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Eikonal method for charge-exchange reactions at intermediate energies
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A novel description of charge-exchange reactions at intermediate energies is developed, based on both phe-
nomenological or microscopic eikonal phase-shift functions. The results obtained within this eikonal approach
are in good agreement with the distorted-wave Born approximation calculations within the energy region where
both approximations should be valid. They also compare well with the experimental data, even at relatively low
energy domain. At higher energies, relativistic kinematics have also been added and shown to be relevant. Owing
to the microscopic feature of the formulation, our theory also has the advantage that it can be applied to high
energies where the phenomenological optical potentials are rarely available.
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I. INTRODUCTION

Charge-exchange (CE) reactions, with hadronic probes
such as (p, n), CHe, t), ('2C, '2N) reactions, have been widely
used as one of the most sensitive tools for nuclear struc-
ture studies. The related studies include the determination
of (a) Gamow-Teller (GT) transition strength in excitation-
energy regions inaccessible by 8 decay [1-4], (b) spin-dipole
transition strengths [3], (c) properties of isovector giant res-
onances [2,5], (d) symmetry energy [2,6], (e) the isospin
symmetry breaking in asymmetric nuclear matter [6-8],
and (f) the Landau-Migdal parameter [8]. In particular, GT
strengths are crucial for understanding various problems in
stellar evolution, such as neutrino induced nucleosynthesis
and neutrinoless double-8 decay [1,3,8]. We now know that
heavy-ion probes allow a better extraction of the GT strength,
compared with (p, n) reactions, because of higher energy
resolution and to a collective participation of nucleons at the
surface of the target nucleus [1-4].

In recent years, more attention was paid to experimental
studies of CE reactions at intermediate and high energies
(=100 MeV /nucleon), owing to renewed interests for the
above mentioned physics problems [2,3,8]. Prior studies
indicate that the reaction mechanism at these energies is
dominated by one-step processes. Hence, precise extraction
of the weak transition strengths or other nuclear structure
information can be achieved, as long as appropriate theoret-
ical tools are applied to describe the reaction process [9].
However, so far few theoretical formulations exist at the
intermediate and high energy domain [4,10,11], although
at lower energies (<100MeV /nucleon) CE reactions can
be successfully reproduced by the conventional distorted-
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wave Born approximation (DWBA) calculations [12-16]. It
is difficult to apply the latter at higher energies, because
the required phenomenological potential, namely the optical
potential (OP), is rarely available there [4,17]. In addition,
the Schrodinger equation determining the distorted waves is
not valid at relativistic energies. To overcome these difficul-
ties, we use the eikonal formalism which can be formulated
microscopically by using well-known nucleon densities and
nucleon-nucleon (NN) interactions [18]. The present work in-
cludes the complete formulation and the code implementation.
The differential cross sections (DCS) calculated within this
eikonal approach (EA) are in excellent agreement with those
from conventional DWBA calculations, for CE reactions up
to 140 MeV /nucleon. It also provides a good description of
the experimental data. This eikonal method, together with the
relativistic kinematics, can also be applied to CE reactions up
to a few GeV energy range.

This article is mainly composed of two parts: theoretical
formulation and benchmark calculations. The theoretical sec-
tion is devoted to the derivation of the detailed EA formulation
for CE reactions. In the calculation section, we compare re-
sults from EA and with those from DWBA, discuss the effects
of tensor and exchange terms within EA, and also introduce
the relativistic kinematics. Comparisons with experimental
data on DCS are also supplemented. Finally, a brief summary
is given at the end of the article.

II. THEORETICAL FORMULATION

The DCS for the CE reaction A(a, b)B is usually expressed
in the form [17,19],

do
E(G) = (D

2
2Ja+1D(2J,+ 1) Agh LFEON

MaMg
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FIG. 1. A schematic view of the cylindrical coordinate system
used in the text.

where J; and M; stand for the spin and magnetic quantum
numbers of the particle i (i =a, b, A, and B), respectively.
At intermediate energies, the scattering amplitude f(6) can be
calculated in the DWBA approach in terms of the interaction
matrix element [17,19],

m
1) Py,
where p is the reduced mass of the reaction system, x &) (R)
is the incoming (+) or outgoing (—) distorted wave func-
tion, k(k") the initial (final) relative momentum, and R the
vector of the relative position between a and A or b and
B. In the equation, @ is the internal wave function and V
the effective interaction potential which induces the charge
exchange.

According to the eikonal approximation which is valid
at intermediate and high incident energies [17,19], f(0) in
Eq. (2) becomes

(XS Ry @5V, Pax, T (R), (2)

B
27 h?
Here, a cylindrical coordinate system is adopted so that R
can be replaced by b + ze;, as shown in Fig. 1. The z axis
is parallel to the direction of the incident particles, and the
vector in the plane perpendicular to the z axis, b, is generally
called the impact parameter. In the equation, the transferred
momentum ¢ is equal to kK’ — k as illustrated in Fig. 2, with
q ~ 2ksin(0/2).
In Eq. (3), the phase shift function yx () is defined as

F0) = - / dR e X VF (R). (3)

m +o0
xb) =% [ UGz, 4

where U is the effective interaction potential between the ini-
tial particles a and A or the final particles b and B. Generally,

k!
0

k

FIG. 2. The definition of the scattering angle 6: the angle be-
tween the final momentum &’ and the initial momentum k. g is the
transferred momenta.

the potential U incorporates the nuclear and Coulomb part and
x (b) is the sum of the nuclear and Coulomb phases, xn and
Xc, respectively. Quite often, the effective nuclear potential is
represented by a phenomenological optical potential Upp in
the form [20]:

Vi .V
Uop(r) = ——— +i——, ©)
14+e= l4+ea

where the subscript R or I denotes the real or imaginary
potential parameters, respectively, of which the values might
be found in the literature.

Instead of a phenomenological Upp [Eq. (5)], a micro-
scopic “t/’)’ o interaction [19] can be adopted to calculate x;,
yielding

1 o0
xn(b) = T— / dq qpp(@Q)p (@) fun(@)o(gh),  (6)
NN JO

where p,, and p; are the nucleon densities of the projectile and
target, respectively. Here, fnn is the NN scattering amplitude
expressed in the following:

knnonn (i + ann) R
9

V¥ @

NN =

where knn, ONN, ONN, and ynn are taken from nucleon-
nucleon scattering experiments [11]. Using this method, the
EA approach can be extended to high incident energies (even
beyond 1GeV) where the phenomenological potential U is
not available [11].

In Eq. (3), F(R), the form factor carrying the nuclear
structure information, is defined by

F(R) = (JgTgJoTp | V | JATAJLTS), (8

where 7; is the isospin of the nucleus i (i =a, b, A, and
B), and V is the residual interaction potential (CE interaction
potential). The detailed expressions and deductions related to
the CE interaction are given in Appendix.

The numerical calculations can be implemented by writing
the amplitude f(0) in momentum space as

&) =~ :rﬂ [ dbdze 4eix® / dpe "RF(p)

_ H —igb ix(®)
= — dbdze 1% F (R), 9
2nh2/ z (R) 9

where F(p) is the product of all functions of p, coeffi-
cients in Eq. (A22) except for e P& and coefficients in
Eq. (A7).

e~PR in Eq. (9) can be expanded into a partial wave series
using Eq. (A21). Then F (R) in Eq. (9) becomes

F@R) =) iy, (RF(R). (10)
JSLy
My
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Here the radial form factor Fﬂf,fL" (R) has the form,

l] L+K

JSLy K 111‘7 I %
FMu (R) = ZZ Q2 )3 Ao JAJaMMAJbJBllzK
KS(] l]l‘)
tong 12

LK
x lg Lt / Pdpj, (pR)

tr

VE (mDLy (D5 (p), (11)
where VK

o (P) [Egs. (A15) and (A16)], D% (p), and D55 (p)
are the NN interaction strength function, transition densi-
ties for the target [Eq. (A23)], and that for the projectile,

respectively. Detailed information for AK Phtz and

Ind MM
JadpJadv.bliliy 5 ; :
Istome sk i Eq. (11) are given in Appendlx.

Finally, for CE reactions Eq. (1) becomes

12)

20+ DK +1
w2+ 12 + )Zw(@)'z'

pry
i QI+ D@+ 1) 7o

My

do
E(G’) =

The partial amplitude 8(6) can be derived within EA, using
the expressions derived above,

M[l
ﬂ(@): G )3 / [ dbdzbe* P Iy, (qb)P)" (b, 2)
x ZZ(-l)’liKAglllzluk
Kso Ll
2
S J Ly
1120 )
x ngl(z)llocgr(ozlzo L L Ip
S0 S0 K
< [ Papin ORI ) (13)
with
T T T, T; T Ty, Ts Ty Iy soJ 15508
Foxnbs(p) = TbTitonOCTfTi fo(=no) soto(P)D B (P)DG” (p),

(14)

where PIIK" (b, 2) is the associated Legendre polynomial. This
procedure, together with the incorporation of relativistic kine-
matics, allows for an accurate description of CE reactions in
the eikonal formalism.

III. CALCULATIONS AND DISCUSSION

We now compare the EA calculations with the stan-
dard DWBA calculations, at an intermediate energy of
140 MeV /nucleon, and show the advantages of EA.

A. Calculations for partial cross sections within EA

According to Eq. (12), the total DCS for CE reactions
involve the sum of all JSL;-components. For the Gamow-
Teller (GT)-type CE reactions (/ = 1,5 =1) we can use
the msn(SHe, t) 1208 reaction as an example. In this case,
only the JSL, =110 and 112 components are needed,

T T T

> | —- This work, total
107 E - FOLD, total
[ - - This work, 112
1 [ — FOLD, 112
10 \

ced 2 v vl vl vl

FIG. 3. Calculations for the CE reaction '2°Sn(*He, t) '*°Sb at
140 MeV /nucleon by using Ugp potential [Eq. (5)] with the parame-
ters taken from [20]. Red dashed and red dot-dashed lines represent
the EA calculations for the 112-component and the total DCS, re-
spectively. The corresponding black solid and black dotted lines are
obtained with DWBA calculations using the FOLD code [20].

corresponding to Ly = 0 and Ly, = 2, respectively. The cal-
culated results are displayed in Fig. 3. It can be seen that the
calculations using EA and DWBA approaches agree with each
other for both 110- and 112-components.

To clarify the contribution from different partial terms to
110- and 112-components, the cross sections [Eq. (12)] are
decomposed into a series of partial waves depending on the
quantum numbers so, K, S, J, Ly, [1, 1, and [, as appearing in
Egs. (A7)—(A10) and Egs. (10)—(14). It can be seen that there
are five valid contributing partial terms represented by Aj, A,,
As, By, and B, (A; and B; for 112- and 110-components, re-
spectively, as shown in Table I). The correspondence between
the A; (B;) coefficients and the specific quantum numbers are
listed in Table I. For example, the A term within EA can be
expressed as

do w R +DREL+1) 5
- * § 0
D, |Ba, (0)]

dQ Al(e) TR QI+ DRI+

~2.02
(15)

TABLE I. Values of the quantum numbers sg, K, S, J, Ly, [, b5,
and [y, for partial terms A;, Ay, and Aj; related to 112-component,
and B and B, related to 110-component.

S0 K S J Lu- l] 12 112
112 Ay 1 2 1 1 2 0 0 0
112 A, 1 0 1 1 2 2 0 2
112 Aj 1 2 1 1 2 2 0 2
110 B, 1 2 1 1 0 2 0 2
110 B, 1 0 1 1 0 0 0 0
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FIG. 4. For the same reaction and with the same Upp parameters
as in Fig. 3: (a) Calculated partial contributions to the DCS from
the A; (solid line), A, (dashed line), and Az (dotted line) terms for
the 112-component within EA; (b) calculated B, (solid line) and B,
(dashed line) terms related to the 110-component.

with
Ba, (6) = iMe / bdbe'*® Jyy, (qb) / dzPY (b, 2)Fy, (R).
(16)

Here Péw" (b, 7) is the associated Legendre polynomial and
Fa, (R) the corresponding form factor in the form,

1 2, . T, Tl
Fa (R) = 2473 /P dp]2(pR)CT:T:;IonoCTszifo(*no)

x VA (D5 (pD& (p). (17)

From Fig. 4, it can be seen that 110- and 112-component
DCS are dominated by B, and A; partial terms, respectively.
We have also examined the transition densities in momentum
space for the allowed GT decay (so =1,/ =0,J = 1) and
the second-forbidden GT decay (so = 1,1, =2, J = 1) (see
Table I). Again, excellent agreements were found between EA
and DWBA calculations. The transition density distributions
also provide a reason for the orders of magnitude differences
among the A; (or B;) partial contribution to the DCS.

Interestingly, comparing to A; terms, B; partial waves have
deeper shifted first minimum [see Fig. 4(b)]. To clarify the dif-
ference between the angular distribution for A; and B; terms,
we examined A; DCS which dominates over A, and A; DCS.
As a matter of fact, the A; term is composed of three parts
with magnetic quantum numbers My = 0 and M, = +£2 [refer
to Eq. (15)]. The corresponding partial DCS behave according
to the Bessel functions Jo(kbf) and J,(kb6), respectively, as
illustrated in Fig. 5. The interference between these two con-
tributions leads to the slow variation of DCS at small angles
for the A; term (also for A, and Aj terms). The deeper shifted
first minimum for B; partial waves (Table I) can be as well
understood in this way as they depend only on the Ly = 0,
and hence only on the M, = 0 term.

T T T T3
i | B i

100 F . ALM=2 ]
10° E

g 107" E E
E g E
% 1072 ;l E
g d E
-3 [ ]

i A

107 12%8nCHe ) E
T I R R R R

FIG. 5. For the same reaction and with the same Upp parameters
as in Fig. 3, calculated A; DCS within EA for M,, = 0 (black dotted
line) and M, = 2 (blue dash-dotted line), respectively. The total
A, DCS (the incoherent addition of M, = 0 and M, = + 2 items) is
presented by the red solid line.

B. Effects of the tensor and exchange terms

As indicated in Sec. II, the interaction potential includes
the central (K = 0) and tensor (K = 2) parts, expressed by
Egs. (A15) and (A16), respectively. Their relative impor-
tance is shown in Fig. 6. It is shown in the figure that
the 110-component DCS is dominated by the central inter-
action whereas the 112-component DCS is dominated by
the tensor interaction. As for the exchange term in the in-
teraction [Eq. (A20)], its contribution is appreciable to the
110-component DCS, but negligible to the 112-component
DCS. As a matter of fact, when we plot the real part of the
potential in Fig. 7, we see an increase of the central potential
depth by removing the exchange term (direct only), while no

10t F T T T ] T T T T
--- 110, direct only --- 112, direct only
5 — 110, central (sy=1) — 112, central (sp=1)
10° -+ 110, tensor 1 ---- 112, tensor

6c.m. (deg)

FIG. 6. For the same reaction and with the same Upp parameters
as in Fig. 3, calculated contributions to the DCS from the central
(solid lines) and tensor (dotted lines) interactions, for 110-component
(a) and 112-component (b). The calculations by removing the ex-
change term (direct only) are presented by the dash-dotted lines.
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T T T T T T T

u central, direct only
— - — central (sg=1) i
— — tensor

Real part

FIG. 7. The central part [Eq. (A20) for K = 0 and 5o =1, = 1]
and the tensor part [Eq. (A16)] of the CE interaction potential are
displayed by dash-dotted line and dashed line, respectively. The
black solid line represents the central potential without the exchange
term [direct only, Eq. (A15)]. The exchange term has no effect on the
tensor potential. Only the real parts of the potentials are presented.

change occurs for the tensor potential. Because the 110- and
112-components are dominated separately by the former and
latter interactions, respectively, their contribution to the DCS
changes accordingly.

C. Relativistic kinematics

To extend the application of our EA method to higher
energies, relativistic kinematics for the nucleus-nucleus colli-
sion [17,19] was implemented. If v, is the relativistic velocity
of the incident particle a in the laboratory system [17], then

v_g _ T? + 2Tmocz, (18)
c (T + moc?)?
where T is the kinetic energy and my the rest mass of particle
a. Assuming the target nucleus A being at rest, the relativistic
kinetic energy in the center-of-mass (c.m.) system [17] can be
deduced from

2

Eemr = myc? — mac? +ml c* — moc?, (19)

where m/c? (m/,c?) is the total energy of the projectile (target)
in the c.m. system, expressed as follows [17]:
v Tmac? + moc?(moc? + mac?)

= s (20)
‘ V2T mac? + (moc? + mac?)?

or
s T + myc? + mac?

m)yc* = mac .
\/2TmAc2 + (moc? + mac?)?

@

The incident momentum for the projectile in the c.m. system
k can then be expressed as [17]

170 2 2 2
myvy macy/T* + 2T myc

k = = s
h fiey/2Tmac? + (moc? + mac?)>

(22)

TABLE II. Physical quantities E, ., v/c, k, and j.c? in both rel-
ativistic (rel) and nonrelativistic (nonrel) kinematics, for the reaction
120Sn(3He, t) '°Tn at 140 MeV /nucleon. Their absolute differences,
D(%), are also shown.

Ecmr (MeV) v/e k(fm™)  uc* (MeV)
rel 409.026 0.497 7.827 3104.199
nonrel 409.756 0.548 7.576 2726.341
D(%) —0.178 —9.307 3.313 13.860

where v] is the velocity of the projectile in the c.m. system.
The velocity of the relative motion becomes [17]

v =V — va, (23)

where v, is the velocity of the target in the c.m. system.
Meanwhile, the reduced mass yu is defined as [17]

"2 .0 2
5 myc”m)c
= ———. 24
’ m{/c? + m/, c? 24)
Relativistic effects on the kinematic quantities are de-
duced and presented in Tables II and III, at 140 and 500
MeV /nucleon, respectively. In the table, we define a relative

change of the momentum,

kre - knonre

knonrel
where k.1 and k,oner denote k in the relativistic and nonrela-
tivistic kinematics, respectively.

The relativistic quantities k and w are used in the afore-
mentioned EA calculations. To assess the effects of the correc-
tions, we use as a benchmark the reaction '2°Sn(*He, t) '?°Tn
at 140 MeV /nucleon, for which the kinematical quantities are
listed in Table II. The comparison between the calculations
using relativistic and nonrelativistic kinematics and the same
phenomenological OP, is shown in Fig. 8(a), for the total DCS
and the 112-component of the DCS. It can be seen that using
the proper relativistic kinematics is more important for the
112-component, although the overall effect for the total DCS
is small at this relatively low energy. There is a small shift of
the minimum towards the smaller angle, which is consistent
with the larger k (smaller wave length) for the relativistic case.
A comparison is also made between EA and DWBA calcu-
lations, both adopting relativistic kinematics [Fig. 8(b)]. The
agreement is as good as for the nonrelativistic case (Fig. 3),

TABLE III. Physical quantities E. ,,, v/c, k, and pc? in both rel-
ativistic (rel) and nonrelativistic (nonrel) kinematics, for the reaction
1203n(3He, t) '°Tn at 500 MeV /nucleon. Their absolute differences
D(%) are also shown.

E¢mr (MeV) v/e k(fm™")  pc* (MeV)
rel 1454.186 0.775 15.922 4052.189
nonrel 1463.414 1.036* 14.317 2726.341
D(%) —0.631 —25.193 11.210 48.631

2Just a record of the nonrelativistic kinematics.
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= 0 7" , =+ E N ~
g 107 ke \ N__total I~ N X Ltotal Q
[S r LN ] N KS) 0
= ) PN AN . = L
-1 L NG i \ VL s 10
kS i M e N o RN N
107 AN LAY 107" F
3 i 112—component ' \‘«\/5 112—component \T»/ ‘ ‘ ‘
10 F 140 MeV/u 3 rel
Lo \ \ \ L] \ \ \ \ \ 0 1 2 3 4
L L L L 9 de
2 4 6 8 10 2 4 6 8 10 e.m. (deg)
fc.m. (deg) FIG. 10. Comparison of the DCS for '*C (**N, '3C) >N reaction

FIG. 8. (a) Comparison between calculations using relativistic
and nonrelativistic (dashed and dotted lines) kinematics using EA,
for the 112-component (lower lines) and the total DCS (upper lines).
(b) Comparison between EA (dash-dotted lines) and DWBA (dashed
and dotted lines) calculations using the FOLD code [20], both using
relativistic kinematics, for the 112-component (lower lines) and the
total DCS (upper lines).

indicating the consistent treatment of the relativistic kinemat-
ics in both EA and DWBA incorporated in the FOLD code.

In Fig. 9, we show the benchmark calculations for 500
MeV /nucleon. As expected, relativistic kinematic effects
are much more significant at 500 MeV /nucleon (Table III)
than those at 140 MeV /nucleon. Again, the 112-component
is more sensitive to the kinematic corrections, as seen in
Fig. 9(b).

It would be worth noting that there is a noticeable differ-
ence between the DCS calculated in OP and “¢,,”” approaches,
as evidenced in Figs. 8(b) and 9(a). This should be attributed
to the double-folding type “t,,” phase shift [Eq. (6)] which
is somehow different from that of OP [Eq. (4)]. However,

@  '%sn(He,t

7N 140 MeV/u
“\:.x N
AN
500 MeV/u .
N

/

vl vl Tl vl vl vl gl sl ol 1

Vo LA
> Un
total, top 112—component, to \A
[ S SR RR N P I [
2 4 6 8 10 2 4 6 8 10

Oc.m. (deg)

FIG. 9. (a) EA calculations of the total DCS at 500 and 140
MeV /nucleon, using relativistic (dashed lines) and nonrelativistic
(dotted lines) kinematics. (b) The same as in (a) but for the 112-
component DCS.

at 105 MeV /nucleon, between the EA calculation (solid line), the
single-particle model (SPM) calculation (dashed line) [24], and the
experimental data (solid circle with error bars) [21].

the DCS around 0 degrees for the two methods are quite the
same, because they are sensitive only to the far surface of
the potential. Because only the O-degree DCS is essential for
the current CE reaction analysis, our “?,,” method should be
valid at intermediate and high energies. Of course, further im-
provement of the “¢,,” method, by incorporating the medium
effect in the interaction, for example, can be done in the future
when DCS at larger angles are to be used.

D. Comparison with experimental data

The EA method is employed here to describe the ex-
perimental data for the mirror reaction *C("*N, *C) ’N at
105 MeV /nucleon [21]. The interaction potential stto(”) at
105 MeV /nucleon is obtained through interpolation of those
at 50, 100, 140, 175, 210, 270, 325, 425, 515, 650, 725, 800,
and 1000 MeV /nucleon [22,23]. The OP parameters are taken
from Ref. [24]. The matrix elements OBTD are calculated us-
ing the OXBASH code with the “pwt” interaction in the p-shell
space [25]. As shown in Fig. 10, the EA calculation are close
to the experimental results and to another calculation using
the single-particle model (SPM) [24]. It is worth noting that
the experimental DCS does not display an oscillatory structure
because of the limited angular resolution of the detection sys-
tem [21]. What is important here is the correct reproduction
of the cross section at 0 degree, from which the GT transition
strength can be extracted [1,26]. The actual EA calculation of
do (02, )/dS2 gives 50.43 mb/sr or 64.73 mb/sr by using the
“pwt” or “ckpot” interactions, respectively, in the shell-model
calculations. Both agree with the previously extracted value
of 56 & 10 mb/sr [21], within the error bars.

We also considered another example, the 26Mg (3He, t)
26A1 CE reaction [27]. EA calculations are also performed
for transitions to the 17 state at E, = 1.06 MeV and to the
0% isobaric analog state (IAS) at E, = 0.23 MeV in 2°Al,
respectively. The OBTD matrix elements are calculated with
the OXBASH code [25] employing the “usdb” interaction in
the sd-shell-model space. Single-particle wave functions are
obtained from FOLD code [20]. OP parameters are taken from

064601-6
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® EXP.data
—— This work

N

do/dQ (mb/sr)

0 05 1 15 2
e.m. (deg)

FIG. 11. Comparisons between the EA calculation (solid line)
and the experimental data (solid circle) [27] for DCS of F-type CE re-
action Mg (g.s., 07, T = 1) (*He, t) °A1(0.23MeV, 0, T = 1)
at 140 MeV /nucleon.

Ref. [27]. As presented in Figs. 11 and 12, the calculations,
multiplied by a scaling factor of 1.330 or 0.897 for the tran-
sition to the IAS state or the 17 state at E, = 1.06 MeV,
respectively, are in good agreement with the experimental data
within the measured angular range. For the present, the source
of the scaling factors is still not clear and requires further
investigation [27].

IV. SUMMARY

Aiming to describe heavy-ion CE reactions at intermediate
energies, we have implemented the formulations and compu-
tation code within the EA approach. Calculations based on
our EA method are in good agreement with the DWBA ones
at 140 MeV /nucleon and also with various experimental data
performed in the similar energy range.

The analysis shows that the 110- and 112-components
of DCS behave according to Jy(kb0) and J,(kb6), respec-
tively. The two components of DCS are dominated by NN
CE central and tensor interactions, respectively. The exchange
term of the interaction also plays some visible role for the
110-component of the DCS. Relativistic kinematics has also

T
® EXP.data |
—— This work
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0 05 1 15 2
fcm. (deg)

FIG. 12. Comparisons between the EA calculation (solid
line) and the experimental data (solid circle) [27] for DCS
of GT-type CE reaction *Mg(gs., 07, T=1) (CHe, t)
BA1(1.06MeV, 17, T = 0) at 140 MeV /nucleon.

been studied, which, as expected, exhibits a negligible effect
for reactions at 140 MeV /nucleon but becomes important at
500 MeV /nucleon.

The current EA method developed here can use both phe-
nomenological OP or microscopic developed ones, usually
requiring the input of nucleon-nucleon cross sections and
nuclear matter densities. Such approach has the obvious ad-
vantage that it can be applied to CE reactions at high energies
(~1 GeV /nucleon) where no OP exists. Based on the pre-
sented benchmark calculations, the EA approach is ready to
be applied in the future to describe experimental data and to
extract the related physics quantities, such as Gamow-Teller
strengths, at energies in the range of 100 MeV /nucleon to
several GeV /nucleon.

ACKNOWLEDGMENTS

We would like to thank Prof. X. D. Tang, Y. H. Lan, and B.
S. Gao for useful discussions on the measured cross sections.
This work is supported by the National Key R&D Program of
China (Grant No. 2018YFA0404403) and the National Natu-
ral Science Foundation of China (Grants No. 12027809, No.
11775013, No. 11875074, No. 11775004, and No. 11875073).

APPENDIX: THE FORMULAS USED IN SEC. I1

The effective interaction potential V is given by [28]

V:ZVP,=ZZAK\Q§U(rP,) )
pt

ptosotoK

< [Ye@) - (o7 @) ], (an

where r,; is the vector between the interacting target nucleon
“¢” and projectile nucleon “p”, as indicated in Fig. 13, rp is
its magnitude and 7, its associated unit vector oriented as ;.
In this equation, sy denotes the spin change of the interacting
nucleons, which can have values 1 and 0, corresponding to the
spin-flip and non-spin-flip processes, respectively. The isospin
change #( has to be 1 for CE reactions. In Eq. (A1), K = 0
and K = 2 correspond to the central and tensor forces, re-
spectively. The constants Af} have the values v/47, —/127,
and /4m /5 for A8, A?, and A%, respectively [28]. In Eq. (A1),
the NN interaction strength functions VX (r) include both

Solo

FIG. 13. The coordinates used in Eq. (Al). R is the vector be-
tween the center of mass of the reacting nuclei. r, (r,) is the vector
pointing to the nucleon p (¢) from the center of the projectile (target),
while r,, the vector between the interacting nucleons.
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the central (K = 0) and the tensor (K = 2) parts. Their pa-
rameters are taken from Refs. [22,23]. Including exchange
and medium effects, the modified NN interaction strength
functions are given in Ref. [22], which were adopted in the
present work.

Using the following expansions,

MQ—Z(W "(p)e,, (0), (A2)

Y (Tpr) - (Gfo ® ‘720) = Z(_l)MYK,—MGPI)(UfO ® UZSU)KM’
M

(A3)
and

5 so\ KM S S
(P @oy)™ =D Cl Lo (por®), (b

v’

the nuclear form factor F (R) in Eq. (8) can be written as

ZZ Z (P Dy | Yot0(|r[7_rt+R )]

P soty VU’
K Ml’l()

F(R) =

x Ch (=M o (p)a ()T (p)T”, (1)
X Y @p) | PaDa). (AS)

At this point, it is essential to rewrite the spatial part of the
interaction by introducing the §-function notation,

éoto(rpt)YK M(\pl
=/dr2dr15(r2—rp)3(r1 ) Y(J,U(i’zl)Yk,—M@zl).
(A6)

Then F(R) can be decomposed into spatial components
weighted with Clebsh-Gordan (CG) coefficients,

K phil JIadeduds. il
FRY=D Y Y AP o TS
tkéo JS Ll
n
o Ltthr 112
LT, T Ts, ) Iadsdudv, bl
X Cr1, oo TATAZtO(_nO)JbJBIIZKFJSL e (R),
(A7)
with
Il —1—1 In—Ma+Jotm,
i, = (7T (TR, (A8)
Iadladp.lily C-]Mj SM
JSLMic, 50K IAMAJB(—Mg) ™~ JuMy o (—My)
S J Ly
T Ml'
XC;«M(SM‘) L L Loy, (A9
so so K
and
InTgdody bl
FJ?L[B VOIEZIZZI(R) - /erdrl Yoto(| r,—ri+RJ)
I Ly
X ALY @)Y FOIRYE Falyy,
1150 1508
X Dy’ (r)D g (r2). (A10)

Here J (S) is the total spin transferred to the intrinsic mo-
tion of the target (projectile) system, /; (l;) is the transferred
orbital angular momentum of the target (projectile), /i, is
the transferred total orbital angular momentum, L is the
transferred total angular momentum, and M, the associated
magnetic quantum numbers. In Eq. (A7), J, has a value of
/2Jy + 1, and the similar expression is true for s, ilz, or K.
The transition densities D’ (1) and D% (r) in Eq. (A10)
for the target and projectile, respectively, are defined in terms
of one-body transition densities (OBTD). As an example,

DES () = ZRa(r)Rﬂ(r)m(z Jje+ 1
ap

X (o [I " || j§){OBTD),  (All)

where R, g)(r) is the radial part of the wave function for
the initial (final) single-particle state, and j,(g) and t,(g) are
the corresponding spin and isospin, respectively. The operator
Th/ is defined as

1 1 X()J
TM,/

=2 M HnGorOCL, (AL2)

In Eq. (A11), (OBTD) represents the reduced matrix element
for the one-body operator,

Ty | ], 130 || JT)

Jala® a/ﬁtﬁ
Slo

To facilitate the practical implementation of these equa-
tions in numerical calculations, the form factor may be
expressed in momentum space by using the inverse Fourier
transformation for the NN interaction [refer to Eq. (A6)],

(OBTD) = (A13)

So,o(rzl)YK —m(F21)
K

~ @ny

The central and tensor terms for Vyfto (p) are

/ dpVE (p)Yk—u(@)e” P10 (A14)

VO, (p) = 4 E 1 +°°(1 ,;)2, (A15)
and
257
ViaPr'R]
Vi(p) =327 E m (Al6)

The energy-dependent coefficients ngl and V3 for each reac-
tion range parameter R; can be obtained from Ref. [22] as

SE _ 34TE _ 4S80 | 3;TO

Vo = T , (A17)
—SE _4TE 4 4SO 4 ;TO
Vi = e , (A18)
and
—{TNE | ;TNO
Vi = — (A19)

The parameter values for ¢5F, tTE, 150 ¢TO tTNE "and t™O can
be obtained from Refs. [22,23], with SE(SO) and TE(TO)
denoting the singlet-even (odd) and triplet-even (odd) parts,
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respectively, for the central interaction, and TNE(TNO) for
the tensor interaction. The exchange term is added (for the
central interaction only) according to the no-recoil approxi-
mation [27,29],

V(p) = Vi, (0) £ Vi (Q), (A20)
where + (—) is for the even (odd) parts of the interaction and
0 =~ 2kcos(6/2). ‘ '

We may expand e~"P”"2 and e’ in Eq. (A14) using

P =4Ax Z i jL(Pr)Y iy (D)Yiu ().
LM

(A21)

The form factor in Eq. (A10), including the NN interac-
tion and the transition densities, can then be expressed in

momentum space as

FJAJBJan,lzh (R)

JSLy,s50K112
l‘l|—12+K ;
— E Lo My 12m2 * S K
- (27.[)3 Cllzmlzllmlclgmzl]ml /dPYKM(p)‘/AUZU(p)
mymy
MM

X Y, DY, Pl PRDAR (DD (p).
The transition densities are

Dy (p) =Y 4w \/6(2ju + Diju || T"* || js){OBTD)
af

(A22)

x / drj, (prr* Ry (r)Rs(r), (A23)

and similarly for D;zbs"s (p).
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