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Abstract In this work, we investigate neutron stars (NS)
in f (R,Lm) theory of gravity for the case f (R,Lm) =
R + Lm + σRLm, where R is the Ricci scalar and Lm the
Lagrangian matter density. In the termσRLm,σ represents the
coupling between the gravitational and particles fields. For
the first time the hydrostatic equilibrium equations in the the-
ory are solved considering realistic equations of state and NS
masses and radii obtained are subject to joint constrains from
massive pulsars, the gravitational wave event GW170817 and
from the PSR J0030+0451 mass-radius from NASA’s Neu-
tron Star Interior Composition Explorer (NICER) data. We
show that in this theory of gravity, the mass-radius results
can accommodate massive pulsars, while the general theory
of relativity can hardly do it. The theory also can explain
the observed NS within the radius region constrained by the
GW170817 and PSR J0030+0451 observations for masses
around 1.4 M�.

1 Introduction

General Relativity (GR) is by far the most successful theory
of gravitation. However, in recent years some issues came
out. Data indicate that the Universe is in accelerated expan-
sion [1–3]. In length scales larger than clusters of galaxies the
dynamics is governed by a negative pressure fluid, the accel-
erated expansion is widely accepted as caused by a “dark
energy” [4]. Data also indicate that the galaxies have a rota-
tion curve flatness [5,6] due an invisible matter or commonly
called “dark matter”. This unknown dark energy-matter cor-
responds to more than 96% of the Universe’s content. In the
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astrophysical level, issues have also emerged. Massive pul-
sars have been observed [7–10], being hardly explained by
the traditional GR theory.

One attempt to explain the emerging issues is through
modified theories of gravity. Many strategies were devel-
oped to get a theory beyond GR, some of them based on the
change of the action, the Lagrangian density, or in the metric
connection. A well-studied family is the f (R) gravity [11–
13], a tensor theory that allows the Lagrangian to depend on
higher powers of the Ricci scalar. The simplest case is just
the function f (R) being the Ricci scalar, yielding to GR. The
f (R) theory is capable to explain the acceleration of the Uni-
verse without dark energy [14–16]. On the other hand, solar
system tests seems to rule out most of the f (R) models [17–
21]. Applications of this theory have been done to neutron
stars (NS) [22–28], furthermore some implications of attrac-
tors and the Higgs potential [29,30] were taken into account
in the NS description. For the case of the Higgs potential,
the WFF1 EoS, which was excluded for static neutron stars
in the context of general relativity, provides realistic results
compatible with the GW170817. It follows the same lines
of reasoning as in Ref. [31], where is shown that one cannot
rule out some EoS without taking in consideration effects
from modified theories. Although the existence of singular-
ities in f (R) gravity could forbid NS formation [32], within
the Palatini formalism f (R) gravity may present optimistic
results in the solar system [33] and for the existence of NSs
[34,35].

Further generalizations of f (R) gravity were developed.
The f (R,T) is a well-known case, proposed by Harko et al.
[36], it consists of a theory where the gravitational action is
an arbitrary function of the Ricci scalar and also of the trace
of the energy–momentum tensor, T. The theory has been
widely applied to compact stars [37–40], see §2.3.11 of Ref.
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[41] for a plenty of them. Notwithstanding, in most cases,
the researchers considered a simple barotropic equation of
state (EoS) describing the matter inside these objects, lead-
ing to unreliable results, as reported in Ref. [39]. Using a
set of fundamental nuclear matter EoS based on effective
models of nuclear interactions and comparing the results
with the gravitational-wave observations, as well as with
massive pulsars in a joint constrain, the authors claim that
the increment in the star mass is less than 1%. This result
is in considerable contrast with previous works that used
unrealistic EoS. It also indicates that conclusions obtained
from NS studies done in modified theories of gravity without
using realistic EoS that describe correctly the NS interior,
can be misleading. Another important claim is that joint con-
strains from electromagnetic and gravitational-wave obser-
vations are important to rule out some extended theories of
gravity. Besides the mass’ non-enhancement by the f (R,T)

gravity, the theory also incorporates a non-conservation of
the energy–momentum tensor, leading to a pathology in
the hydrostatic equilibrium equations. In this regard, a non-
minimal geometry-matter coupling could solve those issues
[42]. A possible theory that considers the coupling between
geometry and matter, among others [43], is the f (R,Lm)

gravity, generalized by Harko and Lobo [44]. The theory
considers a general function that depends on the Ricci scalar
and also on the matter Lagrangian density Lm; the dynamics
can only exist in the presence of matter, satisfying the Mach’s
principle [45]. The search for the viability of such a theory has
already started in different contexts, going from studies con-
sidering it in the weak-field limit [46,47] (in the weak-limit
the theory could possibly converge to a version of MOND
[48]), where due the theory’s arbitrary coupling, extra-force
terms appear, i.e., deviations from GR in this regime. Appli-
cations in the strong regime limit, e.g., NS, also started to
show up [49]. Here, considering NS, we shall go further than
this Ref. [49], and put a window to constrain parameters
from the modified gravity perspective using realistic stellar
models and realistic hadronic equations of state (EoS). The
neutron star mass-radius obtained with these EoS are subject
to a joint constrain from observed massive pulsars, the grav-
itational wave events GW170817, and the PSR J0030+0451
mass-radius from NASA’s Neutron Star Interior Composi-
tion Explorer (NICER) data.

In the next section, we will briefly present the resulting
hydrostatic equilibrium equation for the underlying f (R,Lm)
gravity theory. In Sect. 3, we will present the EoS that we will
be using, discuss the massive pulsar observed and the results
of PSR J0030+0451 from NICER data. Our results are dis-
played in Sect. 4, followed by the discussion and conclusion
of our investigation in Sect. 5.

2 Hydrostatic equilibrium equation in f (R,Lm) gravity

The f (R,Lm) gravity is a generalization of the f (R) type
gravity models, whose action reads [44]

S =
∫

d4x
√−g f (R,Lm), (1)

where f (R,Lm) is an arbitrary function of the Ricci scalar
R and of the matter Lagrangian density Lm, g is the metric
determinant, with 8πG = 1 = c. When the function takes
the form f (R,Lm) = R/2+Lm, it conforms with the Einstein-
Hilbert action, and the variational principle leads to the well-
known Einstein’s field equations Gμν = Tμν .

Considering the simplest case where the Lagrangian den-
sity is f (R,Lm) = R/2 + Lm + σRLm as considered in
references [50,51], where σ is the coupling constant, and
Lm = −p (pressure), the variation of the action leads to the
following field equations,

(1 − 2σ p)Gμν + 1

3
Rgμν − σ p

3
Rgμν

−(1 + σ R)

(
Tμν − 1

3
Tgμν

)
+ 2σ∇μ∇ν p = 0. (2)

To model the structure of non-rotating stars, composed
of isotropic material in static gravitational equilibrium, we
consider the spherically symmetric spacetime,

ds2 = eαdt2 − eβdr2 − r2g�, (3)

where α and β are the metric potentials depending on r , and
g� is the unit 2-sphere.

Taking the energy–momentum tensor for a perfect fluid,
diag(eαρ, eβ p, r2 p, r2 sin2 θp). We obtain the following
components, 00 and 11 respectively, for the field equations,

σe−βα′ p′ − 1

3
(σ p − 1)R − 1

3
(Rσ + 1)(2 ρ + 3 p)

−
(
re−ββ ′ − e−β + 1

)
(2 σ p − 1)

r2 = 0, (4a)

(
β ′ p′ − 2 p′′)σe−β + 1

3
(σ p − 1)R − 1

3
(Rσ + 1)ρ

−
(
re−βα′ + e−β − 1

)
(2 σ p − 1)

r2 = 0, (4b)

with primes denoting derivatives regarding the radial coor-
dinate r .

The four-divergence of the energy–momentum tensor, the
conserved Noether current associated with spacetime trans-
lation, reads as [44],

∇μTμν = (−pgμν − Tμν)∇μ ln(σ R),

and its local conservation yields to

p′ = −(ρ + p)
α′

2
. (4c)
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The Ricci scalar is a degree of freedom, leading to the
equation

(1 + 2σ p)R = −(1 + σ R)T − 6σ�p, (4d)

derived from the trace of the field equations. The � operator
is defined as

� = −e−β

[
d2

dr2 − β ′

2

d

dr
+ α′

2

d

dr
+ 2

r

d

dr

]
. (5)

The hydrostatic equilibrium equations in f (R,Lm) gravity
are given by the system of equations (4).

Making the variable change p′ = z, we rewrite (4d) as

R = − 8πT + 6σ B

1 + 8πσT + 2σ p
(6)

with B being,

B = −e−β(z′ − β ′z/2 + α′z/2 + 2z/r), (7)

and T , the trace of the energy–momentum tensor

T = ρ − 3p. (8)

With the variable change, the new system of equations to
be solved become:

α′(p + ρ) + 2z = 0, (9a)

p′ − z = 0, (9b)[(
2r2ρeβ + (

2Rr2ρeβ + 3r2zα′ + 6prβ ′

+2
(
2Rpr2 + 3p

)
eβ − 6p

)
σ −

(
(R − 3p)r2 + 3

)
eβ

−3rβ ′ + 3

)
e−β

]
(3r2)−1 = 0, (9c)

[(
r2ρeβ + (Rr2ρeβ + 3 r2zβ ′ + 6 prα′ − 6 r2z′

−(Rpr2 + 6 p)eβ + 6 p)σ +
(
Rr2 + 3

)
eβ

−3 rα′ − 3

)
e−β

]
(3 r2)−1 = 0. (9d)

This system (9) give us the hydrostatic equilibrium equa-
tion in f (R,Lm) gravity. To solve it numerically, we need to
supply an equation of state, completely determining the stel-
lar structure. To solve the system, we also need the boundaries
conditions.

Boundary conditions

The boundary conditions for f (R,Lm) are the same as for
GR, i.e., we have p(0) = pc and ρ(0) = ρc at the center
of the star (r = 0), where pc and ρc are the central values
of the pressure and energy density, respectively. The stellar
surface is the point at radial coordinate r = R, where the

pressure vanishes, p(R) = 0. For the metric potentials, we
use β(0) = 0 and α(0) = 1. For the new variable, z we use
z(0) = 0. The total mass is contained inside the radius R, as
measured by the gravitational field felt by a distant observer.
As the boundary condition is at r = R, the continuity of the
metric requires that

M = m(R) =
∫ R

o
4πr2ρ(r)dr. (10)

The gravitational mass is obtained similarly to standard GR
calculations, once we have the energy–momentum conserva-
tion relations and the connection conditions with the exterior
Schwarzschild solution. As stated previously, to solve the
system of equations (9) and obtain the mass-radius, we need
to provide the equations of state (EoS). We will focus on
the ultra-dense nuclear matter EoS and on the ones used and
constrained by the Laser Interferometer Gravitational-Wave
Observatory (LIGO) detection [52,53].

3 The equation of state, massive pulsars and the NICER
data

In our analyses we are going to follow the same methodology
used in Ref. [39]; we use only the EoS that yields a maxi-
mum mass near 2.0 M� considering GR; the EoS leading to
NS mass-radius need to be within/close to the region delim-
ited by the LIGO-VIRGO observation [52,53]. We choose
a set of EoS considering pure nuclear matter and one EoS
for hybrid matter (with unconfined quarks). They are labeled
according to their name in the literature. For pure nuclear
matter, we have the non-relativistic ones: APR [54], SLy
[55] and WFF [56]. For relativistic EoS, we consider the
MPA [57] EoS. Finally, for the EoS containing a hybrid mat-
ter of nucleons and quarks, we consider the ALF [58] EoS.
The full description of each of these EoS is given in §3 of
Ref. [39]. The set of parametrization: WFF1, APR4, SLy and
MPA1 were constrained in the analysis of the gravitational
wave event GW170817. The EoS lead to a maximum mass
near the 2.0 M� limit, however, they cannot reach the mass
of the most massive pulsars recently observed. In this sense,
we will use these massive pulsar as an upper limit for the
mass and see if we can reach it with a modified theory of
gravity. We are going to consider the extremely massive mil-
lisecond pulsar recently discovered by Cromartie et al. [10],
namely PSR J0740+6620, with 2.14+0.20

−0.18 M� (within 95.4%
credibility interval) and the PSR J2215+5135, a millisecond
pulsar with a mass ≈ 2.27 M� [9], although the technique
used to measure this source is not so precise. If these mea-
surements are confirmed in a more precise way, this pulsar
would be one of the most massive neutron star ever detected.
Besides these two, the LIGO-VIRGO collaboration, reported
a coalescence involving a 22.2−24.3 M� black hole and a
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compact object with 2.50−2.67 M�, with 90% confidence
[59]. If the compact object is a NS, this is a surprise, since no
EoS with ordinary matter could explain such a mass in GR
context.

Soon after the LIGO-VIRGO detection, the radius of a
NS made of pure nuclear hadronic matter with a mass of
1.4 M� was constrained to be R1.4 = 12.39 km [60]. More
recent results from NICER [61] for PSR J0030+0451 lead
to the estimates: (a) a mass of ≈ 1.44 M� and equatorial
radius of ≈ Req = 13.02 km [62]; and (b) M ≈ 1.24 M�
and equatorial radius of ≈ Req = 12.71 km [63]. These
NICER results can be used to tightly constrain parameters
of the stellar structure from the modified gravity perspective
and the properties of the matter at ultra-high densities. In
our investigation, we are going to use it to constrain the cou-
pling parameter in the non-minimal geometry-matter theory
f (R,Lm).

4 Results

In Fig. 1 we present the mass-radius relation for the APR4
equation of state. This EoS was constrained by experiment
LIGO-VIRGO in the gravitational wave event GW170817.
The mass-radius constraints are highlighted as the blue and
orange clouded regions in the figure. The top orange region
and the bottom blue correspond to the heavier and the lighter
NS, respectively. The figure also represents by a continu-
ous blue line the 2 M� pulsars [7,8], that we use as a lower
limit. The 2.14 M� PSR J0740+6620 [10] is shown in green
filled region as well as the 2.27 M� PSR J2215+5135 in
orange dashed filled region. Furthermore, we also use the
NICER mass-radius measurements [62,63] that constrained
the mass-radius of the PSR J0030+0451, represented by
blacks dots with error bars.

We generated the mass-radius curves within the f (R,Lm)
theory of gravity for four different values of the coupling
constant σ , where σ = 0 is the curve for general relativ-
ity, i.e., the f (R,Lm) theory retrieves the GR. The effects
of the theory are given for positive nonzero values of σ ,
we have used σ = 10, 20 and 30. Considering the con-
tribution from the f (R,Lm) gravity, it is possible to see
an increment in the radius as the parameter increases, for
σ = 10 there is a small decrement in the maximum mass,
however for σ = 20 and 30, there is an increment and for
the later case, the maximum mass could surpass the 2.5 M�
limit. Considering this EoS, the best values for σ are > 20,
around 30, considering the constraints, i.e., the curve is within
the LIGO-VIRGO/NICER radius and can reach the mas-
sive pulsars observed, considering the error limit. We high-
light that according to the electromagnetic counterpart of the
multi-messenger observation this parametrization is tenta-
tively excluded [64].

Fig. 1 Mass-radius relation for the APR4 equation of state. Four values
of σ were considered. For σ = 0, the theory retrieves GR. The blue
and orange clouded regions are the mass-radius constraints from the
GW170817 event. The blue continuous line at 2.0 M� points out the
two massive NS pulsars J0348+0432 and J1614−2230, the filled green
region represents the pulsar J0740+6620 and the filled dashed region
amounts to the pulsar J2215+5135. The red line represents the lower
mass of the compact object detected by the GW190414 event. The black
dots with error bars, are the NICER estimations of PSR J0030+0451

Fig. 2 Same as Fig. 1, but the mass-radius relation is for the WFF1
EoS

In Fig. 2, we report the mass-radius relation for the WFF1
parametrization, the mass-radius yields a similar behavior as
in the APR4 case. We observe an enhancement in the max-
imum mass as we increase the parameter σ . In this EoS we
obtain a small radius for the stars, for the GR limit it is below
beyond the NICER observation. The best result is achieved
when the σ parameter is 30. However, this is still inconsistent
with one of the measurements of J0030+0451. This EoS was
also disfavored by the multi-messenger observation [65].

In Fig. 3 we show the mass-radius relation for the SLy4
parametrization. The EoS is largely studied in analytical rep-
resentation in modified theories of gravity or GR simulations,
and so on. This Skyrme type EoS can reach two solar masses
when σ = 0, and it is within the LIGO-VIRGO region. But,
still, it is out of rage for one of the NICER measurements.
As one increases the coupling parameter, the mass increases
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Fig. 3 Same as Fig. 1, but the mass-radius relation is for the SLy4 EoS

Fig. 4 Same as Fig. 1, but the mass-radius relation is for the MPA1
EoS

accordingly and for σ > 20 and up to 30, the results are well
within the limits of the joint constrains, explaining the mass-
radius relation for LIGO-VIRGO/NICER as well as the mass
of the massive pulsar observed.

Figure 4 shows the mass-radius for the MPA1 parametriza-
tion. This EoS can reach more than 2 M� and is within the
LIGO-VIRGO/NICER mass-radius for σ = 0, i.e., without
any modification on the underlying theory of gravity. The
curves show a similar behavior to APR4 and WFF1, i.e., the
maximum mass point decrease at σ around 10 and start to
increase as the parameter enhances. The curve for σ = 30
is disfavored, as it starts to lie outside the LIGO-VIRGO
clouded region. The best value for σ for this EoS is around
20, where the curves can explain all the constraints altogether.
The multi-messenger observation seemed to rule out this EoS
[66].

Finally, in Fig. 5 the mass-radius for the ALF4 equation
of state is shown. This EoS leads to the possibility of hybrid
stars. In the GR limit, the curve cannot reach the two solar
mass limit and is out of one NICER measurement. As one
increases the σ parameter, i.e., increases the effects of the
f (R,Lm) gravity, the maximum mass starts to increase as

Fig. 5 Same as Fig. 1, but the mass-radius relation is for the ALF4
EoS

well. Remarkably, this EoS shows an enhancement in the
mass for different values of σ for the same radius (see curves
for σ = 0 and σ = 30), which is a similar behavior of the
simple barotropic equation of state [49].

5 Discussion and conclusion

In this work, we have obtained the mass-radius relationship
within the non-minimal geometry-matter coupling theory of
gravity, namely the f (R,Lm). We have considered the sim-
plest case: f = R + Lm + σRLm, where the gravitational
field is coupled to the matter field, and σ the coupling con-
stant. The coupling constant presents large values in com-
parison with the weak-field limit, i.e., it is a dependence on
the energy-matter density. That is the same dependence as
in scalar-tensor theories, where the coupling parameter is
dependent upon the background scalar field mass, in the so-
called chameleon mechanism [20,67–69]. The same mech-
anism appears in the non-minimal model f (R, T ), e.g., see
figures in Ref. [70]. It would be worth to apply this theory on
other astrophysical systems, such as black holes and white
dwarfs, to study the different values of σ .

Calculations were performed for a set of EoS with differ-
ent parametrization. For the first time the hydrostatic equi-
librium equations are solved with realist equations of state
considering the joint constrains from the massive pulsars
observed: (a) the gravitational wave event GW170817 from
LIGO-VIRGO and (b) the mass-radius results from NICER.
We have used EoS near to the two solar mass limit, being
some of them constrained by gravitational and electromag-
netic observations. They are based on theoretical nuclear
physics calculations using many-body microscopic models
fitted to numerous nuclear properties gathered in experimen-
tal data. Some EoS haven been tentatively ruled out using
tidal parameters and other gravitational wave quantities. Nev-
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ertheless, those models consider parameters adapted to the
waveform coming from GR. Hence, it would be useful to have
a gravitational wave theory in f (R,Lm) to recalculate these
wave-forms and compare them with general relativity, and
with that, maybe have new tidal parameters and other quan-
tities derived from gravitational waves, to apply to neutron
stars. Those parameters can change in the modified theory or
simply not, so that the constraints we obtain here may vary.
Gravitational wave emission and other study topics in strong
regime should be addressed in f (R,Lm) gravity considering
NS mergers. We can anticipate that in the vacuum, gravi-
tational wave solutions will not change once the f (R,Lm)
functional will become only R because Lm → 0, reducing
to GR. So, the gravitational wave parameters may change
as macroscopic parameters change, according to f (R,Lm)
gravity, but gravitational wave propagation is not expected
to differ from GR.

We show that the f (R,Lm) modified theory of gravity can
account for the enhancement of the maximum mass, as the
theories’ coupling constant increases. The stars’ radii also
increases, the increment of the radius goes into the inner
region of the NICER results, i.e., the modified theory is in
better agreement with the observations than GR theory.
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