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Abstract

The inelastic scattering of electrons on weakly-bound nuclei is studied with a simple model based on the long range
of the bound state wavefunction and on the effective-range expansion for the continuum wavefunctions. Three me
have been considered: (a) dissociation of halo nuclei by high energy electrons, (b) dissociation by electrons present
target, and (c) Coulomb dissociation. It is shown that the properties of halo nuclei can be studied in electron-radioact
colliders using the electro-disintegration process. A comparison with fixed-target experiments is also performed.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A study of properties of weakly-bound neutro
rich, or halo nuclei, has been carried out intensiv
worldwide during the last decades[1]. Because of
their short beta-decay lifetimes, halo nuclei are
ten studied in fragmentation facilities, where they
produced in-flight. The probes are hadronic, usu
stable nuclear targets. Typically, one uses Coulo
dissociation, stripping, elastic scattering, etc.,[2] as
nuclear structure probes. Such studies are complic
because the reaction mechanisms are not as wel

E-mail address: bertulani@physics.arizona.edu
(C.A. Bertulani).
0370-2693/$ – see front matter 2005 Elsevier B.V. All rights reserved
doi:10.1016/j.physletb.2005.08.030
derstood as with stable nuclear projectiles. The
of electromagnetic probes, e.g., electron scatterin
thus highly desirable. In fact, new experimental fac
ities for electron-scattering on unstable nuclear be
are under construction[3]. An accurate determinatio
of charge distributions in exotic nuclei can be obtain
with electrons using inverse kinematics in a electr
nucleus collider mode[3]. Electronic excitation, o
dissociation, of nuclear beams can also be explo
for a deeper understanding of their structure.

It is the aim of this work to explore basic results
electron scattering on the simplest of all nuclear h
structures, namely, a one-neutron halo system.
physics mechanisms and the conditions for the r
ization of electron scattering experiments are asses
Such study has also an impact in nuclear astrophy
.
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as it allows to deduce what are the lowest binding
ergies of halo nuclei possible in stellar environmen
where free electrons are available.

A high energy beam of weakly-bound neutron-ri
nuclei dissociates as it penetrates a target due to th
teraction with the atomic electrons. Since a heavy
ment target, e.g.,208Pb, contains almost 100 electron
the dissociation cross sections are large, assuming
each electron in the atom scatters independently
the projectile. Moreover, due to the atomic orbital m
tion, the innermost electrons have large relative ene
with the incoming nucleus, increasing the dissociat
probability. This process is of crucial importance
designing experiments aiming at studying proper
of halo nuclei with the Coulomb dissociation metho

The dissociation of neutron-rich nuclei, with sm
neutron separation energies, in stars can impose s
gent limits on the stellar scenario where these nu
play a role. For example, if the r-process proceeds
tially out of equilibrium, the neutron radiative captu
cross sections would have to be large enough to m
the electron dissociation cross sections, with the
propriate neutron and electron density weights.

2. Electron scattering on neutron halo nuclei

I will consider the processe + a → e′ + b + c at
small momentum transfers,q = (p′ − p)/h̄, such that
qR � 1 (R is the nuclear size). For simplicity, partic
b is taken as a neutron andc as a core (inert) nucleus
The results obtained here are general and can be e
extended to the case of two-neutron halos.

The differential cross section for this process
given by[4]

dσe

dΩ
= 2e2

(h̄c)4

(
p′

p

)
2Jf + 1

2Ji + 1

EE′ + c2p · p′ + m2
ec

4

q4

(1)× ∣∣ρf i(q)
∣∣2Nf ,

whereE (E′) andp (p′) are the initial (final) energy
and momentum of the electron, respectively.Ji (Jf )

is the initial (final) nuclear spin, andNf is the density
of final states of the nucleus. The nuclear form fac
ρf i(q) is given by

(2)ρf i(q) =
∫

ρf i(r)eiq·r d3r,
t

whereρf i(r) = ψ∗
f ψi is the nuclear charge transitio

density, withψi (ψf ) equal to the initial (final) nu-
clear wavefunction. The cross section given by Eq.(1)
only includes longitudinal (also called Coulomb) e
citations, dominant at low energy transfers[5–7].

Eq. (1) is based on the first Born approximatio
It gives good results for light nuclei (e.g.,12C) and
high-energy electrons. For large-Z nuclei the agree
ment with experiments is only of a qualitative natu
The effects of the distortion of the electron waves h
been studied by many authors (see, e.g., Refs.[8,9]).
For a rough estimate of this effect, I follow Ref.[10].
For transition densities peaked at the nuclear sur
with radiusR0, the correction due to Coulomb disto
tion is approximately given by

(3)Q = dσBorn/dΩ

dσCorrected/dΩ
� 1

1+ βZe2/h̄c
,

with

β = 120

x2

{
− 1

160x3

[
1+ 3

2
cos(2x) + 3x sin(2x)

+ x2

3

(
4+ 5 cos(2x)

) + 10

3
x3 sin(2x)

]

+ x

60

[
9

4
− cos(2x)

]
+ x2

60

[
π − 2 Si(2x)

]
(4)+ n1(2x)

[
1

16x
+ x

40

]}
,

where x = pR0/h̄, Si is the sine integral, Si(x) =∫ ∞
0 dt sint/t , andni(x) is the spherical Bessel func

tion of the second kind. The above result is va
for monopole (l = 0) transitions. Corresponding e
pressions for higher order transitions are found
Ref. [10].

Table 1shows the correction due to Coulomb d
tortion, Eq. (3), for 11Li and 19C targets and sev
eral electron kinetic energiesKe. One sees that below

Table 1
The Coulomb correction factor, Eq.(3), for electron scattering on
11Li and 19C and for several kinetic energies,Ke (in MeV)

Ke [MeV] Q (11Li) Q (19C)

0.1 0.879 0.784
1 0.880 0.786
10 0.887 0.797
102 0.949 0.903
103 0.994 0.989
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that
ge
Ke = 100 MeV it is important to account for Coulom
distortion of the electronic waves. A radiusR0 =
3.5 fm was assumed for both nuclei. The Coulom
distortion correction decreases approximately linea
with R0.

An additional correction, due to nuclear recoil[4],
changes Eq.(1) by a factorfrec � 1 + (2Ex/Mc2)×
sin(θ/2), whereEx is the excitation energy,M is the
nuclear mass, andθ is the electron scattering angl
For the dissociation of weakly-bound nuclei,Ex �
Mc2 and this correction is much less relevant than
distortion of the electronic waves. I will neglect th
Coulomb distortion and recoil effects from here o
bearing in mind that they should be taken into acco
in a more precise calculation.

In a simplified model for the halo nucleus the rad
parts of the initial and final wavefunctions are rep
sented by single-particle states of the form

ui(r) = Aihli (iηr),

(5)uf (r) = cos(δlf )jlf (kr) − sin(δlf )nlf (kr)

whereη is related to the neutron separation ene
Sn = h̄2η2/2µ. hli (iηr) represents the large distan
behavior of the bound state wavefunction,µ is the
reduced mass of the neutron+ core system and̄hk

their relative momentum in the final state.hli , jlf ,
and nlf are the spherical Hankel, Bessel, and N
mann functions, respectively.Ai is the ground state
asymptotic normalization coefficient, which includ
the normalization of the neutron single-particle wa
function, and a spectroscopic factor which accou
for the many-body aspects. This single-particle pict
has been used previously to study Coulomb excita
of halo nuclei with success[11–16].

The constantAi (with spectroscopic factor equ
to the unity) is used to normalize the bound st
wavefunction, and corrects for the nuclear inter
tion range,r0. In the case of an s-wave ground sta
(li = 0), one has[17] Ai = exp(ηr0)

√
η/2π(1+ ηr0).

For weakly-bound nuclei, 1/η � r0 andAi � √
η/2π .

The ground state wavefunction entering the transi
density integral, Eq.(2), is well represented by th
Hankel functionhli (iηr). Note that the wavefunction
in Eq. (5) are not orthonormal. However, the tran
tion density matrix elements of relevance for Coulo
excitation (and similarly for electron scattering) a
dominated by the outside region (r > R) [13,14]. Far
from a resonance, the continuum wavefunctionuf (r)

is small inside the nuclear radius. Its asymptotic
pendence is well described by Eq.(5).

Using Eq. (5) the form factor in Eq.(2) can be
calculated analytically by expandingeiq·r into multi-
poles. The results will depend on the parametersSn,
R, and δlf . To eliminate the dependence onR, the
lower limit of the radial integral in Eq.(2) is ex-
tended tor = 0. The results for an s-wave groun
state and the lowest order continuum angular mom
(lf = 0,1,2) are particularly simple. They are:

ρ
(0)
f i (q) = e

(0)
eff πAi

qk

{
L − 2k

−1/a0 + r0k2/2
M

}
,

ρ
(1)
f i (q) = e

(1)
eff iπAi

q2k2

{
η2 + k2 + q2

2
L − 2qk

− k3

−1/a1 + r1k2/2

× [
2ηq + (

η2 + k2 + q2)M]}
,

(6)

ρ
(2)
f i (q) = e

(2)
eff πAi

4k3q3

{
8kq

(
η2 + k2 + q2)

− 3k4 + 3(η2 + q2)2 + 2k2(3η2 + q2)

2
L

+ k5

−1/a2 + r2k2/2

[
6η

(
k2 + η2)q + 10ηq3

+ (
3k4 + 3

(
η2 + q2)2

+ 2k2(3η2 + q2))M]}
,

where

L = ln

(
η2 + (k + q)2

η2 + (k − q)2

)
,

(7)M = tan−1
(

k − q

η

)
− tan−1

(
k + q

η

)
.

In these equationse(λ)
eff = eZ(−1/A)λ is the neutron-

core effective charge which depends on the transi
multipolarityλ (λ = lf for li = 0). The effective range
approximationk2l+1 cotδl = −1/al + rlk

2/2 has been
used, where the parametersal andrl are the scattering
length and the effective range, respectively. Notice
only for l = 0 the scattering length and effective ran
have dimensions of length.
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Fig. 1. Cross sections for electron induced breakup as a func
of the separation energy,Sn, and for electron bombarding energi
equal to 0.1 (dashed) and 0.5 MeV (solid).

The l = 0 form factor has a large sensitivity to th
orthogonality of the wavefunctions. If one assume
zero-range potential for the neutron-core interacti
the scattering wavefunction, orthogonal to the bou
state wavefunction, is given byψ(+)

k (r) = exp(ik ·r)−
exp(ikr)/[(η + ik)r]. The s-wave scattering length
then justa0 = 1/η. Using this value, together wit
r0 = 0, in the equation forρ(0)

f i (q) leads to a large
cancellation between the first and second terms.
l = 1,2 form factors are also very sensitive to the sc
tering lengths and effective ranges. For example us
a1 � 5 fm3 andr1 = 0 fm−1 reduces the magnitude o
ρ

(1)
f i (q) by 10% for scattering at forward angles. The

results show that it is very important to include the c
rect energy dependence of the phase-shifts to obta
accurate description of electron scattering off halo
clei [16].

In what follows, I will usee(λ)
eff = e, R = 0,µ = mN

(nucleon mass), and neglect the terms containing
effective-range expansion parameters in Eq.(6). These
approximations are not necessary but, with th
choices, the numerical results will not depend on
charges and mass parameters of a particular nuc
only on its neutron separation energySn.

The total electron-disintegration cross section is
tained from Eq.(1), with the density of states given b
Nf = d3k/(2π)3, and integrating overk andΩ . Fig. 1
shows the electro-dissociation cross sections obta
by a numerical integration of Eq.(1), as a function
of the separation energy,Sn, for electron bombarding
;

energies equal to 0.1 and 0.5 MeV, respectively. O
observes that only for very low neutron separation
ergies (Sn � 50 keV) the electro-disintegration cro
section becomes larger than 1 mb. If a more reali
model for l = 1 transitions is used, the cross sect
will be further reduced by: (a) a factor(Za/Aa)

2 �
1/4 due to the effective charge, (b) by properly ortho
onalized wavefunctions, and (c) by the energy dep
dence of the phase-shifts.

Fig. 1 also shows that the electron dissociat
cross section increases appreciably with the elec
energy. It is thus instructive to study the depende
of the cross section on the electron energy at high
ergies. The electron energy will be considered to
much larger than the energy transfer in the disso
tion, i.e.,E � �E = Ex (Ex denotes the excitatio
energy). The scattering is peaked at forward an
and, from kinematics,q = k′ cosθ −k � �k � Ex/h̄c.
For energy transfersEx of the order of a few MeV, one
also hasq � p, η. Using Eqs.(6) one obtains for the
leading multipolarity (l = 1)

(8)ρ
(1)
f i (q) ∼= 4πieA qk

(k2 + η2)2
.

Using Eqs.(8) and (1)one obtains

(9)

dσe

dΩ dEx

= 48
√

2

π

e2[e(1)
eff ]2p2

h̄2µc2

1

q2

√
Sn(Ex − Sn)

3/2

E4
x

.

The solid scattering angle can be related to the
mentum transfer by means ofdΩ ∼= 2πh̄2q dq/p2.
The minimum momentum transfer for an excitati
energyEx is given byqmin = �k ∼= Ex/h̄c, so that
the integral over the scattering angle yields

(10)

dσe

dEx

= 96
√

2
e2[e(1)

eff ]2
µc2

√
Sn(Ex − Sn)

3/2

E4
x

ln

(
pc

Ex

)
.

Eq. (10) shows that, for largep, the energy spec
trum in electro-disintegration depends weakly on
electron energy through the logarithm function. T
means that there is no great advantage (in term
number of events) in increasing the electron ene
whenEe � mec

2. From Eq.(10)one also sees that th
energy spectrum increases sharply starting atEx = Sn,
peaks atEx = 8Sn/5, and decreases withE−5/2

x at
large energies. This is the same characteristic spec
as found in Coulomb dissociation of halo nuclei[12].
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The integral over the excitation energy gives,
leading order,

(11)σe(p) = 6π
√

2e2[e(1)
eff

]2 1

µc2Sn

ln

(
pc

Sn

)
.

For stable nuclei, withSn � few MeV, the electron-
disintegration cross section is small. The depende
of Eq. (11) on the inverse of the separation ener
is most important for loosely bound nuclei. Usin
Sn = 100 keV, Ee

∼= pc = 10 MeV, e
(1)
eff = e, and

µc2 = 103 MeV, Eq. (11) yields 25 mb for the dis
sociation cross section by high energy electrons. N
that the above equations are valid only ifEe � mec

2.
They show that the electro-disintegration cross sec
increases very slowly with the electron energy. In c
trast, as shown inFig. 1, at low electron energies th
cross sections increase much faster withEe.

The arguments used here are only valid for diss
ation (breakup) experiments. In the case of elect
excitation of bound states, the matrix elements
become large for small excitation energies and ca
where there is a large overlap of the wavefunctio
Consequently, the cross section can be much hig
when these conditions are met.

3. Dissociation of halo nuclei beams on a fixed
target

3.1. Dissociation by atomic electrons in the target

I use the Thomas–Fermi model to describe the e
tronic distribution in an atom. This approximation
well known, being described in many textbooks (s
e.g., Ref.[18]). In this model, the electron density as
function of the distance from the atomic nucleus w
chargeZe is given by

ρ(r) = 1

3π2

[
2
me

h̄2
Ze2Φ(x)

r

]3/2

, where

(12)x = br, andb = 2

(
4

3π

)2/3
me

h̄2
e2Z1/3.

The functionΦ(x) is the solution of the Thomas
Fermi equation

(13)
d2Φ

dx2
= Φ3/2

x1/2
.

Numerical solutions of this equation date back
Refs.[19,20]. An excellent approximation was foun
by Tietz[21]:

(14)Φ(x) = 1

(1+ ax)2
, wherea = 0.53625.

The probability density (normalized toZ) to find
an electron with momentump is given by

P(p) = ∣∣D(p)
∣∣2, where

(15)D(p) = 1

(2π)3/2

∫
d3r eip·r√ρ(r).

The electronic densityρ(r) has to be Lorentz trans
formed to the frame of reference of the projectile n
cleus. Assuming a straight-line projectile motion w
impact parameterb from the atomic center, the tran
formed density is

(16)ρ′(r) = γρ
(√

b2 + γ 2z2
)
,

whereγ = (1 − v2/c2)−1/2 is the Lorentz factor, an
v is the projectile velocity.

The Fourier transform in Eq.(15)becomes

D′(p) = 1

(2π)3/2

∫
d3r eip·r√ρ′(r)

(17)= 1

(2π)3/2

1√
γ

∫
d3r ′ eiP·r′√

ρ(r ′),

where

(18)P = (pt , pz/γ ), r ′ = (b, γ z),

with pt (pz) being the transverse (longitudinal) m
mentum.

Sinceρ(r) is spherically symmetric, Eq.(17) can
be rewritten as

(19)D′(p) =
√

2

πγ

1

P

∫
dr r sin(P r)

√
ρ(r).

For an atom at rest, very few electrons have orb
kinetic energies larger than 100 keV. In the case of92U
only 3% of the electrons (2 electrons!) have kine
energies larger than that. But in the reference fram
a 100 MeV/nucleon projectile, 50% of the electro
have energies greater than 100 keV.

Assuming that each electron scatters indep
dently, the total dissociation cross section by the ta
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Fig. 2. Cross section for the electro-dissociation of a neutron-
nucleus impinging on a lead target, as a function of the bombar
energy. A separation energy equal to 100 keV was used.

atomic electrons is given by

σ (TAE)
e (p) =

∫
d3pP ′(p)σe(p)

(20)

= 2π

∞∫
0

dpt pt

∞∫
−∞

dpz P ′(pz,pt )σe(p).

The separation of the above integral into longitudi
and transverse momenta is convenient because
the longitudinal momentum component of the el
trons is relevant for the dissociation of the projectile

Fig. 2 shows the dissociation cross section fo
halo nucleus, with separation energySn = 100 keV,
incident on a Pb target as a function of the bombard
energy. Although the cross sections are small for in
dent energies equal to a few hundred MeV/nucleon,
they increase drastically as the bombarding energy
comes close to 1 GeV/nucleon. At 10 GeV/nucleon
the dissociation cross section is of the order of 1 ba

Comparing the above results with those obtain
in Section2, we notice that there are different e
ergy scales for electro-disintegration on fixed targ
(by atomic electrons) and on a collider-beam mo
This is due to the Lorentz transformation and to
large density (compared to an electron beam) of e
trons in a heavy atom. Thus, with beams of halo nu
with a few GeV/nucleon one could, in principle, pe
form similar studies as with electron-radioactive be
colliders. The disadvantage is that the Coulomb d
sociation cross sections of loosely-bound nuclei
much larger, as shown in the next section.
3.2. Coulomb dissociation

Coulomb dissociation of halo nuclei has been c
sidered long time ago[11]. For the leading electric
dipole transitions from an s- to a p-wave, the Coulo
dissociation cross section is given by[11,12]

dσC

dEx

= 32

3

Z2e2[e(1)
eff ]2

h̄2c2

√
Sn(Ex − Sn)

3/2

E4
x

(21)× ln

(
γ h̄c

δExR

)
,

whereZ is the nuclear target charge,δ = 0.681. . . ,
andR is the strong interaction radius (R � RP + RT ).
Note the similarity with Eq.(10) in the dependence o
the excitation energyEx , because the dipole operat
is the same in both cases. However, the argumen
the logarithm is different because of the small elect
mass. Moreover, the coherent electric field of the p
jectile yields a factorZ2 which substantially increase
the Coulomb dissociation cross section for large-Z tar-
gets.

The total cross section for Coulomb dissociation
a function of the bombarding energy (i.e., as a funct
of γ ) is given by

(22)σC = 2π

3

Z2e2[e(1)
eff ]2

h̄2c2

h̄2

µSn

ln

(
γ h̄c

δSnR

)
.

Using the same values listed after Eq.(11), for
10 GeV/nucleon projectiles impinging on Pb targe
yields cross sections of approximately 24 barns. T
is much larger than that due to the dissociation
electrons in the target. But the contribution of t
later process comprises 5% of the total disintegra
cross section, and should be considered in experim
tal analysis.

4. Conclusions

In this Letter the inelastic scattering of electro
off halo nuclei was studied, with emphasis on the
ergy dependence of the dissociation cross section
is shown that the cross sections for electro-dissocia
of weakly-bound nuclei reach ten milibarns f
10 MeV electrons and increase logarithmically
higher energies. This means that extracting inform
tion about the continuum structure of weakly-bou
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g,
nuclei (e.g., scattering lengths and effective rang
as in Eq.(6)) can only be done if the intensity o
the radioactive beam is very large, or if the collid
allows for a large number of sequential interactio
between the electrons and the nuclei at different cr
ing points. This conclusion can be drawn fromFig. 1,
where a steep decrease of the dissociation cross
tion with Sn is seen. Halo breakup experiments (co
mon in fixed-target radioactive beam facilities) a
difficult to carry out in electron-radioactive beam co
liders, but not impossible ifSn is small.

A new facility is under construction at the GS
Darmstadt, Germany. Experiments in a collider mo
are planned so that electron beams will cross radio
tive beams with center-of-mass energies of 1.5 G
i.e., 0.5 GeV electrons impinging on a 740 MeV/A

counter propagating ion[3,22]. For light, neutron-rich,
nuclei luminosities of 1029/(cm2 s) are expected. Th
approximate Eq.(11) yields cross sections of the o
der of 1 mb forSn � 1 MeV, what means an estimate
100 events/second.

I have also shown that electrons present in a fi
nuclear target access similar scattering condition
in an electron-radioactive beam collider. Howev
Coulomb excitation cross sections are much large
the case of a heavy nuclear target. In view of the
entific impact of an electron-radioactive beam facil
these results are useful for guidance in planning fu
experiments. The role of electron (and photon) sca
ing on exotic nuclei in stellar environments is also
interest for stellar modeling and work in this directi
is in progress.
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