generates resonances by
changing parameters of the folding potential. The ANC found in Ref. [59] is 1.15

fm−1/2 (C2 = 1.33± 0.33 fm−1), whereas our ANC (
√

(SF )b2) = 1.31 fm−1/2.

2.3.6 9Be(p, γ)10B

The reaction 9Be(p,γ )10B plays an important role in primordial and stellar nu-
cleosynthesis of light elements in the p-shell [17, 60]. Hydrogen burning in second
generation stars occurs via the proton-proton (pp) chain and CNO-cycle, with the
9Be(p,γ )10B reaction serving as an intermediate link between these cycles.

The Jb = 3+ ground state of 10B is described as a jb = p3/2 proton coupled to the
9Be core, which has an intrinsic spin IA = 3/2−. The gamma-ray transition for the
DC is dominated the E1 multipolarity and by incoming s waves. A spectroscopic
factor SF = 1.0 is used, which is the same value adopted in Ref. [61]. This
value reproduces 9Be(d,n)10B and 9Be(3He,d)10B reactions at incident energies
of 10 − 20 MeV, and 9Be(α,t)10B at 65 MeV. It is also in accordance with the
theoretical predictions of Refs. [62, 63].

The potential depth for the continuum state Vc = −31.82 MeV has been ad-
justed so that we can reproduce the direct capture measurements reported in Refs.
[64]. It also reproduces the results of Ref. [65] where a reanalysis of the existing
experimental data on 9Be(p, γ)10B was done within the framework of the R-matrix
method. The direct capture part of the S-factor was calculated using the experi-
mentally measured ANC for 10B →9 Be + p. The results are shown in Fig. 2.6.
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Figure 2.6: Single-particle model calculations for the reaction 9Be(p, γ)10B (solid line). The
experimental data are from Ref. [64]. The fits to the resonances, done in Ref. [64], are shown
as dashed lines. DC results from Ref. [65] and Ref. [64] are shown as a dotted-dashed line and
a dotted line, respectively. The curve passing through the experimental data points is the sum
of our DC calculation and the resonance fits, given by the dashed lines.

The experimental data are from Ref. [64] (filled squares). These data have also
been fitted in Ref. [66] using R-matrix formulae that include channel contribu-
tions where appropriate. The curve passing through the experimental data points
is the sum of our DC calculation and the resonance fits, given by the dashed lines.

In Ref. [67], the differential cross sections for the reactions 9Be(10B,10B)9Be
and 9Be(10B,9Be)10B have been measured at an incident energy of 100 MeV. By
normalizing the theoretical cross sections to the experimental data, the ANC for
10B →9 Be + p was extracted and found to be 2.22 fm−1/2 (C2 = 4.91 fm−1),

whereas the ANC, (
√

(SF )b2), obtained from our fit to the previous analysis of
Refs. [61, 66] is 3.43 fm−1/2.

2.3.7 11C(p, γ)12N

For first generation stars (those composed entirely of nuclei produced in the Big
Bang) can only undergo nucleosynthesis via the pp chains or the triple-alpha pro-
cess until heavier nuclei are produced to initiate the CNO cycle. For supermassive
first generation stars, such processes generate too little energy and the triple-alpha
reaction turns on too late to cause an explosion. Rather, such stars could simply
collapse to black holes. However, hot pp chains provide a path for supermassive
first generation stars to produce CNO nuclei at a lower temperature than required
by the triple-alpha reaction [68]. These CNO nuclei then serve as seeds for further
energy generation, stablizing the star against collapse long enough to permit an
explosion to occur. Both the 8B(p,γ)9C and 11C(p,γ)12N reactions are important
in the hot pp chains.

For the 11C (p, γ)12N reaction, non-resonant capture into the ground state of
12N and resonant capture into the first and second excited states is thought to
dominate the reaction rate at stellar energies [69]. There are no experimental
data for this reaction, except for indirect determination of the astrophysical S-
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Figure 2.7: Single-particle model calculations for the reaction 11C(p, γ)12N (solid line). R-
matrix results from Ref. [69] are also shown by dashed lines (resonances) and a dotted line
(non-resonant).

factors, e.g. by using the ANC for 12N →11C + p from the 14N(11C, 12N)13C
peripheral transfer reaction. Another indirect measurement for the astrophysical
rate of the 11C + p reaction was obtained from from the Coulomb break-up of a
12N radioactive beam in Ref. [70].

The ground state of 12N (Jb = 1+) is described as a jb = p1/2 proton coupled to
the 11C core, which has an intrinsic spin Ix = 3/2−. The direct capture gamma-
ray transition is dominated by the E1 multipolarity and by incoming s waves.
The spectroscopic factor has been set to 0.4, the same value used in Ref. [70]
(0.4± 0.25).

The result for our DC calculation is shown in Fig. 2.7. Similar results have
also been reported in Refs. [69, 70, 71], and in Ref. [72] which also used the
ANC method to extract the low-nergy S-factor via measurement of 11C(d, n)12N
reaction. The ANC found in Ref. [69] is 1.32 fm−1/2 (C2 = 1.73±0.25 fm−1) and in

Ref. [72] is 1.69 fm−1 (C2 = 2.86±0.91 fm−1). Our ANC value is
√

(SF )b2 = 0.94
fm−1/2.

2.3.8 12C(p, γ)13N

The abundance ratio 12C/13C is an important measure of stellar evolution and
nucleosynthesis. Changes in ratios of 12C/13C in stars happen as they evolve from
the main sequence to the first ascent giant branch. Later, the convection zone
grows and penetrates to greater depths where it begins to dredge up material
that has been hot enough for the CNO cycle to convert to N. This is when the
primordial 12C is converted into 13C and 14N by the reactions 12C(p, γ)13N(β+)13C
and 13C(p,γ )14N, hence reducing the 12C/13C ratio. During the late asymptotic
giant branch AGB phase, the stars suffer thermal instabilities in the helium shell
where partial helium burning occurs causing the 12C/13C ratio to increase [17].

The 12C(p, γ)13N direct capture to the ground state proceeds primarily through
E1 (s1/2 → p1/2) and E1 (d3/2 → p1/2) single-particle transitions [73]. The ground



CHAPTER 2. RADIATIVE CAPTURE REACTIONS 26

0 0.2 0.4 0.6
Ecm [MeV]

10-4

10-3

10-2

10-1

100

S
-f

ac
to

r 
[M

eV
 b

]

12C(p,γ)13N

Figure 2.8: Single-particle model calculations for the reaction 12C(p, γ)13N are shown as a dashed
line (DC), a dotted line (E1 resonance) and a solid line (total). The potential model results
from Ref. [73] are shown as dotted-dashed lines.

state of 13N (Jb = 1/2−) is described as a jb = p1/2 proton coupled to the 12C core,
which has an intrinsic spin Ix = 0+.

Experimental cross sections for the 12C(p,γ) capture to the ground state of 13N
were published in Ref. [74]. Choosing the spectroscopic factor as SF = 1, leads
to the dashed line shown in Fig. 2.8, if we use the same potential depth as for the
bound state. The E1 resonance at 0.422 MeV [73] is generated when we choose
Vc = −53.50 MeV and a spectroscopic factor equal to 0.35. The result for the
resonance is shown as a dotted-line in Fig. 2.8. The total S-factor is shown by a
solid line.

The resonance at 0.422 MeV (c.m.) has also been studied experimentally and
theoretically in Refs. [77, 76, 75]. The ANC obtained in Refs. [78, 79, 76] is 1.43±
0.09 fm−1/2, whereas our ANC (

√
(SF )b2), corresponding to the non-resonant

capture, is 2.05 fm−1/2.

2.3.9 13C(p, γ)14N

This reaction is another important reaction in the CNO cycle. It precedes the
slowest reaction in the CNO cycle, the 14N(p, γ )15O radiative capture reaction,
which defines the rate of energy production in the cycle. The 13C(p, γ)14N radia-
tive capture rate is also important for nucleosynthesis via the slow proton capture
process because it depletes the seed nuclei required for the neutron generator re-
action 13C(α, n)16O in AGB stars with solar metalicity [80, 81].

Extensive experimental data on this reaction was published in Ref. [82]. One
concludes that this capture is dominated by transitions to the ground state. The
direct capture to the ground state proceeds primarily through E1 (s1/2 → p1/2)
and E1 (d3/2 → p1/2) single-particle transitions [73]. The ground state of 14N
(Jb = 1+) is described as a jb = p1/2 proton coupled to the 13C core, which has an
intrinsic spin Ix = 1/2−.

We could not reproduce the E1 resonance at Ecm = 0.518 MeV using the
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Figure 2.9: Single-particle model calculations for the reaction 13C(p, γ)14N are shown as a dashed
line (DC), a dotted line (E1 resonance) and a solid line (total). The potential model results
from Ref. [73] are shown as dotted-dashed lines.

potential parameters of Ref. [73]. In fact, we notice that figure 5 of Ref. [73] is
inconsistent with its caption (center of mass and laboratory systems are swapped).
In figure 2.9, the dotted line is our calculation for the resonance, which is obtained
with the parameters from Table I and with generated when Vc = −50.60 MeV and
spectroscopic factor 0.15. For non-resonant capture, the potential depth for the
continuum state has been chosen as Vc = −44.10 MeV to reproduce the same
result as in Ref. [73]. The spectroscopic factor has been set to 0.33 following Ref.
[82]. The non-resonant calculation is shown by a dashed line in Fig. 2.9. The
total S-factor is shown as a solid line.

In Ref. [83], the 13C(p, γ )14N radiative capture reaction is analyzed within the
R-matrix approach. The experimental ANCs induced from the 13C(14N, 13C)14N
and 13C(3He, d)14N reactions are used in the analysis. The obtained ANC is 4.3

fm−1/2 (C2 = 18.2 fm−1), whereas our ANC value is
√

(SF )b2 = 3.05 fm−1/2.

2.3.10 13N(p, γ)14O

For temperatures up to 109 K (T9 = 1), this reaction is vital for understanding
hydrogen burning in the hot CNO cycle and the conditions under which break-out
into the rp-process might occur.

The ground state of 14O (Jb = 0+) is described as a jb = p1/2 proton coupled to
the 13N core, which has an intrinsic spin Ix = 1/2−. The gamma-ray transition for
the DC to the ground state is dominated the E1 multipolarity and by incoming
s waves. For the non-resonant capture (lower curves in figure 2.10), if we choose
the potential depth for the continuum state to be the same as that for the bound
state (Vc = Vb), we obtain S-factors which are up to 3 times larger than the one
in Ref. [84] where a theoretical description of this reaction has been reported.
We find that Vc = −25.20 MeV reproduces rather well the non-resonant capture
calculation of Ref. [84]. The spectroscopic factor has been set to 1.88 following
Ref. [85], where a DWBA analysis of the 13N(d, n)14O reaction at Ecm = 8.9



CHAPTER 2. RADIATIVE CAPTURE REACTIONS 28

0 0.2 0.4 0.6 0.8 1
Ecm [MeV]

102

103

104

105

106

107

S
-f

ac
to

r 
[e

V
 b

] 13N(p, γ)14O

Figure 2.10: Single-particle model calculations for the reaction 13N(p, γ)14O are shown as a
dotted-dashed line (non-resonant) and a solid line (E1 resonance). R-matrix results from Ref.
[84] are also shown as a dashed line (resonance) and a dotted line (non-resonant).

MeV was used to obtain the ANC for the ground state of 14O−→13N + p. Our
non-resonant DC calculation is shown as a dotted-dashed line in Fig. 2.10.

We reproduce the E1 resonance at 0.528 MeV (s wave capture, according to
Ref. [87]) as shown by the solid line in figure 2.10 if we choose Vc = −52.14 MeV
and SF = 1.0. Very similar results were obtained in Refs. [89, 88, 86, 87, 85, 77].
The ANCs reported in there publications are 5.51 fm−1/2 (C2 = 30.4± 7.1 fm−1)
[84], 5.42± 0.48 fm−1/2 [85] and 5.39 fm−1/2 (C2 = 29.0± 4.3 fm−1) [87]. In Ref.
[87] the radiative capture cross section was estimated using an R-matrix approach
with the measured ANC from the 14N(13N,14O)13C peripheral transfer reaction at

11.8 MeV/nucleon incident energy. We obtain the ANC value
√

(SF )b2 = 5.44
fm−1/2, which is in accordance with these results.

2.3.11 14N(p, γ)15O

At astrophysical energies, this reaction is the slowest process in the hydrogen burn-
ing CNO cycle [17]. It plays a key role in the energy production of more massive
main sequence stars and the detailed understanding of the neutrino spectrum of
our sun [90, 91] as well as the age determination of globular cluster stars [92].

The main contribution to the S-factor for this reaction is due to the transition
to the 6.793 MeV excited state of 15O (Jb = 3/2+) [94, 93], which is described as
a jb = s1/2 proton coupled to the 14N core (Ix = 1+). The gamma-ray transition
is dominated the E1 multipolarity and by incoming p waves. In this case, instead
of the parameters of Table 2.1, we use r0 = 1.3 fm, rc = 1.2, a = 0.6 fm and
Vs0 = −2.0 MeV, which were also adopted in Ref. [95]. The spectroscopic factor
is SF = 1.5. The result of our calculation is shown by the dashed line in Fig.
2.11.

Ref. [96] discusses experiments on stripping reactions and theoretical shell-
model calculations used to describe the 14N (p, γ)15O radiative capture. These
studies indicate that the resonance at 0.259 MeV decays to the 6.793 MeV excited



CHAPTER 2. RADIATIVE CAPTURE REACTIONS 29

0 0.5 1 1.5 2 2.5
Ecm [MeV]

102

103

104

105

106

107

S
-f

ac
to

r 
[e

V
 b

] 14N(p,γ)15O*

Figure 2.11: Single-particle model calculations for 14N(p, γ)15O capture to the 6.793 MeV excited
state of 15O. Dashed line is for the non-resonat capture, dotted line is for the M1 resonance,
and the solid line is the total S-factor. The experimental data are from Refs. [94, 98, 99]. The
dotted-dashed line is a R-matrix fit obtained in Ref. [94] with the channel radius a = 5.5 fm
(this curve is almost invisible because it is very close to our results).

state of 15O via a M1 radiation. To describe this resonance, we use the same
spectroscopic factor, SF = 0.51, as obtained experimentally in Ref. [97] where
spectroscopic factors and ANCs have been determined for bound states in 15O
using the 14N(3He,d)15O reaction. Several other spectroscopic values from the
literature were also discussed in Ref. [97]. We found an optimal value for the
potential depth to be Vc = −49.18 MeV. Adopting this value, our calculations
yield the dotted line shown in the figure.

The total S-factor is shown as a solid line. Experimental data are from Ref.
[94] (filled squares), Ref. [98] (filled triangles), Ref. [99] (open circles). The R-
matrix method was used to study this reaction in Ref. [94] and Ref. [100]. The
ANC found in Ref. [101], deduced from the 13C(14N, 13C)14N and 13C(3He, d)14N
reactions, is 4.90 fm−1/2 (C2 = 24±5 fm−1). Ref. [97] adopts the value 4.6 fm−1/2

(C2 = 21 ± 5 fm−1). Our ANC obtained from the DC fitting is
√

(SF )b2 = 5.19

fm−1/2.

2.3.12 15N(p, γ)16O

In second-generation stars with masses larger than the mass of the Sun, hydrogen
burning proceeds predominantly through the CNO cycle [17]. The main sequence
of reaction leads to an energy release of 25 MeV per cycle. There is a loss of CN
catalyst from this cycle through the reaction 15N(p, γ)16O. This is replenished by
a sequence of reactions involving oxygen and fluorine, leading to the formation of
14N and 15N. The reaction rate of 14N(p, γ)16O determines the overall abundance
of the oxygen isotopes synthesized in the CNO tri-cycle [17] and therefore plays
an important role in stellar nucleosynthesis.

This reaction is dominated by the capture into the ground state of 16O (Jb = 0+)
[102], which is described as a jb = p1/2 proton coupled to the 15N core (Ix = 1/2−).
The reaction is dominated by resonant capture to the ground state through the
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Figure 2.12: Single-particle model calculation for the reaction 15N(p, γ)16O (solid line). The
experimental data are from Refs. [102, 107]. Dashed lines are Breit-Wigner fits to the resonances,
as described in Ref. [102]. The dotted line is a non-resonant capture of Ref. [102]. The dotted-
dashed line represents the non-resonant capture calculation from Ref. [104].

first two interfering Jπ = 1− s-wave resonances at Ecm = 312 and 964 keV.
We will restrict ourselves to the non-resonant capture to the ground state, as

a good reproduction of the resonances is not possible with the simple potential
model. The non-resonant capture process proceeds predominantly through an E1
(s → p) transition [102]. A spectroscopic factor SF = 1.8 is used for the ground
state of 16O, following Ref. [102] which studied the excitation functions of this
reaction at Ep = 150− 2500 keV. This value is also in accordance with Ref. [103].

Our calculation is shown in Fig. 2.12. Experimental data are from Ref. [102]
(filled triangles), Ref. [107] (filled squares). Ref. [104] extracted ANCs from the
differential cross sections for the 15N(3He,d)16O reaction. Using these ANCs and
proton and α-resonance widths determined from an R-matrix fit to the data from
the 15N(p, α)12C reaction, the astrophysical factor for 15N (p, γ)16O was obtained.
The results from Ref. [102] and Ref. [104] are also shown in Fig. 2.12. In Ref.
[102], the resonances are described by using a fit with single level Breit-Wigner
shapes. The ANC found in Ref. [104] is 13.86 fm−1/2 (C2 = 192.0 ± 26.0 fm−1).

Our ANC is very close to this value, i.e.,
√

(SF )b2 = 13.63 fm−1/2.

2.3.13 16O(p, γ)17F

Many stars, including the Sun, will eventually pass through an evolutionary phase
that is referred to as the asymptotic giant branch (AGB) [105]. This phase in-
volves a hydrogen and a helium shell that burn alternately surrounding an inactive
stellar core. The 16O(p, γ)17F reaction rate influences sensitively the 17O/16O iso-
topic ratio predicted by models of massive (≥ 4M¯) AGB stars, where proton
captures occur at the base of the convective envelope (hot bottom burning). A
fine-tuning of the 16O(p, γ)17F reaction rate may account for the measured anoma-
lous 17O/16O abundance ratio in small grains with are formed by the condensation
of the material ejected from the surface of AGB stars via strong stellar winds [106].

We calculate the capture to the ground state and to the 1st excited state of
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Figure 2.13: Single-particle model calculation for the reaction 16O(p, γ)17F. The dotted line and
the dashed line are for the capture to the ground state and to the first excited state respectively.
The experimental data are from Refs. [110, 111, 109, 112]. The dotted-dashed lines are the
result of shell model calculations published in Ref. [113].

17F. The Jb = 5/2+ ground state (Jb = 1/2+ excited state) 17F is described as
a jb = d5/2 neutron (jb = s1/2 neutron) coupled to the 16O core, which has an
intrinsic spin Ix = 0+. In this case, the values a = 0.6 fm and RC = R = 3.27
fm are adopted, which are the same values used in Ref. [108]. The gamma-
ray transitions are dominated by the E1 multipolarity and by incoming p waves
for both states. The M1 and E2 contributions amount to less than 0.1% of the
dominant E1 contribution, as shown in Ref. [109] where a potential model was
also used.

We use spectroscopic factors equal to 0.9 and 1.0 for the ground state and the
excited state, respectively, following Ref. [109]. Our results are shown in Fig.
2.13. The experimental data are from Ref. [110] (filled squares), Ref. [111] (filled
triangles), Ref. [109] (open circles), and Ref. [112] (open triangles).

Ref. [114] reports a study of the 16O(3He,d)17F reaction to determine ANCs
for transitions to the ground and first excited states of 17F. The ANCs found in
Ref. [114] are 1.04 fm−1/2 (C2 = 1.08 ± 0.1 fm−1) for the ground state, and 80.6
fm−1/2 (C2 = 6490± 680 fm−1) for the first excited state of 17F, respectively. Our

ANC values are
√

(SF )b2 = 0.91 fm−1/2 for the ground state and 77.21 fm−1/2 for
the 1st excited state.

2.3.14 20Ne(p, γ)21Na

Along with the p-p chain and the CNO tri-cycle, the Ne-Na cycle [115] is also
of importance in hydrogen burning in second-generation stars with masses larger
than the mass of the Sun. The 20Ne(p, γ)21Na reaction is the first reaction of the
cycle. The nuclei 21Na, 21Ne, 22Na, 22Ne, and 23Na are gradually created during
Ne-Na burning. 21Ne is of additional interest for subsequent He burning in stars.
Due to the positive Q-value of 2.56 MeV for the 21Ne(α, n)24Mg reaction, 21Ne
can act as a source of neutrons. Subsequent capture of these neutrons contributes
to the synthesis of the heavier elements [115].
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Figure 2.14: Single-particle model calculation for the reaction 20Ne(p, γ)21Na. Upper solid line
is for the capture to the 2.425 MeV excited state of 20Ne and lower solid line for the 0.332
MeV excited state. Experimental data are from Ref. [116]. The dashed and dotted lines are
theoretical results from Ref. [116] and Ref. [117], respectively

As observed in Ref. [116], the direct capture to the 2.425 MeV (Jπ = 1/2+) and
0.332 MeV (Jπ = 5/2+) excited state dominate the total S-factor for this reaction.
The Jb = 1/2+ excited state (Jb = 5/2+ excited state) of 21Na is described as a
jb = s1/2 proton (jb = d5/2 proton) interacting with the 20Ne core, which has
an intrinsic spin Ix = 0+. The gamma-ray transition is dominated by the E1
multipolarity and by incoming p waves.

The spectroscopic factor obtained in Ref. [116] is 0.9. More recently, Ref. [117]
determined the ANC for 21Na→20Ne + p from the analysis of 20Ne(3He, d)21Na
proton transfer reaction at an incident energy of 25.83 MeV, and obtained the
spectroscopic factor of 0.6. We used the spectroscopic factor SF = 0.7 for the
2.425 MeV excited state and SF = 0.8 for the 0.332 MeV excited state, which are
values between those of Refs. [116] and [117]. Our results are shown in Fig. 2.14.
Experimental data are from Ref. [116].

For the 2.425 MeV excited stated, the ANC found in Ref. [117] is 8.29× 1016

fm−1/2 (C2 = 6.8694×1033 fm−1), whereas our computed ANC value is
√

(SF )b2 =
3.36 fm−1/2. The reason for this large discrepancy is not clear. It might be, as
seen from Fig. 2.14, due to the steep slope of the S-factor at low energies. This
points to a subthreshold resonance and a possible large sensitivity of the ANC for
this state. On the other hand, for the 0.332 MeV excited state, the ANC found
in Ref. [117] is 1.55 fm−1/2 (C2 = 2.41 fm−1), whereas our computed ANC value

is
√

(SF )b2 = 2.17 fm−1/2.

2.4 Neutron capture

Table 2.3 summarizes the potential parameters used in the cases where the single-
particle model works reasonably well in calculating radiative neutron capture reac-
tions. A discussion is presented case by case in the following subsections. Unless
otherwise stated, we use the parameters described in Table 2.1 for the single-
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Reaction Eb Vb SF b r > R0
2H(n, γ)3H 6.26 -44.63 1.0 1.90 0.97
7Li(n, γ)8Li 2.03 -43.56 0.87 [131] 0.76 1.04
7Li(n, γ)8Li∗ 1.05 -40.46 0.48 [131] 0.47 1.02
8Li(n, γ)9Li 4.06 -45.29 0.8 [142] 1.25 1.08
8Li(n, γ)9Li∗ 1.37 -38.57 0.55 [141] 0.54 1.03
11B(n, γ)12B 3.37 -34.33 1.09 [146] 1.35 1.09
12C(n, γ)13C 4.95 -41.35 0.77 [153] 1.85 3.23
12C(n, γ)13C∗ 1.86 -56.90 0.8 [151] 1.80 1.00
12C(n, γ)13C∗ 1.27 -28.81 0.14 [153] 0.61 1.23
12C(n, γ)13C∗ 1.09 -56.85 0.58 [153] 0.15 1.04
14C(n, γ)15C 1.22 -48.63 0.88 [157] 1.44 1.00
15N(n, γ)16N 2.49 -27.06 0.55 [162] 1.14 1.38
15N(n, γ)16N∗ 2.37 -12.45 0.46 [162] 1.62 1.11
15N(n, γ)16N∗ 2.19 -49.51 0.54 [162] 0.39 2.77
15N(n, γ)16N∗ 2.09 -11.90 0.52 [162] 1.50 0.94
16O(n, γ)17O 4.14 -51.77 1.0 0.90 1.17
16O(n, γ)17O∗ 3.27 51.60 1.0 3.01 0.99
18O(n, γ)19O 3.96 -47.79 0.69 [167] 0.90 1.17
18O(n, γ)19O∗ 3.86 -55.94 0.013 [167] 0.81 1.14
18O(n, γ)19O∗ 2.49 -46.33 0.83 [167] 2.48 1.00

Table 2.3: Binding energy (Eb, in MeV), central potential depth of bound state (Vb, in MeV),
spectroscopic factor (SF ), single-particle asymptotic normalization coefficients (b, in fm−1/2)
and the factor multiplying the S-factor assuming that the integration in Eq. 2.6 starts at r = R0

(nuclear radius).

particle potential. The parameters for the continuum potential, Vc, are the same
as those for the bound state potential, except for the few cases explicitly discussed
in the text.

2.4.1 2H(n, γ)3H

The 2H(p,γ)3He reaction at low energies, followed by d(3He,p)4He, leads to the
formation of 4He during the primordial nucleosynthesis era [118, 119, 120]. It also
plays a key role during the proto-stars era, in which the energy generated by deu-
terium burning slowed down the contraction due to the gravitational force [121,
122]. On the other hand, the 2H(n,γ)3H reaction is thought to contribute to inho-
mogeneous big-bang models [123, 125, 124]. These models assume the existence of
neutron-rich and neutron-poor regions resulting from a first-order phase transition
from quarks to hadrons as the universe cooled down [123]. In the neutron-rich re-
gion, reactions such as 2H(n,γ)3H(d,n)4He(3H,γ)7Li(n,γ)8Li(α,n)11B(n,γ)12B, pro-
duce an appreciable amount of intermediate-heavy nuclei.

We consider only the E1 capture to the ground state of 3H (p → s). The
Jb = 1/2+ ground state 3He is described as a jb = s1/2 neutron coupled to the 3H
core, which has an intrinsic spin Ix = 1+.

The calculation for this reaction requires a three-body treatment which is be-
yond the scope of this work. Obviously, the potential model adopted here is
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Figure 2.15: Single-particle model calculation for 2H(n, γ)3H (solid line). The experimental data
are from Ref. [126]. The phenomenological results (parameter fit) from from Ref. [126] are
shown by dashed and dotted lines. Also shown are microscopic calculations with (open trianges)
and without (solid triangles) a three-body interaction.

oversimplified for this case. We choose an spectroscopic factor equal to SF = 1.0.
Our results are shown in Fig. 2.15, where the dashed and dash-dotted curves are
the evaluated reaction rates presented in Ref. [126] based on a phenomenologi-
cal parametrization of the cross section based on evaluated nuclear data tables.
The experimental data are from Ref. [126]. In Ref. [126] the neutron-deuteron
capture was obtained using time reversal from the two-body photodisintegration
amplitude and wavefunctions obtained with the AV18 potential [127] alone or
combined with the Urbana IX three-nucleon force [128]. Their results are shown
by the open (solid) triangles with (without) the three-body nn interaction. The

ANC calculated with our potential model is
√

(SF )b2 = 1.90 fm−1/2.

2.4.2 7Li(n, γ)8Li

The 7Li(n,γ)8Li cross section is often used to extrapolate the capture cross section
for the reaction 7Be(p,γ)8B down to the solar energies at Ecm ∼ 20 keV, which
is relevant for the production of high energy neutrinos in the Sun [129]. The
7Li(n,γ)8Li reaction is also relevant for the rapid process during primordial nucle-
osynthesis of nuclei with A > 12 in the inhomogeneous big-bang models [124, 130].
In these models, the main reaction chain leading to the synthesis of heavy ele-
ments is [124] 1H(n,γ)2H(n,γ)3H(d,n)4He(t, γ)7Li(n, γ)8Li, and then 8Li(α,n)11B
(n,γ)12B(β−)12C(n,γ)13C, etc., for heavier nuclei. The reaction 7Li(n,γ)8Li is thus
a crucial input to bridge the gap of mass A = 8, leading to the production of
heavy elements.

We consider the capture to the ground state and to the first excited state of
8Li. A similar calculation has been done in Ref. [131], where the partial cross
sections from neutron capture to the ground and first excited states in 8Li at
stellar energies were reported. The gamma-ray transitions are dominated by the
E1 multipolarity and by incoming s waves and d waves. The Jb = 2+ ground state
(Jb = 1+ first excited state) of 8Li is described as a jb = p3/2 neutron interacting
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Figure 2.16: Single-particle model calculation for the reaction 7Li(n, γ)8Li. The dashed and
dotted lines are for the capture to the ground state and first excited state, respectively. The
dotted-dashed line is the calculated M1 resonance. The total cross section is shown as a solid
line. The calculation result from Ref. [131] is shown as a dotted-dotted-dashed line. The
experimental data are from refs. [131, 132, 133, 134, 135].

with the 7Li core, which has an intrinsic spin Ix = 3/2−.
In this particular case, the values R0 = RC = RS0 = 2.391 fm are used.

For the continuum state, the potential depth has been adjusted to reproduce the
experimental scattering lengths a+ = −3.63± 0.05 fm and a− = +0.87± 0.05 fm
for the two components of the channel spin s at thermal energies. The resulting
potential depth parameters are Vc = −56.15 MeV and Vc = −46.50 MeV, for the
s = 2 and s = 1 spin components, respectively. Following Ref. [131], we use the
spectroscopic factors SF (g.s.) = 0.87 and SF (1st) = 0.48, for the ground and
first excited states, respectively. The capture to the first excited state contributes
to less than 5% of the total cross section. The M1 resonance at ER = 0.26
MeV for capture to the ground state is reproduced with Vc = −34.93 MeV and a
spectroscopic factor SF = 1.0.

The results of this calculation are shown in Fig. 2.16. The dashed and dotted
lines are for the capture to the ground state and first excited state, respectively.
Adding them together with the dashed-dotted line for the M1 resonance, one gets
the total S-factor shown by the solid line. The experimental data are from refs.
[132] (filled circles), [131] (filled triangles), [133] (filled squares), [134] (open circles)

and [135] (open triangles). Our calculated ANC is
√

(SF )b2 = 0.71 fm−1/2 for the
ground state and 0.33 fm−1/2 for the 1st excited state of 8Li.

2.4.3 8Li(n, γ)9Li

Rapid capture processes (r-processes) might occur in the post-collapse of a type
II supernova, leading to the formation of heavy elements. Starting with a He-rich
environment the mass-8 gap is bridged by either α+α+α →12C or α+α+n →9Be
reactions. During this process, a neutron-rich freeze out occurs which triggers the
r-process [137]. At this stage, it would also be possible to bridge the A = 8 gap
through the reaction chain 4He(2n,γ)6He(2n,γ)8He(β−)8Li(n,γ)
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Figure 2.17: Single-particle model calculation for 8Li(n, γ)9Li. The solid and the dashed lines
are the calculations for the capture to the ground and the 1st excited states, respectively. The
experimental data are from Ref. [143] using the Coulomb dissociation of 9Li on Pb targets at
28.5 MeV/A beam energy. The dotted line is the calculation reported in Ref. [144] for the
capture to the ground state.

9Li(β−)9Be [138, 139]. This chain provides an alternative path to proceed along
the neutron-rich side of the line of stability towards heavier isotopes. One needs
to know to what extent this chain competes with the 8Li(β−)8Be(2α) process. An
important clue to the answer depends on an accurate knowledge of the 8Li(n,γ)9Li
reaction rate.

We consider the E1 s- and d-wave captures to both the ground and the 1st
excited state of 9Li. The Jb = 3/2− ground state and Jb = 1/2− 1st excited state
in 9Li are described as a jb = p3/2 neutron coupled to the 9Li core, which has an
intrinsic spin Ix = 2+. Here we use a = 0.52 fm, R = 2.499 fm and Vso = −9.9
MeV, which are adopted from Ref. [140]. The spectroscopic factors used in Ref.
[141] are 1.65 and 0.55 for the ground and 1st excited state, respectively. However,
for the ground state, most of experiments and calculations give SF ≈ 0.8 (see the
summary in Ref. [142]). Thus we use SF = 0.8 instead of 1.65 for the ground
state. The result is shown in Fig. 2.17. The experimental data are from Ref. [143]
using the Coulomb dissociation of 9Li on Pb targets at 28.5 MeV/A beam energy.
From the result one can see the capture to the excited state is much weaker than
that to the ground state. Our ANC (

√
(SF )b2) is 1.12 fm−1/2 for the ground state

of 9Li and 0.40 fm−1/2 for the 1st excited state of 9Li.

2.4.4 11B(n, γ)12B

Nucleosynthesis in inhomogeneous big bang models are considerably dependent
on neutron capture reactions on light nuclei. Such reactions are also of crucial
relevance for the s-process nucleosynthesis in red giant stars. To determine the
reaction rates for such different temperature conditions, the neutron capture cross
sections need to be known for a wide energy range.

Primordial nucleosynthesis might be affected by spatial variations of both baryon-
to-photon and neutron-to-proton ratios, the later being caused by the short diffu-
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Figure 2.18: Single-particle model calculation for the (non-resonant) capture reaction
11B(n, γ)12B (solid line). The experimental data are from Ref. [147]. The dashed line is a
sum of fitted Breit-Wigners superimposed to the non-resonant capture calculation, following
Ref. [147].

sion time for neutrons in the primordial plasma. A possible signatures of baryon-
number-inhomogeneous big bang is the presence of a high primordial lithium
abundance, or a high abundance of beryllium and boron isotopes. As previously
mentioned, inhomogeneous big bang models involve chain reactions such as [124]
1H(n,γ)2H(n,γ)3H(d,n)4He(t, γ)7Li(n, γ)8Li, and 8Li(α,n)11B (n,γ)12B(β−)12C(n,γ)13C,
etc., paving the way to heavier nuclei. Thus, the reaction 11B(n, γ)12B is an im-
portant piece of inhomogeneous big bang scenarios [145].

The E1 s- and d-wave captures to the ground state of 12B are calculated. The
Jb = 1+ ground state of 12B is described as a jb = p3/2 neutron coupled to the
11B core, which has an intrinsic spin Ix = 3/2−. Ref. [146] extracts the ground
state neutron spectroscopic factors for several light by analyzing the previously
reported measurements of the angular distributions in (d,p) and (p,d) reactions.
We adopt the spectroscopic factor SF = 1.09 as in Ref. [146]. Our result for the
non-resonant capture (solid line) is shown in Fig. 2.18. The experimental data
are from Ref. [147].

Similar to Ref. [147], we describe the total capture cross section by a sum of
non-interfering Breit Wigner resonances superimposed on a slowly varying back-
ground (non-resonant capture, solid line in the figure) and the radiation widths of
the levels are found to be 0.3 eV at 0.36 MeV, 0.3 eV at 0.87 MeV, 0.2 eV at 1.08
MeV, and 0.9 eV at 1.50 MeV, with estimated uncertainties of about 50%.

Without comparison to any experimental data, Ref. [148] describes a calcu-
lation using a potential model, where captures to the second and third excited
states are considered. Their result is twice as large as the experimental data of
Ref. [147].

In Ref. [149] the transfer reactions 11B(d,p)12B and 12C(d,p)13C, at incident
energy of 11.8 MeV, have been used to extract the ANC for 12B → n + 11B. The
ANC found in Ref. [149] is 1.08 fm−1/2 (C2 = 1.16± 0.10 fm−1). Our calculated

ANC is
√

(SF )b2 = 1.41 fm−1/2.
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Figure 2.19: Single-particle model calculation for 12C(n, γ)13C (solid line).The upper panel is
for the capture to the ground state whereas the lower one is for capture to the 2nd excited state.
The experimental data are from Ref. [150] (filled square) and Ref. [151] (filled triangle). The
theoretical results from Ref. [151] and Ref. [152] are shown by the dashed and the dotted lines,
respectively.

2.4.5 12C(n, γ)13C

As mentioned above, not only the 11B(n, γ)12B, but also the 12C(n, γ)13C radiative
capture is an important reaction in stellar nucleosynthesis [124].

We calculated the direct capture to the ground state and the first 3 excited
states of 13C and compared with the experimental results of Refs. [150, 151]. The
Jb = 1/2− ground state of 13C (Jb = 1/2+ for the 1st excited state, Jb = 3/2−

for the 2nd excited state and Jb = 5/2+ for the 3rd excited state) is described as
a jb = p1/2 proton (jb = s1/2 proton for the 1st excited state, jb = p3/2 proton
for the 2nd excited state, jb = d5/2 proton for the 3rd excited state, respectively)
coupled to the 12C core, which has an intrinsic spin Ix = 0+. In this particular
case, we use r0 = 1.236 fm, a = 0.62 fm and Vso = −7 MeV. These are the same
set of parameters adopted in Ref. [152]. The spectroscopic factors published in
Ref. [153] are SF = 0.77 for the ground state, SF = 0.65 for the 1st excited
state, SF = 0.14 for the 2nd excited state, and SF = 0.58 for the 3rd excited
state. We adopt these values, except for the 1st excited state. For this state, we
use SF = 0.8 because it yields a better description of the experimental data in
our model. It is also the same value adopted in Ref. [151].

It is also necessary to vary the potential depth for the continuum states for
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Figure 2.20: The same as Fig. 2.19, but for the transitions to the 1st excited state (upper panel)
and to the 3rd excited state (lower panel).
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Figure 2.21: Single-particle model calculation for the reaction 14C(n, γ)15C (solid line). The
experimental data are from Ref. [158]. The dashed line is the result from Ref. [159] using a
similar potential model.

transitions to the different bound states in 13C. For the capture to the 1st and 3rd
excited states, we use Vc = Vb, where Vb are used to describe the neutron separation
energies of the two excited states in 13C (see Table III). For the capture to the
ground state we use Vc = −14.75 MeV, whereas for the capture to the 2nd excited
state, Vc = −11.50 MeV is adopted. Our results are shown in Fig. 2.19. This
reaction has also been studied in Refs. [152, 151, 154, 148] where a variety of
potential models have been used and different spectroscopic factors were adopted.

Our calculated ANC is
√

(SF )b2 = 1.62 fm−1/2 for the ground state and 1.61
fm−1/2, 0.23 fm−1/2, and 0.11 fm−1/2 for the 1st, 2nd and 3rd excited states,
respectively. In Ref. [149] the transfer reactions 11B(d,p)12B and 12C(d,p)13C, at
incident energy of 11.8 MeV, have been used to extract the ANC for 13C → n +
12C. The ANC found in Ref. [148] for the 1st excited is 1.84±0.16 fm−1/2, in close
agreement with our 1.61 fm−1/2 value.

2.4.6 14C(n, γ)15C

As we have discussed previously, inhomogeneous big bang models allow for the
synthesis of heavy elements via a chain of neutron capture reactions. This includes
the 14C(n,γ)15C reaction. Nucleosynthesis depends on reactions that destroy 14C,
the most important of which is 14C(n,γ)15C. This reaction is also a part of the
neutron induced CNO cycles in the helium burning layer of AGB stars, in the
helium burning core of massive stars, and in subsequent carbon burning [155].
Such cycles may cause a depletion in the CNO abundances. The 14C(n,γ)15C
reaction is the slowest of both of these cycles and, therefore the knowledge of its
rate is important to predict the 14C abundances.

Due to the weak binding of the 15C ground state, and because there are no low
lying resonances, the cross section is mainly determined by an E1 non-resonant
transition from an initial p-wave scattering state to the ground state [156]. The
Jb = 1/2+ ground state of 15C is described as a jb = s1/2 neutron coupled to the
14C core, which has an intrinsic spin Ix = 0+.



CHAPTER 2. RADIATIVE CAPTURE REACTIONS 41

0 0.1 0.2 0.3 0.4 0.5
Ecm [MeV]

0

5

10

15

20

25

σ 
[µ

b]

15N(n,γ)16N

Figure 2.22: Single-particle model calculation results for 15N(n, γ)16N (solid line). The experi-
mental data are from Ref. [161]. The non-resonant capture calculations of Ref. [161] is shown
by open circles. Increasing the values of the spectroscopic values by 30% (compatible with the
experimental errors) yields the dashed line.

In Ref. [157] a 14 MeV deuteron beam was used to measure the angular dis-
tributions for the 14C(d, p)15C reaction leading to the two bound states and eight
of the unbound states of 15C. An spectroscopic factor SF = 0.88 for the ground
state of 14C has been inferred. Adopting this value, we obtain the DC cross section
shown in Fig. 2.21. The experimental data are from Ref. [158].

In Ref. [160] a theoretical analysis of existing experimental data on the Coulomb
dissociation of 15C on 208Pb at 68 MeV/nucleon was used to infer the asymptotic
normalization coefficient for 15C → n + 14C. The ANC value reported in Ref.
[160] is 1.13 fm−1/2 (C2 = 1.28± 0.01 fm−1). Our ANC value is

√
(SF )b2 = 1.35

fm−1/2.

2.4.7 15N(n, γ)16N

The cross section for the reaction 15N(n,γ)16N is an important input in the reaction
network for the production of heavier isotopes in both inhomogeneous big bang
and in red giant environments [124].

The direct capture for this reaction is dominated by the p → d wave transition
to the ground state, p → s wave transition to the first excited state of 16N at 0.120
MeV, p → d wave transitions to the second excited state at 0.296 MeV and p → s
wave transitions to the third excited state at 0.397 MeV. These conclusions were
made in Ref. [161], where reaction cross sections of 15N(n, γ)16O was reported
and direct capture and shell model calculations were performed to interpret their
data. The gamma-ray transitions are all dominated by the E1 multipolarity. The
Jb = 2− ground state (Jb = 0− 1st excited state, Jb = 3− 2nd excited state,
Jb = 1− 3rd excited state) 16N is described as a jb = d5/2 neutron (jb = s1/2

neutron, jb = d5/2 neutron, jb = s1/2 neutron) coupled to the 15N core, which has
an intrinsic spin Ix = 1/2−.

In Ref. [162] (d,n) and (d,p) reactions on 15N were measured and Hauser-
Feshbach calculations were used to extract spectroscopic factors with 30% uncer-
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Figure 2.23: Single-particle model calculation for reaction 16O(n, γ)17O (solid lines). The exper-
imental data are from Ref. [164]. Top panel: the capture to the ground state (dotted line, filled
circles) and first excited state (dashed line, filled triangles) of 17O are shown separately. The
results of a microscopic multicluster model from Ref. [165] are shown by dotted-dashed lines for
comparison. Bottom panel: the total cross section of 18O(n, γ)19O (solid line). The result from
Ref. [166] is shown as a dashed line.

tainty. Their values are SF = 0.55 for the ground state, SF = 0.46 for the 2−

state, SF = 0.54 for the 3− state and SF = 0.52 for the 1− state. Our result is
shown in Fig. 2.22. The experimental data are from Ref. [161]. Our calculations
yield similar results as those of Ref. [161] and Ref. [163], and reproduce the exper-
imental data rather well, considering the ±30% error in the spectroscopic factor
(see dashed line in Fig. 2.22).

Our calculated ANCs are 0.85 fm−1/2 for the ground state of 9Li, 1.10 fm−1/2

for the first excited state, 0.29 fm−1/2 for the second excited state and 1.08 fm−1/2

for the third excited state, respectively.

2.4.8 16O(n, γ)17O

This reaction is important for s-processes for various metallicity stars and for
inhomogeneous big bang models, which, for masses beyond A > 12 can proceed
via 12C(n,γ)13C(n,γ)14C(n,γ)15N(n,γ)16N(β−)16O(n,γ). . .

The non-resonant, direct capture, to the ground state and to the 1st excited
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Figure 2.24: Single-particle model calculation for the reaction of 18O(n, γ)19O (solid line). The
experimental data are from Ref. [167]. The non-resonant capture calculation from Ref. [167]
and [163] are shown as open circles and dashed line, respectively.

state of 17O dominates the cross section in the energy range of 0.02 − 0.28 MeV
[164]. The gamma-ray transitions are dominated by the E1 multipolarity and by
incoming p-waves. The Jb = 5/2+ ground state (Jb = 1/2+ 1st excited state) of
17O is described as a jb = d5/2 neutron (jb = s1/2 neutron) coupled to the 16O
core, which has an intrinsic spin Ix = 0+. We use a spectroscopic factor SF = 1.0
for both ground and excited states.

The results of our calculations for these two captures are shown in the top panel
of Fig. 2.23 separately. The experimental data are from Ref. [164]. Our potential
model calculations yield similar results as the calculations Ref. [165], where a
microscopic multicluster model was used. The total cross section is shown in
the bottom panel of Fig. 2.23 together with a theoretical result from Ref. [166]
where direct and semi-direct components of the neutron capture cross sections
were calculated.

Our calculated ANC (
√

(SF )b2) is 0.90 fm−1/2 for the ground state of 17O and
3.01 fm−1/2 for the 1st excited state of 17O.

2.4.9 18O(n, γ)19O

Further nucleosynthesis during inhomogeneous big bang models towards higher
masses is controlled by the reaction rate of 18O(n, γ)19O. If this reaction is stronger
than the 18O(p,α)15N reaction then material be processed out of the CNO cycle
to the region above A > 20. This reaction is also of interest for stellar helium
burning in AGB stars by means of s-processes.

The direct capture for this reaction is dominated by p → d-wave transitions to
the ground state, the first excited state at 0.096 MeV, and the p → s transition
to the second excited state at 1.47 MeV [167]. The gamma-ray transitions are
all dominated by the E1 multipolarity. The Jb = 5/2+ ground state (Jb = 3/2+

1st excited state, Jb = 1/2+ 2nd excited state) of 17O is described as a jb = d5/2

neutron (jb = d3/2 neutron, jb = s1/2 neutron) coupled to the 18O core, which has
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Vc (MeV) 44.72 49.69 54.66
16O(p, γ)17F σ (µb) 4.63× 10−3 4.83× 10−3 5.05× 10−3

∆σ/σ −4.14% +4.55%
Vc (MeV) 46.59 51.77 56.94

16O(n, γ)17O σ (µb) 14.35 21.41 38.42
∆σ/σ −32.98% +79.45%

Table 2.4: Cross sections at 0.4 MeV for the capture to the ground state of the reaction 16O(p,
γ)17F with that of 16O(n, γ)17O.

an intrinsic spin Ix = 0+.
We have adopted spectroscopic factors from Ref. [167]. They are SF = 0.69 for

the ground state, SF = 0.013 for the 3/2+ state, and SF = 0.83 for the 1/2+ state.
Our results are shown in Fig. 2.24. They are close to the calculations reported
in Refs. [167, 163]. The experimental data are from Ref. [167]. The data points
at 0.138 MeV and 0.331 MeV are much higher than our non-resonant calculation
because of the resonances at 0.152 MeV and 0.371 MeV, corresponding to the
3/2+ state at 4.109 MeV and to the state at 4.328±003 MeV in 19O, respectively.
This has been discussed in details in Ref. [167].

Our calculated ANC (
√

(SF )b2) is 0.75 fm−1/2 for the ground state of 19O, 0.09

fm−1/2 for the first excited state and 2.26 fm−1/2 for the second excited state.

2.5 Sensitivity on the potential depth parameter

As with any other model, the results obtained with the single-particle model for
the cross sections can be very sensitive to the choice of parameters. In order to
check this sensitivity, in Table 2.4 we compare the cross sections at 0.4 MeV for
the capture to the ground state of the reaction 16O(p, γ)17F with that of 16O(n,
γ)17O. The potential depth for continuum state Vc has been varied by ±10% to
test the sensitivity of the cross sections on Vc.

The Vc in the third (last) column is 10% smaller (larger) than that of the
fourth column, which is used in the calculation for the S-factors or cross sections
in sections III and IV. From table 2.4, one can conclude that proton capture is
less sensitive to the internal part of the potential, as expected. This is due to
the Coulomb barrier. In other words, proton capture reactions tend to be more
peripheral than neutron capture reactions. In the proton capture case, the ANC
technique is thus expected to work better than in the neutron capture one. But
these conclusions obviously change in the presence of potential resonances, when
the cross sections can suddenly change by orders of magnitude if the potential
depth is slightly varied.

In order to show the large sensitivity of the S-factor, or cross section, on poten-
tial parameters close to a resonance, we use the test-case of the 15N(p,γ) reaction.
This is shown in figure 2.25 where we plot the ratio between the S-factor at E = 0
calculated with a potential depth Vc and the S-factor calculated with a zero poten-
tial depth: S(0, Vc)/S(0, 0). The open circle corresponds to the value of Vc used
in the calculation presented in figure 2.12.
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Figure 2.25: Ratio between the S-factor at E = 0 calculated with a potential depth Vc and the
S-factor calculated with a zero potential depth: S(0, Vc)/S(0, 0). The open circle corresponds to
the value of Vc used in the calculation presented in figure 2.12.

As is clearly seen in figure 2.12, a small change (i.e. by 10%) in the value
of Vc can cause orders of magnitude change in the corresponding S-factor near
a resonance. Thus, although one can indeed reproduce resonant states with the
potential model, one has to be very careful with the values of observables obtained
with the model, such as the ANCs, or spectroscopic factors. These will also be
over-sensitive to the potential fitting parameters.

2.6 ANCs from single-particle models

In figure 2.26 we show the ratio of our calculations of ANCs (
√

(SF )b2) with the
ANCs extracted from the literature and mentioned in this thesis. Not all ANCs are
shown because either they have not been indirectly extracted from experiments,
or calculated previously. The solid circles are for proton capture whereas the solid
triangles are for neutron capture. The dashed line is a guide to the eye and shows
the ratio equal to unity. We notice that our ANCs differ up to a factor of 1.6 from
previously reported values.

In our calculations, the ANCs are indirectly obtained by adjusting our calcu-
lated S-factors or cross sections to the available experimental data. The ANC’s
from literature are partially obtained by indirectly fitting calculations to experi-
mental data in transfer reactions, or by means of elaborate microscopic models,
or else. Evidently, a more consistent comparison between these values deserves a
more detailed study.

2.7 Final conclusions

In this chapter, I have explored the single-particle potential model to describe ra-
diative proton and neutron capture reactions of relevance for astrophysics. Using
a well defined approach and the same numerical code, I have obtained spectro-
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Figure 2.26: Our ANCs (
√

(SF )b2) divided by the ANCs obtained from references mentioned
in the text as function of the mass number A. The solid circles are for proton capture whereas
the solid triangles are for neutron capture. The dashed line is equal to unity.

scopic factors and single-particle asymptotic normalization coefficients for several
reactions in the mass range A < 20.

I have only considered cases for which potential models yields reasonable results.
There are several radiative capture reactions which do not fall into this category.
They require a more derailed study, with possible adjustments and/or extensions
of the model. Evidently, there will be situations for which the potential model
will always fail.

Our work has shown minor differences with previously published results. I have
demonstrated that there is a reasonable justification for the use of potential model
calculations for many reactions which have either been measured experimentally,
or calculated theoretically.

A systematic study of asymptotic normalization coefficients and spectroscopic
factors based on the single-particle model is very useful to validate other theoretical
descriptions of radiative capture reactions. This study is also relevant to correlate
spectroscopic observables to other nuclear properties.



Chapter 3

Non-inertial effects in nuclear
reactions

3.1 Introduction

Incredibly large accelerations occur when atomic nuclei collide. Two lead nuclei
colliding frontally with a center of mass kinetic energy of 500 MeV reach a clos-
est distance of 19.4 fm before they bounce back and move outwardly. At this
distance each nucleus accelerates with an intriguing 1027 m/s2. Very few other
physical situations in the Universe involve nuclei undergoing such large acceler-
ations, usually having connection to astrophysical objects, as in the vicinity of
black holes, neutron stars, where huge gravitational fields exist. In this chapter I
explore the effects of large accelerations and large gravitational fields, and their
possible influence on nuclear reactions in the laboratory and in astrophysical en-
vironments. Nuclear reactions are crucial for the formation of stellar structures
and their rates can be affected by various factors. To our knowledge, the effect of
large gravitational fields on nuclear reaction rates in stars has not been considered
so far.

As mentioned in the previous paragraph, atomic and nuclear systems undergo
large accelerations during reactions. The effect of accelerations is observed in
terms of excitations followed by decay of these systems. If we consider two-body
reactions, there are two systems of reference which are often used to describe the
effects of the collision: (a) the center-of-mass (cm) system of the two nuclei and
(b) the system of reference of the excited nucleus. System (b) is appropriate to use
when the intrinsic properties of the excited nucleus is described in some nuclear
model. A typical example is the case of Coulomb excitation. One assumes that
the nuclei scatter and their cm wavefunctions are described by Coulomb waves
due to the Coulomb repulsion between the nuclei. Then one considers the residual
effect of the Coulomb potential on the motion of the nucleons inside the nuclei.
This is done by expanding the Coulomb potential in multipoles and using the high
order terms (higher than the first one) as source of the excitation process. In this
approach one illustrates the privileged role of the cm of the nuclear system: the
net effect of the external forces is to (i) accelerate all the particles together, along
with the cm of the system, and (ii) to change the intrinsic quantum state of the

47
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system through the spatial variation of the interaction within the system. Thus
the theoretical treatment of accelerated many-body systems is well under control
in non-relativistic dynamics.

In the non-relativistic case, the separation of variables into intrinsic motion and
relative motion between the cm of each nucleus is a simple algebraic procedure.
A problem arises when one wants to extend the method to describe intrinsic ex-
citations of relativistic many-body systems. Very few works can be found in the
literature addressing this problem. The reason is that for nuclear reactions in the
laboratory, the effect is expected to be very small, a common belief which must
be tested. Another other reason is that in stellar environments where the gravita-
tional fields are large, huge pressures develop, ”crushing” atoms, stripping them
from their electrons, and ultimately making nuclei dissolve into their constituents.
Effects of nuclear excitation are not relevant in the process. But nuclear reactions
are crucial for the formation of stellar structures and their rates can be affected
by minor effects.

Nuclei participating in nuclear reactions in a gaseous phase of a star follow
inertial trajectories between collisions with other nuclei. Such trajectories are free
fall trajectories in which all particles within the nucleus have the same acceleration.
That is surely true in the non-relativistic case, but not in the relativistic one
because retardation effects lead to corrections due to the nuclear sizes. The central
problem here is the question regarding the definition of the center of mass of a
relativistic many body system. We have explored the literature of this subject
and found few cases in which this problem is discussed. Based on their analysis
I show that relativistic effects introduce small corrections in the Lagrangian of
a many-body system involving the magnitude of their acceleration. I follow refs.
[168, 169, 170], with few modifications, to show that a correction term proportional
to the square of the acceleration appears in the frame of reference of the accelerated
system. To test the relevance of these corrections, I make a series of applications
to nuclear and atomic systems under large accelerations.

3.2 Hamiltonian of an accelerated many-body system

Starting with a Lagrangian of a free particle in an inertial frame and introducing
a coordinate transformation into an accelerated frame with acceleration A, a “fic-
titious force” term appears in the Lagrangian when written in coordinates fixed
to the accelerated frame. Thus, in an accelerated system the Lagrangian L for a
free particle can be augmented by a (non-relativistic) interaction term of the form
−mAz, that is

L = −mc2 +
1

2
mv2 −mAz, (3.1)

where z is the particle’s coordinate along the direction of acceleration of the ref-
erence frame [168].

In the relativistic case, the first step to obtain the Lagrangian of a many body
system in an accelerated frame is to setup an appropriate measure of space-time
in the accelerated frame, i.e. one needs to find out the proper space-time metric.
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The free-particle action S = −mc
∫

ds requires that ds = (c − v2/2c + Az)dt,
which can be used to obtain ds2. To lowest order in 1/c2 one gets

ds2 = c2

(
1 +

Az

c2

)2

dt2 − dx2 − dy2 − dz2 = gµνdξνdξµ, (3.2)

where vdt = dr was used, with dξµ = (cdt, dx, dy, dz) and gµν = (g00,−1,−1,−1),

g00 = (1 +Az/c2)
2
. The indices µ run from 0 to 3. Eq. (3.2) gives a general form

for the metric in an accelerated system. This approach can be found in standard
textbooks (see, e.g. ref. [168], § 87).

From the definition for the Hamiltonian, H = p · v − L, with p = ∂L/∂v =

mv/
√

g00 − v2/c2, and using the action with the metric of Eq. (3.2), after a
straightforward algebra one finds

H =
g00mc2

√
g00 − v2

c2

= c
√

g00 (p2 + m2c2). (3.3)

Expanding H in powers of 1/c2, one obtains

H =
p2

2m

(
1− p2

4m2c2

)
+ mAz

(
1 +

p2

2m2c2

)
+O

(
1

c4

)
. (3.4)

This Hamiltonian can be applied to describe a system of particles with respect
to a system of reference moving with acceleration A, up to order 1/c2. For an
accelerated nucleus the obvious choice is the cm system of the nucleus. But then
the term carrying the acceleration correction averages out to zero in the center of
mass, as one has (

∑
i miAzi = 0). There is an additional small contribution of the

acceleration due to the term proportional to p2. Instead of exploring the physics
of this term, one has to account for one more correction before we continue.

The above derivation of the Hamiltonian for particles in accelerated frames
does not take into account that the definition of the cm of a collection of particles
is also modified by relativity. This is not a simple task as might seem at first
look. There is in the literature no consensus about the definition of the cm of a
system of relativistic particles. The obvious reason is the role of simultaneity and
retardation. Ref. [169] examines several possibilities. For a system of particles it
finds convenient to define the coordinates qµ of the center of mass as the mean of
coordinates of all particles weighted with their dynamical masses (energies). The
relativistic (covariant) generalization of center of mass is such that the coordinates
qµ must satisfy the relation [169]

P 0qµ =
∑

i

p0
i z

µ
i , (3.5)

where the coordinates of the ith particle with respect to the center of mass are

denoted by zµ
i and the total momentum vector by P µ =

∑
i

pµ
i . Ref. [169] chooses

eq. (3.5) as the one that is most qualified to represent the definition of cm of
a relativistic system, which also reduces to the non-relativistic definition of the
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center of mass. We did not find a better discussion of this in the literature and
we could also not find a better way to improve on this definition.

The above definition, Eq. (3.5), leads to the compact form, to order 1/c2,

∑
i

miri√
g00 − v2

i

c2

=
∑

i

miri

(
1 +

v2
i

2c2
− ziA

c2
+O(

1

c4
)

)

= 0, (3.6)

where ri = (xi, yi, zi) is the coordinate and vi is the velocity of the ith particle
with respect to the cm.

For a system of non-interacting particles the condition in Eq. (3.6) implies that,
along the direction of motion,

∑
i

Amizi = −
∑

i

Amizi

(
v2

i

2c2
− ziA

c2

)
. (3.7)

Hence, the Hamiltonian of Eq. (3.4) for a collection of particles becomes

H =
∑

i

p2
i

2mi

(
1− p2

i

4m2
i c

2

)
+
A2

c2

∑
i

miz
2
i + U (ri) +O(

1

c4
), (3.8)

where we have added a scalar potential U (ri), which would represent a (central)
potential within an atom, a nucleus, or any other many-body system.

Notice that the term proportional to −mAz completely disappears from the
Hamiltonian after the relativistic treatment of the cm. This was also shown in ref.
[170]. It is important to realize that non-inertial effects will also carry modifica-
tions on the interaction between the particles. For example, if the particles are
charged, there will be relativistic corrections (magnetic interactions) which need
to be added to the scalar potential U (ri) =

∑
j 6=i QiQj/ |ri − rj|. As shown in ref.

[170], the full treatment of non-inertial effects together with relativistic corrections
will introduce additional terms proportional to A and A2 in the Hamiltonian of
Eq. (3.8), to order 1/c2. Thus, a more detailed account of non-inertial corrections
of a many-body system requires the inclusion of A-corrections in the interaction
terms, too. We refer the reader to ref. [170] or Appendix A where this is discussed
in more details. Here we will only consider the consequences of the acceleration
correction term in Eq. (3.8),

Hnin =
A2

c2

∑
i

miz
2
i . (3.9)

3.3 Reactions within stars

Nuclei interacting in a plasma or undergoing pycnonuclear reactions in a lattice can
experience different accelerations, allowing an immediate application of eq. 3.9.
But in order to use this equation to measure changes induced by the gravitational
fields in stars, we assume that one can replace A by the local gravitational field,
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g. This assumption deserves more discussion. If we pick two nuclei participating
in a nuclear reaction within a star, they are probably in a gaseous phase following
inertial trajectories in between collisions. The effect of gravity is that the two
nuclei follow two slightly different inertial trajectories because of the difference
in gravitational field between their two positions. Thus the best way to study
the reaction problem is to calculate reaction rates in terms of a local metric at a
point within the star. This metric can be deduced from General Relativity at the
reaction observation point. To first-order one can also use eq. 3.2, which is shown
in ref. [168] to describe particles in a gravitational field. Here instead, we will
adopt the Hamiltonian of eq. 3.8 as representative of the same problem. Here we
will not attempt to prove the equality between the two procedures, and several
other issues (e.g. time-dependence of accelerations, modification of interactions in
presence of a gravitational field, etc.), leaving this for future studies. Our goal is
to make an estimation of where in the Universe one would have gravitational fields
strong enough to change appreciably the reaction rates or the internal structure
of many body systems.

3.3.1 Nuclear fusion reactions

Nuclear fusion reactions proceed in stars at low energies, e.g., of the order of 10
KeV in our Sun [171, 172]. Due to the Coulomb barrier, it is extremely diffi-
cult to measure the cross sections for charged-particle-induced fusion reactions at
laboratory conditions. The importance of small effects such as the correction of
Eq. (3.9) in treating fusion reactions is thus clear because the Coulomb barrier
penetrability depends exponentially on any correction. To calculate the effect of
the term given by eq. (3.9) we use, for simplicity, the WKB penetrability factor

P (E) = exp

[
−2

~

∫ RC

RN

dr |p(r)|
]

, (3.10)

where p(r) is the (imaginary) particle momentum inside the repulsive barrier. The
corrected fusion reaction is given by

σ = σC · R, (3.11)

where σC is the Coulomb repulsion cross section and R = Pcorr(E)/P (E) is the
correction due to Eq. (3.9). The non-inertial effect is calculated using |p(r)| =√

2m [VC(r)− E] and

|pcorr(r)| =
√

2m

[
VC(r) +

A2mr2 〈cos2 θ〉
c2

− E

]
(3.12)

where 〈cos2 θ〉 = 1/2 averages over orientation and the Coulomb potential is given
by VC = Z1Z2e

2/r. In order to assess the magnitude of the acceleration A for
which its effect is noticeable, we consider a proton fusion reaction with a Z = 17
nucleus (chlorine) at E = 0.1 MeV. This is a typical fusion reaction in stellar sites
of interest. For this energy, we get RC = Z1Z2e

2/E = 245 fm and take RN = 3.2
fm.
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Figure 3.1: Suppression factor due to the non-inertial effects, R, for fusion reactions of protons
on chlorine at E = 0.1 MeV, and as a function of the gravitational field (in dimensionless units).

As we see in Fig. 3.1 the effect of acceleration becomes visible for accelerations
of the order g = A = 10−7c2/RC ≈ 4 × 1027 m/s2, which is about 26 orders of
magnitude larger than the acceleration due to gravity on earth’s surface and 15
orders of magnitude larger than the one at the surface of a neutron star (assuming
Mns = M¯ and Rns = 10 km). It appears that the effect is extremely small in
stellar environments of astrophysical interest where nuclear fusion reactions play
a role. Such large gravitational fields would only be present in the neighborhood
of a black-hole. Under such extreme conditions nuclei are likely to disassembly, as
any other structure will.

3.3.2 Atomic transitions

As an example in atomic physics, we consider the energy of the 2p1/2 level in
hydrogen which plays an important role in the Lamb shift and probes the depths
of our understanding of electromagnetic theory. We calculate the energy shift of
the 2p1/2 level within the first-order perturbation theory and we get

∆E
2p1/2

nin =
〈
2p1/2 |Hnin| 2p1/2

〉
=

24a2
HA2me

c2
, (3.13)

where aH = ~2/mee
2 = 0.529 Å. One should compare this value with the Lamb

splitting which makes the 2p1/2 state slightly lower than the 2s1/2 state by ∆ELamb =

4.372×10−6 eV. One gets ∆E
2p1/2

nin ' ∆ELamb for A ' 1021 m/s2, which is 9 orders
of magnitude larger than gravity at the surface of a neutron star. Thus, even for
tiny effects in atomic systems, the effect would only be noticeable for situations
in which electrons are bound in atoms.

3.4 Reactions in the laboratory

The apparent conclusion from the last section is that it is very unlikely that
non-inertial effects due to gravitational fields are of relevance in stars. Nowhere,
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except in the vicinity of a black-hole, accelerations are of order of 1020 m/s2,
which would make the effect noticeable. However, there is another way to achieve
such large accelerations and that is nothing else than the huge accelerations which
occur during nuclear reactions. For example, for a nuclear fusion reaction, at the
Coulomb radius (distance of closest approach, RC) the acceleration is given by

AC =
Z1Z2e

2

R2
Cm0

, (3.14)

where m0 = mNA1A2/ (A1 + A2) is the reduced mass of the system and mN is the
nucleon mass. For typical values, E = 1 MeV, Z1 = Z2 = 10, and A1 = A2 = 20,
one obtains RC = Z1Z2e

2/E = 144 fm and AC = 6.2 × 1025 m/s2. This is the
acceleration that the cm of each nucleus would have with respect to the laboratory
system.

As we discussed in the introduction, the cm of the excited nucleus is the natural
choice for the reference frame. This is because it is easier to adopt a description
of atomic and nuclear properties in the cm frame of reference. Instead, one could
also chose the cm of the colliding particles. This later (inertial) system makes it
harder to access the acceleration effects, as one would have to boost the wave-
functions to an accelerated system, after calculating it in the inertial frame. This
is a more difficult task. We thus adopt the cm of the excited nucleus, using the
Hamiltonian of section II. This Hamiltonian was deduced for a constant acceler-
ation. If the acceleration is time-dependent, the metric of eq. 3.2 also changes.
Thus, in the best case scenario, the Hamiltonian of eq. 3.8 can be justified in an
adiabatic situation in which the relative velocity between the many-body systems
are much smaller than the velocity of their constituent particles with respect to
their individual center of masses. If we accept this procedure, we can study the
effects of accelerated frames on the energy shift of states close to threshold, as well
as on the energy location of low-lying resonances.

3.4.1 Reactions involving halo nuclei

The nuclear wave-function of a (s-wave) loosely-bound, or “halo”, state can be
conveniently parameterized by

Ψ '
√

α

2π

exp (−αr)

r
, (3.15)

where the variable α is related to the nucleon separation energy through S =
~2α2/2mN . In first order perturbation theory the energy shift of a halo state will
be given by

∆EN
nin = 〈Ψ |Hnin|Ψ〉 =

1

8S

(
Z1Z2e

2~
R2

Cm0c

)2

. (3.16)

Assuming a small separation energy S = 100 keV, and using the same numbers
in the paragraph after eq. 3.14, we get ∆EN

nin = 0.024 eV, which is very small,
except for states very close to the nuclear threshold, i.e. for S → 0. But the effect
increases with Z2 for symmetric systems (i.e. Z1 = Z2 = A1/2). It is thus of the
order of ∆EN

nin = 1− 10 eV for larger nuclear systems.
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There might exist situations where this effect could be manifest. For instance,
the triple-alpha reaction which bridges the mass = 8 gap and forms carbon nuclei
in stars relies on the lifetime of only 10−17 s of 8Be nuclei. It is during this time that
another alpha-particle meets 8Be nuclei in stars leading to the formation of carbon
nuclei. This lifetime corresponds to an energy width of only 5.57± 0.25 eV [173].
As the third alpha particle approaches 8Be the effects of linear acceleration will
be felt in the reference frame of 8Be. This will likely broaden the width of the 8Be
resonance (which peaks at ER = 91.84± 0.04 KeV) and consequently its lifetime.
However, this line of thought could be wrong if one assumes that the third alpha
particle interacts individually with each of the two alpha particles inside 8Be, and
that the effects of acceleration internal to the 8Be nucleus arise from the different
distances (and thus accelerations) between the third alpha and each of the first
two. To our knowledge, this effect has not been discussed elsewhere and perhaps
deserves further investigation, if not for this particular reaction maybe for other
reactions of astrophysical interest involving very shallow nuclear states.

3.4.2 Nuclear transitions

Many reactions of astrophysical interest are deduced from experimental data on
nucleus-nucleus scattering. Important information on the position and widths
of resonances, spectroscopic factors, and numerous other quantities needed as
input for reaction network calculations in stellar modelling are obtained by means
of nuclear spectroscopy using nuclear collisions in the laboratory. During the
collisions the nuclei undergo huge accelerations, of the order of A ' 1028 m/s2.
Hence, non-inertial effects will definitely be important.

A simple proof of the statements above can be obtained by studying the
Coulomb excitation. The simplest treatment that one can give to the problem
is a semi-classical calculation. The probability of exciting the nucleus to a state
f from an initial state i is given by

aif = − i

~

∫
Vif eiωtdt, (3.17)

where ω = (Ef−Ei)/~, is the probability amplitude that there will be a transition
i→f. The matrix element Vif =

∫
Ψ∗

fV Ψi dτ contains a potential V of interaction
between the nuclei. The square of aif measures the transition probability from i
to f and this probability should be integrated along the trajectory.

A simple estimate can be done in the case of the excitation of a initial, J = 0,
state of a deformed nucleus to an excited state with J = 2 as a result of a frontal
collision with scattering angle of θ = 180◦. The perturbation V is due to the
interaction of the charge Z1e of the projectile (one of the two nuclei) with the
quadrupole moment of the target (the other) nucleus. This quadrupole moment
should work as an operator that acts between the initial and final states. One
finds that V = Z1e

2Qif/2r
3, with

Qif = e2
i

〈
Ψ∗

f

∣∣3z2 − r2
∣∣ Ψi

〉 ' e2
i

〈
Ψ∗

f

∣∣z2
∣∣ Ψi

〉
, (3.18)

where ei is the effective charge of the transition.
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The amplitude is then written

aif =
Z1e

2Qif

2i~

∫
eiωt

r3
dt. (3.19)

At θ = 180◦ the separation r, the velocity v, the initial velocity v0 and the
distance of closest approach s, are related by v = dr/dt = ±0v0

(
1− s/r

)
, which is

obtained from energy conservation. Furthermore, if the excitation energy is small,
we can assume that the factor eiωt in eq. (3.19) does not vary much during the
time that the projectile is close to the nucleus. Then the remaining integral is
easily solved by substitution and one gets

aif =
4Z1e

2Qif

3i~v0s2
. (3.20)

Following the same procedure as above, we can calculate the contribution of
the Hamiltonian of eq. 3.9. In this case, A = Z1Z2e

2/m0r
2 and the equivalent

potential V is given by

Vnin =

(
Z1Z2e

2

m0

)2
XmN

c2r4
, (3.21)

where we assume that X nucleons participates in the transition. One then finds

anin
if =

(
Z1Z2e

2

m0

)2
32XmNQif

15is3~v0c2
. (3.22)

The ratio between the two transition probabilities is

∣∣∣∣∣
anin

if

aif

∣∣∣∣∣

2

=

(
8XmNZ1Z

2
2e

2

5sm2
0c

2

)2

. (3.23)

Applying eq. 3.23 to the lead-lead collision at 500 MeV, as mentioned in the

introduction, we find
∣∣anin

if /aif

∣∣2 = (0.0093X)2. This yields very small results for
the relative importance of non-inertial effects in single particle transitions (X ' 1),
but can become appreciable for the excitation of collective states such as the giant
resonances, for which X À 1. This result is intriguing to say the least. We think
that it deserves more studies, assuming that the physics of non-inertial effects
described in section II is right. We have made a preliminary study of theses effects
in the excitation of giant resonances in relativistic heavy ion collisions using eq.
(3.9) which seem to confirm this statement.

3.4.3 Electron screening of fusion reactions

In laboratory measurements of nuclear fusion reactions one has found enhance-
ments of the cross sections due to the presence of atomic electrons. This screening
effect leads to an enhancement in the astrophysical S-factor, or cross section:

Slab (E) = f (E) S (E) = exp

[
πη∆E

E

]
S (E) , (3.24)
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where η (E) = Z1Z2e
2/~v, and v is the relative velocity between the nuclei. The

energy ∆E is equal to the difference between the electron binding energies in the
(Z1 + Z2)-system and in the target atom (Z2). For light nuclei it is of the order
of 100 eV, enhancing fusion cross sections even for fusion energies of the order of
100 KeV. For more details we refer the interested reader to Ref. [174].

An intriguing fact is that this simple estimate, which is an upper value for
∆E, fails to reproduce the experimental data for a series of cases. In Ref. [175]
several small effects, ranging from vacuum polarization to the emission of radia-
tion, have been considered but they cannot explain the experimental data puzzle.
Besides vacuum polarization, atomic polarization is one of the largest effects to
be considered (among all other small effects [175]).

Non-inertial corrections contribute to polarization potential

Vpol = −
∑

n6=0

|〈0 |Hnin|n〉|2
En − E0

. (3.25)

An estimate based on hydrogenic wavefunctions for the atom yields

Vpol (r) ' − 1

En0

(
Z1Z2e~

m0c

)4
exp (−2αr)

r4
. (3.26)

Assuming α ∼= 1/aH , En0 = En −E0
∼= 10 eV and using Eqs. (3.10) and (3.11) to

calculate the modification of the fusion cross sections due to this effect, we find
the cross section for D(d,p)T and 6Li(d, α)4He can increase by up to 10%. This
is surprising compared with the smaller values reported on Table 1 of Ref. [175].
It is not a very accurate calculation as it relies on many approximations. But it
hints for a possible explanation of the difference between the experimental and
theoretical values of ∆E, as discussed in Ref. [174].

In stars, reactions occur within a medium rich in free electrons. The influence of
dynamic effects of these electrons was first mentioned in Ref. [176] and studied in
Ref. [177]. The underlying assumption is that the Debye-Hueckel approximation,
based on a static charged cloud, does not apply for fast moving nuclei. In fact,
most of the nuclear fusion reactions occur in the tail of the Maxwell-Boltzmann
distribution. For these nuclear velocities Ref. [177] finds that an appreciable mod-
ification of the Debye-Hueckel theory is necessary. One has to add to this finding
the fact that the nuclei get very strongly accelerated as they approach each other,
what will further increase the deformation of the Debye-Hueckel cloud.

3.5 Conclusions

In summary, assuming that the Hamiltonian for a system of particles moving in
an accelerated frame is contains a correction term of the form given by eq. 3.9,
I have explored the non-inertial effects for a limited set of nuclear reactions in
stars and in the laboratory. These results are somewhat surprising and present a
challenge to our understanding of accelerated many-body systems.

In the case of stellar environments, I have shown that only in the neighborhood
of black-holes would non-inertial effects become relevant. But then the whole
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method adopted here is probably wrong, as one might have to use the full machin-
ery of general relativity. Nonetheless, it is very unlikely (and perhaps unimportant,
except maybe for science-fiction time-travel) that internal structures of any object
is of any relevance when it is so close to a black-hole.

The apparent reason for the appearance of non-inertial effects in many-body
systems is that the non-inertial term of Eq. (3.9) only appears when relativistic
corrections are included, what has precluded its consideration in previous studies,
specially for reactions that are thought to be fully non-relativistic such as fusion
reactions in stars. The main question is if the relativistic definition of the center
of mass, through eq. (3.5) as proposed by Pryce in ref. [169] contains the right
virtue of describing correctly the center of mass frame of relativistic many-body
systems.

Even in the case of high energies nuclear collisions the intrinsic structure of
the nuclei are sometimes an important part of the process under study. Fictitious
forces will appear in this system which might not average out and appreciably
influence the structure or transition under consideration. It is surprising that, for
a reason not quite understood, this effect has been overseen in the literature.
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Appendix A

Hamiltonian in an accelerated
frame

A.1 Metric in Accelerated Frame

A.1.1 Landau

In Landau’s classical theory of field [168] one finds a metric in an accelerated
frame: Let ϕ be the potential in gravitional field. The Lagrangian of the the
particle can be written as

L = −mc2 +
1

2
mv2 −mϕ. (A.1)

The action is

S =

∫
Ldt =

∫
(−mc2 +

1

2
mv2 −mϕ)dt

= −mc

∫
(c− v2

2c
+

ϕ

c
)dt. (A.2)

In terms of the proper displacement ds

S = −mc

∫
ds. (A.3)

Comparing eq. A.2 and eq. A.3:

ds = (c− v2

2c
+

ϕ

c
)dt,

ds2 = (c− v2

2c
+

ϕ

c
)2dt2

= (c2 − v2 + 2ϕ +
v4

4c2
− v2ϕ

c2
+

ϕ

c2
)dt2. (A.4)

Neglecting terms of order 1/c2:

66
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ds2 = (c2 − v2 + 2ϕ)dt2

= c2(1 +
2ϕ

c2
)dt2 − v2dt2

≈ c2(1 +
ϕ

c2
)2dt2 − dr2, (A.5)

where vdt = dr. One can now replace ϕ as Az, where A is the acceleration of the
reference frame, and z is the position with respect to that frame. Here one gets
the metric in an accelerated frame

ds2 = c2(1 +
Az

c2
)2dt2 − dx2 − dy2 − dz2. (A.6)

IMPORTANT NOTE: This metric is correct only when the accelerated frame is
momentarily at rest with respect to the inertial frame:

V = 0,

V ′ = A 6= 0. (A.7)

where V and A are the velocity and acceleration of an accelerated frame with
respect to an inertial frame, respectively.

A.1.2 Joan Crampin

Joan Crampin gives another metric [178]:

ds2 = (1 + Gξ)2c2dτ 2 − dξ2, (A.8)

where

c2G = Ṫ Ẍ − ẊT̈ =
(
Ṫ

)2 d

dτ

(
Ẋ

Ṫ

)
, (A.9)

dT

dτ
=

(
1− v2/c2

)−1/2
, (A.10)

dX/dτ

dT/dτ
=

dX

dT
= v, (A.11)

dv

dτ
=

dv

dt

dt

dτ
= A

(
1− v2/c2

)−1/2
. (A.12)

X, T is the coordinate of the origin of an accelerated frame with respect to
an inertial frame and v is the velocity in the inertial frame. The dot on the top
means d

dτ
. Thus

G =
A

c2

(
1− v2

c2

)− 3
2

. (A.13)
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The metric can be written as

ds2 =

[
1 +

Aξ

c2

(
1− v2

c2

)− 3
2

]2

c2dτ 2 − dξ2. (A.14)

This is a general form of the metric. If one sets v = 0 (the accelerated frame is
momentarily at rest in the inertial frame),

ds2 = c2(1 +
Aξ

c2
)2dt2 − dξ2. (A.15)

This is the same with Landau’s result. Or one can get this result by constructing
a world line of B

X2 − c2T 2 = a2. (A.16)

When T = 0, this gives X = a, dX
dT

= 0, d2X
dT 2 = c2

a
. This is, at T = 0, the observer

B is momentarily at rest in the x, t-system and has acceleration c2/a. The world
line can be written as

X = a cosh(cτ/a), cT = a sinh(cτ/a). (A.17)

Using ds2 = (1 + Gξ)2c2dτ 2 − dξ2, The metric becomes

ds2 = (1 + ξ/a)2c2dτ 2 − dξ2

= (1 +
Aξ

c2
)2c2dτ 2 − dξ2. (A.18)

But how to get ds2 = (1 + Gξ)2c2dτ 2 − dξ2?
Step 1: Obtain the transformation:

x = X(τ) + ξṪ (τ) ,

t = T (τ) +
ξ

c2
Ẋ (τ) . (A.19)

Consider a point B. In the inertial frame S, B has coordinates (X,T ). Let S ′ be
another inertial frame that has velocity v relative to S and in which the event B
has coordinates (0, τ) in S ′. This is an inertial frame where B is momentarily at
rest (in S frame, the velocity of B is vB = v). Let (x, t) , (x′, t′) be the coordinates
of a given event referred to S and S ′, respectively, assuming that the x and x′ axis
lie along the same direction. Then the Lorentz transformation in this case is

x = γ [x′ + t′v] ,

t = γ
[
t′ + x′v/c2

]
. (A.20)

Move origins of both S and S ′ to B, then

x−X = γ [x′ + (t′ − τ) v] ,

t− T = γ
[
t′ − τ + x′v/c2

]
, (A.21)
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where

γ ≡ (
1− v2/c2

)−1/2
=

(
c2Ṫ 2 − Ẋ2

)−1/2

cṪ = Ṫ ,

v =
dX

dT
=

dX/dτ

dT/dτ
=

Ẋ

Ṫ
, (A.22)

and other constants are determined so that x′ = 0, t
′
= τ when x = X, t = T in

agreement with the definition of S. Thus one gets

x−X = x′Ṫ + (t′ − τ) Ẋ,

t− T = x′Ẋ/c2 + (t′ − τ) Ṫ . (A.23)

The transformation from (x, t) to (ξ, τ) is obtained from x′ = ξ, t′ = τ , yielding

x = X(τ) + ξṪ (τ) ,

t = T (τ) +
ξ

c2
Ẋ (τ) , (A.24)

where X, T is the coordinate of the origin of the accelerated frame with respect
to the inertial frame.
Step 2: Insert the transformation

x = X(τ) + ξṪ (τ) ,

t = T (τ) +
ξ

c2
Ẋ (τ) , (A.25)

dx = Ẋdτ + dξṪ + T̈ ξdτ =
(
Ẋ + ξT̈

)
dτ + Ṫ dξ,

dt = Ṫ dτ + dξ
Ẋ

c2
+

ξ

c2
Ẍdτ =

(
Ṫ +

ξ

c2
Ẍ

)
dτ +

Ẋ

c2
dξ, (A.26)

into ds2 = c2dt2 − dx2:

ds2 = c2

[(
Ṫ +

ξ

c2
Ẍ

)
dτ +

Ẋ

c2
dξ

]2

−
[(

Ẋ + ξT̈
)

dτ + Ṫ dξ
]2

=
(
c2Ṫ 2 + 2ξṪ Ẍ + ξ2Ẍ2/c2 − Ẋ2 − 2ẊT̈ ξ − T̈ 2ξ2

)
dτ 2

+

(
Ẋ2

c2
− Ṫ 2

)
dξ2 +

(
2ξẊẌ

c2
− 2ξṪ T̈

)
dξdτ. (A.27)

Using the relation
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c2dT 2 − dX2 = ds2 = c2dτ 2,

c2Ṫ 2 − Ẋ2 = c2,

Ṫ T̈ − 1

c2
ẊẌ = 0, (A.28)

the metric turns to

ds2 = c2

[
1 +

2ξ

c2

(
Ṫ Ẍ − ẊT̈

)
+

ξ2

c6

(
c2Ẍ2 − c4T̈ 2

)]
dτ 2 − dξ2. (A.29)

One can prove ξ2

c6

(
c2Ẍ2 − c4T̈ 2

)
= ξ2

c4

(
Ṫ Ẍ − ẊT̈

)2

, so that

ds2 = c2

[
1 +

2ξ

c2

(
Ṫ Ẍ − ẊT̈

)
+

ξ2

c4

(
Ṫ Ẍ − ẊT̈

)2
]

dτ 2 − dξ2

=

[
1 +

2ξ

c2

(
Ṫ Ẍ − ẊT̈

)]2

c2dτ 2 − dξ2

= (1 + Gξ)2c2dτ 2 − dξ2, (A.30)

where c2G = Ṫ Ẍ − ẊT̈ =
(
Ṫ

)2
d
dτ

(
Ẋ
Ṫ

)
.

Proof of ξ2

c6

(
c2Ẍ2 − c4T̈ 2

)
= ξ2

c4

(
Ṫ Ẍ − ẊT̈

)2

:

First of all,

ξ2

c4

(
Ṫ Ẍ − ẊT̈

)2

=
ξ2

c4

(
Ṫ 2Ẍ2 + Ẋ2T̈ 2 − 2Ṫ T̈ ẊẌ

)
, (A.31)

On the other hand,

c2Ṫ T̈ − ẊẌ = 0,
(
c2Ṫ T̈ − ẊẌ

)2

= 0,

2Ṫ T̈ ẊẌ =
1

c2
Ẋ2Ẍ2 + c2Ṫ 2T̈ 2, (A.32)

Thus,

ξ2

c4

(
Ṫ Ẍ − ẊT̈

)2

=
ξ2

c4

(
Ṫ 2Ẍ2 + Ẋ2T̈ 2 − 1

c2
Ẋ2Ẍ2 − c2Ṫ 2T̈ 2

)

=
ξ2

c4

[
c−2Ṫ 2

(
c2Ẍ2 − c4T̈ 2

)

− c−4Ẋ2
(
c4T̈ 2 − c2Ẍ2

) ]

=
ξ2

c4

(
c2Ẍ2 − c4T̈ 2

) (
Ṫ 2

c2
− Ẋ2

c4

)
. (A.33)
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Since Ṫ 2

c2
− Ẋ2

c4
= 1

c2
, one has

ξ2

c4

(
Ṫ Ẍ − ẊT̈

)2

=
ξ2

c6

(
c2Ẍ2 − c4T̈ 2

)
. (A.34)

A.1.3 D. G. Ashworth

Based on several assumptions [179]

dσ′x = h (x′, t′) dx′,

dT ′ = f (x′, t′) dt′ + g (x′, t′) dx′,

x′ = k(t)

(
x−

∫ t

0

vdt

)
,

t′ = j(t)x + m(t), (A.35)

where h, f , g, k, j, m can be solved, the author give the transformation equation:

x′ =
(

x−
∫ t

0

vdt

)(
1− v2

c2

)−1/2

,

y′ = y,

z′ = z,

t′ =
∫ t

0

(
1− v2

c2

)1/2

dt− vc−2

(
1− v2

c2

)−1/2 (
x−

∫ t

0

vdt

)
, (A.36)

and the metric becomes

ds2 = c2v2Z−2
(
1− Z2/c2

) (
1− v2/c2

)−1
dt′2

− 2v
(
1− Z2/c2

) (
1− v2/c2

)−1
dx′dt′

− (
1− v4/c2Z2

)−1 (
1− v2/c2

)−1
dx′2

− dy′2 − dz′2, (A.37)

where Z = v(1 − Wx′), W = ac−2 (1− v2/c2)
−1/2

. The result was carefully
examined and the conclusion is that it is wrong, because dT ′ = f (x′, t′) dt′ +
g (x′, t′) dx′ is an incorrect assumption, and it leads to the appearance of the cross
term dx′dt′. However, if one expands the metric in power of 1/c2, and set v = 0,
the metric still turns into Landau’s result.

A.2 Centre of mass (c.m.)[169]

Let the coordinates of the ith particle be denoted by zµ
i , and total momentum

vector,
∑

i p
µ
i , being denoted by P µ. The indices µ run from 0 to 3.
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ds2 = g00c
2dt2 − dx2 − dy2 − dz2,

ds =
√

g00c2dt2 − dx2 − dy2 − dz2

= cdt

√
g00 − dx2 + dy2 + dz2

c2dt2

= cdt

√
g00 − v2

c2
,

dτc = cdt

√
g00 − v2

c2
,

dτ

dt
=

√
g00 − v2

c2
. (A.38)

Denote 1√
g00− v2

c2

≡ γ, then

dt

dτ
= γ. (A.39)

Consider four momentum

P µ = mUµ,

U0 =
dx0

dτ
=

d(ct)

dτ
= cγ,

Uk =
dxk

dτ
=

dxk

dt

dt

dτ
= γvk, (A.40)

then

P 0 = mcγ = E/c,

P k = mγvk. (A.41)

Definition of Mass-Centre: In a particular frame, the co-ordiantes of mass centre is
the mean of co-ordinates of several particles weighted with their dynamical masses
(energies).

By this definition, mass-centre qµ is given by

P 0qµ =
∑

i

p0
i z

µ
i . (A.42)

To express this in a way that the form of qµ keep unchanged in different frame, M.
H. L. Pryce did the following things(c → 1): Using the energy-momentum tensor
of an assembly of free particles

T µν = T νµ =
∑

i

∫
δ
(
x0 − z0

i

)
δ
(
x1 − z1

i

)

· δ (
x2 − z2

i

)
δ
(
x3 − z3

i

)
pµ

i dzν
i , (A.43)
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mass-centre qµ becomes

P 0qµ =

∫
xµT 00dx1dx2dx3

=
∑

i

∫
pµ

i x
µδ

(
x0 − z0

i

)
δ
(
x1 − z1

i

)

· δ (
x2 − z2

i

)
δ
(
x3 − z3

i

)
dzν

i dx1dx2dx3

=
∑

i

p0
i z

µ
i . (A.44)

Besides

P µ =

∫
T 0µdx1dx2dx3

=
∑

i

∫
pµ

i δ
(
x0 − z0

i

)
δ
(
x1 − z1

i

)

· δ (
x2 − z2

i

)
δ
(
x3 − z3

i

)
dzν

i dx1dx2dx3

=
∑

i

pµ
i , (A.45)

Mµν =

∫ (
xµT 0ν − xνT 0µ

)
dx1dx2dx3

=
∑

i

(zµ
i pν

i − zν
i pµ

i ) . (A.46)

These enable one to write the equation for qµ

qµ =
(
tP µ + Mµ0

)
/P 0

=

{∑
i

[
tpµ

i −
(
zµ

i p0
i − z0

i p
µ
i

)]
}

/P 0

=

(∑
i

p0
i z

µ
i

)
/P 0. (A.47)

One can generalize it

qµ =
(sP µ + Mµνnν)

P σnσ

=
(sP µ + Mµ0n0 + Mµ1n1 + Mµ2n2 + Mµ3n3)

P 0n0 + P 1n1 + P 2n2 + P 3n3

, (A.48)

where nµ is the direction of the time-axis of a new frame in old frame(t, µ), s
is time of new frame. By eq. A.47, one gets q0 = t . To make sure eq. A.48
reduces to eq. A.47 when nµ is in the same direction with t (nµ = (1, 0, 0, 0)),
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solve equation q0 = t for s and replace s above1, then

qµ =
tP µ

P 0
+

MµνP 0nν −M0νP µnν

P 0P σnσ

. (A.49)

To make qµ independent of nµ, substitute P µ/m for nµ(It’s some thing like Frenet
Frame in differential geometry), noticing that P µPµ = m2, one obtains

qµ =
tP µ

P 0
+

MµνPν

m2
+

M0νP µPν

m2P 0
, (A.50)

Where t is the time for a specific frame. All variables are four-vectors and tensors
so the form keeps unchanged in different inertial frame, so it is relativistically
covariant. This can also be used in accelerated frame because the problem of
accelerated frame still can be solved in special theory of relativity (See section 1).

In a c.m. frame, the space parts of qk and P k are zero identically, by eq. A.472

qk =
(
tP k + Mk0

)
/P 0,

0 =
(
0 + Mµ0

)
/P 0,

Mk0 = 0 (k = 1, 2, 3). (A.51)

That is ∑
i

(
zk

i p0
i − z0

i p
k
i

)
=

∑
i

zk
i p0

i −
∑

i

z0
i p

k
i = 0. (A.52)

By eq. A.42
∑

i p
0
i z

k
i = P 0qk = 0,

∑
i

(
zk

i p0
i − z0

i p
k
i

)
=

∑
i

z0
i p

k
i

=
∑

i

z0
i miγvk

i

=
∑

i

miz
0
i v

k
i√

g00 − v2
i

c2

=
∑

i

miri√
g00 − v2

i

c2

= 0, (A.53)

∑
i

miri√
g00 − v2

i

c2

= 0. (A.54)

1When nσ = (1, 0, 0, 0), by eq. A.48, q0 = s, this is not compatible with eq. A.47 (q0 = t). To make

sure q0 =
(sP0+M0νnν)

P σnσ
= t, s = P σnσt−M0νnν

P0 , then qµ = tP µ

P0 + MµνP0nν−M0νP µnν
P0P σnσ

. At this time, when

nσ = (1, 0, 0, 0), q0 = t.
2One cannot get the following relation directly from eq. A.50. But since eq. A.47 is the special case of eq.

A.50, the result must satisfy both eq. A.47 and A.50, so one can just use the relation of eq. A.47.
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A.3 Hamiltonian with no interaction[170]

A.3.1 One free particle

The metric can be written as

ds2 = g00c
2dt2 − dx2 − dy2 − dz2, (A.55)

where g00 =

[
1 + Az

c2

(
1− V 2

c2

)− 3
2

]2

, x, y, z, t are coordinates in the accelerated

frame. A and V are the acceleration and velocity of the origin of the accelerated
frame with respect to the inertial frame.

ds =
√

g00c2dt2 − dx2 − dy2 − dz2

= cdt

√
g00 − dx2 + dy2 + dz2

c2dt2

= cdt

√
g00 − v2

c2
, (A.56)

On the other hand

S = −mc

∫
ds, (A.57)

Then

S = −mc

∫
c

√
g00 − v2

c2
dt =

∫ (
−mc2

√
g00 − v2

c2

)
dt. (A.58)

Moreover

S =

∫
Ldt, (A.59)

where L is the Lagrangian. Hence the Lagrangian is found to be

L = −mc2

√
g00 − v2

c2
. (A.60)

The momentum is given by

p =
∂L

∂v
=

mv√
g00 − v2

c2

. (A.61)
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According to the definition of Hamiltonian, one has

H = p · v − L

=
mv2

√
g00 − v2

c2

+ mc2

√
g00 − v2

c2

=
mv2 + mc2

(
g00 − v2

c2

)
√

g00 − v2

c2

=
g00mc2

√
g00 − v2

c2

. (A.62)

The Hamiltonian can also be expressed as a function of p :

H = c
√

g00 (p2 + m2c2),

because

H = c
√

g00 (p2 + m2c2)

= c

√√√√g00

(
m2v2

g00 − v2

c2

+ m2c2

)

= c

√
g2
00m

2c2

g00 − v2

c2

=
g00mc2

√
g00 − v2

c2

. (A.63)

Noticing that g00 =

[
1 + Az

c2

(
1− V 2

c2

)− 3
2

]2

, we expand H in powers of 1
c2

:

Mathematica code:
(∗x = 1/cˆ2∗)
g00 = (1 + z ∗ A ∗ x ∗ (1− V ˆ2 ∗ x)ˆ(−3/2))ˆ2;
H = xˆ(−1/2) ∗ (g00 ∗ (pˆ2 + mˆ2 ∗ xˆ(−1)))ˆ(1/2);
Series[H, {x, 0, 1}]//Expand//Simplify

H =
p2

2m

(
1− p2

4m2c2

)
+ mAz

(
1 +

3V 2

2c2
+

p2

2m2c2

)
+ O

(
1

c4

)
. (A.64)

A.3.2 A collection of free particles

The hamiltonian for a collection of free particles is simply the sum of the hamil-
tonians for each particle, thus

H =
∑

i

p2
i

2mi

(
1− p2

i

4m2
i c

2

)
+ A

∑
i

mizi

(
1 +

3V 2

2c2
+

p2
i

2m2
i c

2

)
. (A.65)
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Suppose that the origin of the reference frame is at the center of mass of the
system, which means ∑

i

miri√
g00 − v2

i

c2

= 0. (A.66)

To the first order in 1/c2, this is

Mathematica code:
(∗x = 1/cˆ2∗)
g00 = (1 + zA ∗ x ∗ (1− V ˆ2 ∗ x)ˆ(−3/2))ˆ2;
p = (g00− vˆ2 ∗ x)ˆ(−1/2);
Series[p, {x, 0, 2}]

∑
i

miri

(
1 +

v2
i

2c2
− ziA

c2

)
= 0. (A.67)

Only using the z-component

∑
i

mizi

(
1 +

v2
i

2c2
− ziA

c2

)
= 0,

A
∑

i

mizi

(
1 +

v2
i

2c2
− ziA

c2

)
= 0, (A.68)

∑
i

Amizi = −
∑

i

Amizi

(
v2

i

2c2
− ziA

c2

)
, (A.69)

Inserting3 eq. A.69 into eq. A.65, Hamiltonian H becomes

H =
∑

i

p2
i

2mi

(
1− p2

i

4m2
i c

2
− 3AV 2zi

2c4

)
+

A2

c2

∑
i

miz
2
i . (A.70)

A.4 Hamiltonian with interactions [170]

A.4.1 One charged particle in electromagnetic field

The action for a charged particle in electromagnetic field is

S = −mc

∫
ds− q

c

∫
Aµdxµ, (A.71)

where

Aµ = (φ, cA) ,

Aν = gµνA
µ = (g00φ,−A) ,

dxµ = (ct,x) , (A.72)

3The reason for just inserting: Since pi, vi don’t change with the position of the frame (property of vector)
and one can set any point as z = 0, eq. A.65 actually can be taken as the equation for the frame of c.m.. Here
one just expresses hamiltonian H in another way.
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so

S = −mc

∫
c

√
g00 − v2

c2
dt− q

∫
g00φdt + q

∫
A · dx

=

∫ [
−mc2

√
g00 − v2

c2
− qg00φ + qA · v

]
dt. (A.73)

Hence,

L = −mc2

√
g00 − v2

c2
− qg00φ + qA · v. (A.74)

The generalized momentum is

P =
∂L

∂v
=

mv√
g00 − v2

c2

+ qA. (A.75)

H = P · v − L

=


 mv2

√
g00 − v2

c2

+ qA · v



−
(
−mc2

√
g00 − v2

c2
− qg00φ + qA · v

)

=
g00mc2

√
g00 − v2

c2

+ qg00φ. (A.76)

Since

H − qg00φ =
g00mc2

√
g00 − v2

c2

, (A.77)

c
[
g00 (P− qA) + g00mc2

]1/2
= c

(
g2
00m

2c2

g00 − v2

c2

)1/2

=
g00mc2

√
g00 − v2

c2

, (A.78)

one can see that H − qg00φ equals c [g00 (P− qA) + g00mc2]
1/2

. So4

H − qg00φ = c
[
g00 (P− qA) + g00mc2

]1/2
,

H = c
[
g00 (P− qA) + g00mc2

]1/2
+ qg00φ. (A.79)

4Pµ =
(

H
c

, ~P
)
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A.4.2 A collection of charged particles in electromagnetic field

Expansion H in powers of 1
c2

and placement of the origin at the c.m. leads to

Mathematica code:
(∗x = 1/cˆ2∗)
g00 = (1 + z ∗ A ∗ x ∗ (1− V ˆ2 ∗ x)ˆ(−3/2))ˆ2;
H = xˆ(−1/2)∗ (g00∗pˆ2+g00∗mˆ2∗xˆ(−1))ˆ(1/2)+g00∗q ∗φ;
Series[H, {x, 0, 1}]

H =
∑

i

(P− qA)2

2mi

[
1− (P− qA)2

4m2
i c

2

]

+
A2

c2

∑
i

miz
2
i +

∑
i

qiφi

[
1 +

2Azi

c2

]
. (A.80)

The H above doesn’t keep terms involving velocity2

c2
:

∑
i

Azi(P−qA)2

2mic2
,

∑
i

3miAziV
2

2c2
,

−∑
i

miAziv
2
i

2c2

A.4.3 A collection of charged particles with interactions in electro-
magnetic field

According to A.74, the Lagrangian is

L = −mic
2

√
g00 (i)− v2

i

c2
− qig00 (i) φi + qiAi · vi,

φi =
∑

j 6=i

qj

4πε0 |ri − rj| . (A.81)

For light

ds2 = g00c
2dt2 − dx2 − dy2 − dz2 = 0,

g00c
2dt2 = dr2,√

g00cdt = |dr| ,

c

∫ tj

ti

dt ≈
[
(g00)

−1/2
i − (g00)

−1/2
j

] ∣∣∣∣
∫ rj

ri

dr

∣∣∣∣ ,

c (ti − tj) =
[
(g00)

−1/2
i − (g00)

−1/2
j

]
|ri − rj| ,

g
−1/2
00 =

[
1 +

Az

c2

(
1− V 2

c2

)− 3
2

]−1

g
−1/2
00 ≈ 1− Az

c2

(
1− V 2

c2

)− 3
2

. (A.82)
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so

c (ti − tj) =

[
1− Az

c2

(
1− V 2

c2

)− 3
2

(zi − zj)

]
|ri − rj| . (A.83)

The form of Lagrangian is not affected by the curvature of the geodesics to
order 1/c2. The hamiltonian is found to be

Mathematica code:
(∗x = 1/cˆ2, d0 = ri− rj∗)
d = d0 ∗ (1− A ∗ x ∗ (1− V ˆ2 ∗ x)ˆ(−3/2) ∗ (z − zj));
φ = 1/(4 ∗ Pi ∗ ε ∗ qj/d;
g00 = (1 + z ∗ A ∗ x ∗ (1− V ˆ2 ∗ x)ˆ(−3/2))ˆ2;
H = xˆ(−1/2)∗ (g00∗pˆ2+g00∗mˆ2∗xˆ(−1))ˆ(1/2)+g00∗q ∗φ;
H1 = xˆ(−1/2) ∗ (pˆ2 + mˆ2 ∗ xˆ(−1))ˆ(1/2) + q ∗ φ;
Series[H, {x, 0, 1}]− Series[H1, {x, 0, 1}]

H = H1 + A
∑

i

mizi

[
1 +

3V 2

2c2
+

p2
i

2m2
i c

2
+

qi

2πε0mic2

∑

j 6=i

qj

|ri − rj|

]
, (A.84)

where H1 is the hamiltonian in an inertial frame of reference (g00 = 1). The term
qi

2πε0mic2

∑
j 6=i

qj

|ri−rj | is caused by the Coulomb force among the charged particles.

Noticing
∑
i

∑
j 6=i

, one counts this effect in eq. A.84 twice, so the right form should

be qi

4πε0mic2

∑
j 6=i

qj

|ri−rj | . Hence, the hamiltonian is

H = H1 + A
∑

i

mizi

[
1 +

3V 2

2c2
+

p2
i

2m2
i c

2
+

qi

4πε0mic2

∑

j 6=i

qj

|ri − rj|

]
. (A.85)

Because of the energy stored in the field generated by the interacting particles,
the angular momentum tensor Mµν is (here c is not 1 anymore)

Mµν = Mµν

=
1

c2

∫ (
xµT 0ν − xνT 0µ

)
dx1dx2dx3

=
∑

i

(xµ
i p

ν
i − xν

i p
µ
i ) +

1

c2

∫ (
xµT 0ν − xνT 0µ

)
dr, (A.86)

where the first term is particle part, which can be derived from eq. A.43 5, and
the second term is energy part. Mk0 = 0 means

∑
i

miri√
g00 − v2

i

c2

+
1

c2

∫
T 00rdr = 0, (A.87)

5NOTICE: In eq. A.43, c → 1, but here c 9 1. If c 9 1, eq. A.43 becomes T µν = T νµ =
c2

∑
i

∫
δ

(
x0 − z0

i

)
δ

(
x1 − z1

i

)
δ

(
x2 − z2

i

)
δ

(
x3 − z3

i

)
pµ

i dzν
i .
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where T 00 is energy density, so

1

c2

∫
T 00rdr =

1

2

∑
i

E ′
i

c2
ri

=
1

2

∑
i

∑
j 6=i

1
4πε0

qiqj

|ri−rj |

c2
ri

=
∑

i

∑

j 6=i

1

8πc2ε0

qiqj

|ri − rj|ri, (A.88)

where E ′
i is the energy stroed in each particle, and 1/2 is used to avoid double

counting the energy due to
∑
i

∑
j 6=i

. Just using z component, eq. A.87 turns to

∑
i


 mi√

g00 − v2
i

c2

+
∑

j 6=i

1

8πc2ε0

qiqj

|ri − rj|


 zi = 0. (A.89)

To the first order in 1/c2,

∑
i

mizi

(
1 +

v2
i

2c2
− ziA

c2

)
+

∑
i

∑

j 6=i

1

8πc2ε0

qiqj

|ri − rj|zi = 0, (A.90)

∑
i

miAzi = −
∑

i

miAzi

[(
v2

i

2c2
− ziA

c2

)
+

∑

j 6=i

1

8πmic2ε0

qiqj

|ri − rj|

]
. (A.91)

Inserting this into eq.A.85 and neglecting all terms involving velocity2

c2
, one has

H = H1 + A
∑

i

mizi

[
Azi

c2
+

qi

8πε0mic2

∑

j 6=i

qj

|ri − rj|

]
. (A.92)
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