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Role of pairing in the description of giant monopole resonances
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We compare the results obtained in the framework of the quasiparticle random-phase approximation on top
of a Hartree-Fock-Bogoliubov with the most recent experiments on giant monopole resonances in Pb, Sn, Zr,
Sm, Mo, and Cd. Our calculations are fully self-consistent and the density dependence of pairing interactions
is, for the first time in this framework, properly taken into account. In the particle-hole (ph) channel we employ
different Skyrme functionals (SLy5, SkM* and Skxs20) while in the particle-particle (pp) channel we make
use of density-dependent contact interactions. We introduce in the pp channel the recently proposed contact
interactions which take into account the neutron-proton asymmetry. We find that no single parametrization is
able to reproduce with sufficient accuracy all the nuclei. Since about two-thirds of the nuclei under investigation
are better explained with a soft parametrization, this tends to suggest that the currently accepted picture for the
incompressibility might require modifications.
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I. INTRODUCTION

The study of the isoscalar giant monopole resonance
(ISGMR) long has been [1] a valuable tool to investi-
gate the nuclear structure and to extrapolate the behav-
ior of nuclear matter [2]. Various approximations in the
energy-density functional (EDF) framework using interactions
with nuclear matter incompressibility modulus KNM ≈ 230 ±
20 MeV have shown good agreement with the experimentally
determined centroids, in particular for 208Pb, 90Zr, and 144Sm.
In Ref. [3] Niksić et al. showed for the first time that a
relativistic mean-field theory approach is also able to return
good estimates of the ISGMR centroids with the same value of
the incompressibility (improving older results which required
values of KNM ≈ 250 MeV). This further confirmation seemed
to settle down the problem.

More recent experimental data on Sn [4] and Cd [5,6],
however, cannot be reproduced equally well with the same
functionals. The differences between the experimental and the
calculated centroids are about 0.5–1.0 MeV; for this reason
the compressibility of atomic nuclei has become once again
an important topic in nuclear structure [7].

Many attempts have been made to reduce the gap between
experiments and theory. In a work by Colò et al. [8] it has been
pointed out that increasing the value of the symmetry energy
J at saturation density can decrease the calculated centroids
while keeping the incompressibility constant.

The role of superfluidity on the softness of nuclei has been
investigated in an early work by Civitarese et al. in Ref. [9]
and more recently it has been addressed in detail by Khan in
Ref. [10]. It is now generally accepted that pairing can help
in reducing the problem [11], but cannot cure it completely.
For this reason, a prominent role in studying giant monopole
resonances is played by the harmonic approximation, taking
into account the pairing correlations (quasiparticle random-
phase approximation, QRPA). It is important to remark that
neglecting parts of the energy density functional in the residual
fields can lead to incorrect estimates of the centroids of the
ISGMR [12]. A completely self-consistent QRPA on top of a

Hartree-Fock + Bardeen-Cooper-Schrieffer (HF + BCS) and
its extension quasiparticle (qp) time blocking approximation
were adopted in Ref. [13], but also in this case a good
agreement with the experiments required different Skyrme
parametrizations according to the isotopic chain. The same
framework (HF + BCS + QRPA) but with density-dependent
delta interactions (DDDI) in the pairing channel and other
kinds of Skyrme interactions in the mean field have been used
by Cao et al. in Ref. [14].

The Hartree-Fock-Bogoliubov (HFB), however, is a more
general approach to pairing properties than HF + BCS (in
particular for neutron rich nuclei) and it should to be preferred
as a basis for the QRPA [10]. In the case of the ISGMR, it has
been shown that the two approaches can give rise to important
differences in the determination of the centroids [11]. In the
same article [11] Sn-isotope ISGMR centroids were studied
in the framework of a HFB + QRPA with the use of DDDI
interactions; however, both of the rearrangement terms due to
the density dependence of the pairing interaction and the con-
tribution of the two-body spin-orbit interaction were neglected.

A systematic fully self-consistent HFB + QRPA calculation
(solved with Arnoldi method) of the ISGMR was shown in
Ref. [15]. In this paper the effects of a separable interaction
in the pairing channel were compared to a volume-type
pairing. This kind of pairing interaction, however, also fails
at curing the discrepancies between the experiments and the
calculations.

A clear assessment on the validity of the Skyrme energy
EDF and density-dependent pairing framework requires thus
the least number of approximations: fully self-consistent
HFB + QRPA + DDDI.

The scope of this paper is to clarify via systematic
calculations which are the most suitable parametrizations able
to reproduce the centroids of the ISGMR. In order to achieve
this result we employ an accurate and fully self-consistent
HFB + QRPA method. To our knowledge, this is the first
calculation of this kind that properly takes into account the
rearrangements due to the density dependence of the pairing
interaction in the context of the HFB + QRPA.
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Our calculations are based on the finite-amplitude method
(FAM) [16,17] and in particular on the recent matrix-FAM
[18]. This method has proven to return results as accurate (if
not more) as the QRPA expanded on a canonical basis, since
the latter requires special care in handling the canonical basis
[19], and additional cutoffs are required [11,19] in building
the QRPA matrix to prevent it to become too large. These
problems are completely avoided with the FAM using a HFB
in the coordinate space.

Section II is devoted to the details of the calculations.
From Sec. III to Sec. VIII we show the results obtained
with the popular density-dependent pairing interactions of the
volume, surface, and mixed type for Pb, Sn, Zr, Sm, Mo,
and Cd isotopes, and we compare them with experiments.
Section IX explains the main differences between our results
and the ones reported in Ref. [14]. In Sec. X we include the
newly proposed [20,21] density-dependent isovector interac-
tions and we address the impact they have on the softness
of superfluid nuclei. In Sec. XI we modify the parameters
of the pp interaction to a wide range of values to test if any
parametrization can be able to solve the puzzle. The last section
is devoted to the conclusions.

II. DETAIL OF THE CALCULATIONS

In order to compare the theoretical and experimental data,
we are interested in the centroid of the ISGMR. This quantity
can be directly related with the nuclear incompressibility
modulus KA. One can consider KA as the analogous for a
nucleus of the elastic constant of a spring; for this reason we
will refer to nuclei with a low value of KA as soft or to the
ones with high values of KA as stiff. Because of the definition
of KA this means that the higher the centroid the stiffer the
nucleus [22],

EISGMR = h̄

√
KA

m〈r2〉 , (1)

with m being the nucleon mass, 〈r2〉 the mean-square radius of
the nucleus, and EISGMR the centroid energy. It has been shown
that extracting the value of the incompressibility of nuclear
matter KNM as the volume term of a leptodermus formula from
KA is strongly model dependent [22,23]. For this reason, the
most reliable way to obtain KNM is to find a microscopic model
able to reproduce accurately the experimental results for a
nucleus or a series of nuclei; the same microscopic framework
can then be used to obtain the equation of state of nuclear
matter from which KNM is defined as [22]

KNM = 9ρ0
∂2E/A

∂ρ2

∣∣∣∣
ρ0

, (2)

where ρ0 = 0.16 fm−3 is the saturation density and E is the
energy of the system. Although the present work is devoted to
finite nuclei, the incompressibility of nuclear matter KNM is
a universal quantity (not dependent on the single nucleus like
KA) and we will use it to compare the results of different EDF.

In order to extract the correct value for the centroid of
the giant resonance (EISGMR) one can use the ratios m1/m0,

√
m1/m−1, and

√
m3/m1. Since in the literature the most

reported estimates of the centroid are based on m1/m0, we
will focus on this quantity. The moments are defined as

mk =
∫ ∞

0
EkS(E)dE, (3)

where the strength is S(E) = ∑
j |〈0|F0|j 〉|2δ(E − Ej ),

where |0〉 is the ground state and |j 〉 an eigenstate with energy
Ej of the QRPA. The monopole operator is of the form

F0 =
A∑

i=1

r2
i . (4)

In theory one should calculate the integral of Eq. (3) from zero
to infinity. In practice, the QRPA calculations return discrete
values for the eigenstates and the integral of Eq. (3) reduces to
a finite summation. When trying to compare the experimental
results and theoretical findings, one has to take into account
that the values of the centroid can be strongly affected by the
energy interval where the moments are calculated, and for this
reason we will report it in all our results.

With the finite-amplitude method an existing HFB code
is required to build the QRPA code [17]. We employ the
HFBRAD [24], which solves the HFB equations in coordinate
space in a spherical box. We modified the HFBRAD in order to
introduce interactions which were not present in the original
version. The maximum angular momenta taken into account
are Jmax = 21/2, 15/2 for neutrons and protons. The HFB
self-consistent iterations are considered convergent when the
relative difference between the calculated energies is smaller
than 10−9 and the maximum variation of the sum of the
neutron and proton pairing gap is smaller than 10−7 MeV.
The HFB calculations are performed with quadruple pre-
cision real numbers, while the QRPA matrix construction
and diagonalization with double precision variables. For the
mean field we use SLy5 [25], SkM* [26], and Skxs20 [27]
Skyrme interactions (this last interaction has been created to
replace the SkP, which, according to [28] presents intrinsic
stability problems and it is, thus, unreliable). In accordance
to the fact that the SLy5 interaction has a value of KNM ≈
230 MeV, while SkM* has ≈217 MeV and Skxs20 have
≈202 MeV, these parametrizations cover a wide range of
possible incompressibilities. In Appendix B we report the main
properties associated to the interactions used and we compare
the charge radii and binding energy with the experimental
values of the nuclei under investigation.

In the pairing channel we apply density-dependent δ
interactions. Due to the divergent character of a δ force we
limit the number of states used for the calculations (see later for
further details). The pairing interaction present in the HFBRAD

is of the form [24]

v(r, r′) = V0

[
1 − η

(
ρ

ρ0

)γ ]
δ(r − r′). (5)

The density dependence of the interaction mimics the pairing
suppression at high momenta (density). According to how
the parameters V0, η are modified, one can obtain different
kinds of pairing called volume, surface, and mixed pairing.
The names reflect the pairing field they give rise to, which
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can be localized in the volume, on the surface, or on a mix of
the two. The volume interaction in particular has no explicit
density dependence (η = 0), and for this reason it is easier to
treat it when calculating the residual fields. As a representative
of the mixed pairing case we choose η = 0.5.

Among the different types of pairing, surface pairing is
expected to have a special role; in fact, the compressibility is
particularly sensitive to the surface properties of a nucleus [22].
Theoretical models show that the coupling with collective
vibrations leads to pairing fields strongly peaked at the surface
of the nucleus [29] and, according to Ref. [30], surface pairing
can reproduce nuclear masses with better accuracy with respect
to other parametrizations. In order to have a pairing field
peaked on the surface and vanishing in the central part of
a nucleus where ρ = ρ0, according to Eq. (5), η is set equal to
1. In these calculations γ = 1 (we will test in Sec. XI pairing
interactions with different values of γ ). In Fig. 10(b) we show
different kinds of pairing as a function of the parameter η
passing, with small steps, from volume to surface pairing.

A. Rearrangement

The rearrangement term due to the density dependence of
the pairing interaction is properly taken into account in this
work. This term is originated by the fact that the energy in a
Skyrme and DDDI approximation has the form E = Ekin +
ESkyrme + Epair + Ecoul, where the kinetic term, the Skyrme
term, the pairing term, and the Coulomb term are present. In
the HFB approach the single-particle Hamiltonian is obtained
as a functional derivative of the energy with respect to the
density; the part of the single-particle Hamiltonian coming
from the Epair is usually referred to as the rearrangement term,

h = δEkin

δρ
+ δEskyrme

δρ
+ δEpair

δρ
+ δEcoul

δρ
. (6)

Similarly, the residual fields giving rise to the QRPA matrix
are functions of the second derivatives of the densities and the
rearrangement term is

δhrearr

δρ
= δ

δρ

(
δEpair

δρ

)
. (7)

If there is no explicit density dependence of the pairing
term, Epair �= Epair[ρ], the first and second derivatives vanish
identically and there is no rearrangement term in the HFB or in
the QRPA matrix. This is the case of the volume pairing, while
mixed and surface parametrizations give rise to a nonzero
rearrangement term. Its impact on the centroids ranges from
0.04 to 0.2 MeV. In particular, the energy-weighted sum rules
are very sensitive to the correct handling of the rearrangement
term. This term thus should be properly taken into account for
a calculation to be considered fully self-consistent. As an ex-
ample, we report in Fig. 1 the strength functions for 112Sn with
and without the rearrangement term. The energy-weighted sum
rule in the full calculation including the rearrangement term is
99.2%. If we neglect the rearrangement in both the HFB and
QRPA it is 137%, while neglecting the rearrangement term
only in the QRPA calculation leads to EWSR exhausted at
116%. The effect on the strength function is very patent for
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FIG. 1. (Color online) 112Sn strength functions calculated with
SkM* + surface pairing, including the rearrangement term or ne-
glecting it only in the QRPA calculations. The strength function is in
arbitrary units.

this nucleus where, in the fully self-consistent calculation,
the peak at 16 MeV is higher than the one at 17 MeV,
while in the calculations without rearrangement term the
opposite happens; as a result these last calculations tends to
return higher centroids respect to the fully self-consistent case.

B. QRPA numerical precision

For a good comparison with the experimental data it is
useful to constrain the numerical uncertainty originating from
the calculations. Three main parameters influence the quality
of the QRPA calculations: the mesh size, the box size, and
the quasiparticle energy cutoff. At first, we analyze how the
centroids of 132Sn are affected by the mesh size; Table I shows
that this parameter has a very small impact on the results and
we decided to stick to the 0.05 fm mesh since it is often used
in the literature.

The next step is to vary the box size (see Table II).
The bigger the box the better one expects the continuum to
be approximated. However, this is at the cost of increasing
the number of states of the QRPA matrix and making the
diagonalization slow.

As a good compromise we decided to use a 20 fm box.
Going to higher box sizes would increase the precision of

TABLE I. Centroids (MeV) calculated in the energy range 10.5–
20.5 MeV as a function of the mesh size for 132Sn. The box radius is
fixed at 20 fm, the cutoff is 60 MeV.

132Sn, SkM* + volume
Mesh (fm) m1/m0 (m3/m−1)1/2 (m1/m−1)1/2

0.025 15.37 15.30 15.56
0.05 15.36 15.30 15.55
0.1 15.36 15.29 15.54
0.2 15.36 15.29 15.54
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TABLE II. Centroids (MeV) calculated in the 10.5 to 20.5 MeV
range as a function of the box size for 132Sn and the size of the two-
quasiparticle space (the QRPA matrix size is 2 times this quantity).
The mesh is 0.05 fm and the cutoff is 60 MeV.

132Sn, SkM* + volume
Box size (fm) m1/m0 2qp

18 15.29 2746
20 15.36 3460
25 15.33 5640
30 15.33 8320

the results by about 0.03 MeV but the two-quasiparticle
space would increase by 1.6 times (25 fm box) rendering the
calculations ≈4 times slower (since the diagonalization of the
QRPA matrix scales as the third power of the matrix size).

At this point, we address the size of the quasiparticle space
as a function of the cutoff. A space too small can lead to not
fully self-consistent results. All the quasiparticle excitations
obtained in the HFB calculation are also employed in the
QRPA calculations (this is necessary for full self-consistency).
No prescription is used to take into account the continuum
other than using a box size big enough to obtain stable results.
As can be seen in Table III, stability is reached in the cutoff
range 150–200 MeV.

In summary, according to the preceding results, we decide
to employ in the rest of the article a 20 fm box with a 0.05 fm
mesh and a 200 MeV cutoff. These parameters allow us to
estimate the numerical uncertainty of our calculations to be
<0.1 MeV.

The value of the pairing gap, in the case of DDDI pairing
interaction is a function of the cutoff. In order to obtain gap
values corresponding to the experimental five-point formula
we adjusted the values of the strength V0 as detailed in
Appendix A. The resulting QRPA two-quasiparticle space
usually contains about ≈6000 states leading to matrices of the
order of ≈12 000 × 12 000 entries. The spurious states which
can appear at low energy (<1 MeV) have been proven to be
very well separated from the physical modes [18] and we thus
can ignore them. In order to check the robustness of our results,
we compare them with the fully self-consistent calculations
by Terasaki et al. [19]. The two QRPA approaches completely
differ (FAM [18] and canonical basis expansion [19]), and
they only share the underlying HFB. Despite this fact, the

TABLE III. The centroid of the ISGMR (MeV) as a function of
the energy cutoff (MeV) of the two quasiparticle space. The moments
are calculated in the energy interval 10.5–20.5 MeV. The box is
20 fm wide with a 0.05 fm mesh.

132Sn, SkM* + volume
Cutoff m1/m0 (m1/m−1)1/2 (m3/m1)1/2

60 15.36 15.30 15.55
100 15.30 15.24 15.48
150 15.26 15.20 15.43
200 15.25 15.19 15.43

TABLE IV. Moment ratios (MeV) evaluated in the range 10.5–
20.5 MeV obtained with our calculations and those from Ref. [19]
cutoff (iii) for 174Sn SkM* with volume pairing. The box is 20 fm
with a 0.05 fm mesh, and the 2-qp cutoff is 200 MeV.

174Sn, SkM* + volume
m1/m0 (m1/m−1)1/2 (m3/m1)1/2

Our 12.925 12.849 13.185
Terasaki et al. [19] 12.924 12.848 13.184

difference in the centroids is about 0.001 MeV, as can be seen in
Table IV.

C. Experimental settings

Experiments on giant monopole resonances have been
performed for more than 30 years. The number and accuracy
of the data obtained in recent years is increasing, and for
this reason we will limit our analysis to the most recent
experiments. Two main groups have been recently working
on the ISGMR, namely the team at Texas A&M (TAMU) at
College Station (USA) and the team of the Research Center
for Nuclear Physics (RCNP) at Osaka University (Japan).
Many detailed analyses of giant resonances have been carried
out but there are still some discrepancies which have to
be addressed. In the following, we will review the major
findings of both groups; however, since the quantities to be
compared are functions of the moments of Eq. (3) and different
experiments use nonequivalent systems to evaluate them, they
will be addressed separately. In particular the energy range
of evaluation of the moments changes from experiment to
experiment, and this can affect the centroids.

III. LEAD

208Pb is the paradigmatic nucleus on which the compress-
ibility modulus long has been studied [31]. For a summary of
the latest experiments one can refer to Ref. [35].

There is a general agreement that the experimental strength
of 208Pb is rather symmetric around the centroid located at
13.5–14 MeV with a width of 2.5–3 MeV (see Table V).
We will take as a reference the latest results found in
Ref. [35] for 208Pb since they almost completely exhaust the
energy-weighted sum rule (EWSR). The moments used for
the centroid are calculated in the full energy range of the
experiment, in this case being 10–55 MeV. No energy range is
explicitly stated for the experimental values of the centroids of

TABLE V. ISGMR experimental centroids m1/m0 for 208Pb.

208Pb
m1/m0 (MeV) EWSR% Method Reference

14.17 ± 0.28 Slice analysis TAMU [32]
13.5 ± 0.2 76 ± 5 Breit-Wigner RCNP [33,34]
13.96 ± 0.20 99 ± 15 Slice analysis TAMU [35]
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TABLE VI. Pb centroids m1/m0 (MeV) calculated with the
SLy5, SkM*, and Skxs20 interactions with volume, mixed, and
surface pairing interactions. The energy range for the calculations
of the moments is 10–55 MeV. The experimental results are from
Refs. [35,36].

Pb SLy5

N Z Expt. Volume Mixed Surface

122 82 13.98 13.91 13.90 13.84
124 82 13.94 13.86 13.85 13.84
126 82 13.96+0.2

−0.2 13.85 13.84 13.85
SkM*

N Z Expt. Volume Mixed Surface
122 82 13.98 13.51 13.49 13.45
124 82 13.94 13.45 13.44 13.43
126 82 13.96+0.2

−0.2 13.43 13.43 13.43
Skxs20

N Z Expt. Volume Mixed Surface
122 82 13.98 13.22 13.19 13.12
124 82 13.94 13.17 13.16 13.07
126 82 13.96+0.2

−0.2 13.12 13.12 13.08a

aAlthough 208Pb is doubly magic, the neutron pairing gap resulting
from the HFB calculations for Skxs20 and surface pairing is
0.62 MeV.

204−206Pb observed at RCNP [36]; however, since the strength
of Pb isotopes is narrowly peaked, the centroids are expected
to have a limited dependence on the energy range. For this
reason we stick, for homogeneity, to the 10 to 55 MeV energy
range. Our results about Pb isotopes (see Table VI) confirm
that the HFB + QRPA framework reproduces very well the
experimental findings when using a SLy5 interaction (KNM ≈
230 MeV). The centroids in the case of the SkM* interaction
(KNM ≈ 217 MeV) are underestimated by about 0.5 MeV.
The Skxs20 interaction (KNM ≈ 202 MeV) returns values
about 0.8 MeV lower than the experiment. The difference
between the volume, mixed, and surface pairing interactions
is �0.1 MeV. These results confirm the generally accepted
picture, according to which Pb can be reproduced with a good
approximation by using an interaction with incompressibility
modulus in nuclear matter of about 230 MeV.

IV. TIN

The interactions which reproduce well 208Pb (e.g., SLy5)
tend to overestimate the centroids of Sn isotopes [7]. This
unexpected softness of Sn isotopes introduced new doubts on
the almost-settled question of the incompressibility of atomic
nuclei.

A. Comparison with RCNP data

Seven Sn isotopes have been observed at RCNP [4]. The
measured centroids tend to diminish as a function of the
number of nucleons; however, the trend is marked by some
staggering phenomena. For example, the centroid of 116Sn
is 0.3 MeV lower than the centroid of 114Sn, but 116Sn
and 118Sn show the same centroid. It is possible to divide
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FIG. 2. (Color online) Sn experimental centroids m1/m0 (MeV)
from Ref. [4] compared to the calculations with SLy5 interaction
with volume, mixed, and surface pairing. The energy range for the
calculation of the moments is 10.5–20.5 MeV for both of experiments
and calculations.

the observed centroids in two groups: a stiff one containing
112−114−118−120Sn and a soft one containing 116−122−124Sn.

SLy5 Skyrme interaction shows higher centroids than the
experiments by about 0.5 MeV (see Fig. 2). This difference
can be partially cured (by about 0.3 MeV) with use of
surface pairing interactions. Experimentally the decrease of
the centroid from 120Sn to 122Sn is rather steep, while the
calculations with SLy5 and surface pairing, on the other hand,
show the opposite behavior with 122Sn being stiffer than 120Sn.
As a result, no pairing interaction can allow a SLy5 calculation
to obtain results in good agreement with the experiments.

SkM* with volume/mixed and surface interaction are in
rather good agreement for many of the isotopes under consid-
eration, while the agreement decreases for 122−124Sn (Fig. 3).
The correspondence with the experiments is particularly good
for 116Sn (SkM* and surface pairing produces the closest
description of this isotope among the ones used in this work)
and 120Sn.
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FIG. 3. (Color online) As in Fig. 2 but using the SkM* Skyrme
interaction in the ph channel.
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FIG. 4. (Color online) As in Fig. 2 but using the Skxs20 Skyrme
interaction in the ph channel.

Skxs20 and surface interaction reproduces very well
116−122−124Sn while the same interaction with volume
parametrization gives the best approximation for
112−114−118−120Sn (Fig. 4). In general, despite the fact
that the centroids obtained with the SkM* are in good
agreement with the experiments, the Skxs20 interaction
gives the best approximation of the experimental data. The
calculations for Sn isotopes seem less sensitive to the value
of KNM than for other nuclei (e.g., lead), which implies that
a smaller gap between the experiments and theoretical data is
required to obtain a reliable value of KNM.

B. Comparison with TAMU data

The agreement on the experimental results of Sn isotopes is
not complete. In Table VII we compare the data from RCNP [4]
and TAMU [35,37]:

Two of RCNP’s centroids (112Sn and 124Sn) are higher than
the corresponding ones observed at TAMU, while very good
agreement is reached for 116Sn. A source of uncertainty when
comparing the centroids of the two different experimental
groups is that they do not use the same prescription for extract-
ing the moments. The Osaka group (for Sn and Cd isotopes)
restricts the energy interval of Eq. (3) to 10.5–20.5 MeV.
One of the reasons for this limited energy interval is an
observed spurious strength at high energies; see, for example,
Refs. [38] and [5]. This spurious plateau is attributed to
continuum effects mimicking the L = 0 angular momentum

TABLE VII. The Sn experimental centroids m1/m0 (MeV) have
been calculated in the energy range 10.5–20.5 MeV for Ref. [4] while
the range is 10–55 MeV for Refs. [35,37].

RCNP TAMU Diff. (MeV)

112Sn 16.2+0.1
−0.1 [4] 15.43+0.1

−0.1 [37] 0.77
116Sn 15.8+0.1

−0.1 [4] 15.85+0.2
−0.2 [35] −0.05

124Sn 15.3+0.1
−0.1 [4] 14.50+0.14

−0.14 [37] 0.8

TABLE VIII. Sn centroids m1/m0 (MeV) of Ref. [37] compared
with the Skxs20 + surface interaction. In the last column we show
the difference between the theoretical results and the experimental
ones. The moments are evaluated in the range 10–55 MeV.

Expt. [37] Skxs20 + surface Diff. (MeV)

112Sn 15.43+0.1
−0.1 16.21 0.78

116Sn 15.85+0.2
−0.2 15.88 0.03

124Sn 14.50+0.14
−0.14 15.37 0.87

component of the total excitation strength. To our knowledge
there is no numerical estimate indicating the range where
the spurious continuum strength significantly affects the
experimental results. If a tail of the spurious strength extends
at low energies (affecting the interval where the moments are
calculated), this would lead to an artificial increase of the
calculated centroids. Conversely, the upper limit of the energy
range of the moments (20.5 MeV) might exclude some of the
strength at high energy, thus lowering the “real” values. This
latter hypothesis seems the most reasonable situation since we
calculated the theoretical centroids in different energy ranges.
When the calculation of the momenta was passing from the
energy range 10.5–20.5 MeV to 10–55 MeV the centroids
increased by about 0.2 MeV. If this was the case also for the
experimental values obtained in Ref. [4] the discrepancy with
respect to TAMU’s results would increase.

The centroids observed in Ref. [37] are very low and
they seem to correspond to much softer parametrizations
compared to the ones used to reproduce most of other observed
nuclei. Among the Skyrme forces we use, the only reasonable
comparison can be carried out with the Skxs20 + surface
pairing. Nonetheless, the theory overestimates the experiments
by about 0.8–0.9 MeV (Table VIII). Notice that the centroids
calculated with Skxs20 + surface shown in Table VIII are
≈0.2 MeV higher than the corresponding values displayed
in Fig. 4 because of the different ranges where they have been
evaluated (10–55 MeV for the former 10.5–20.5 MeV for the
latter).

V. ZIRCONIUM

The experimental centroid of 90Zr can be reproduced with
a good approximation with the same theoretical framework
which successfully reproduces 208Pb (see Table IX). The
experimental strength function, at variance in respect to 208Pb,
is asymmetrical. Two papers published by the Texas A&M
University group in 1999 [32] and 2004 [40] agree with the
fact that the tail of the resonance extends beyond 25 MeV.
This is due to the fact that the giant monopole resonance for
90Zr [39] shows two peaks (one approximately at 16–17 MeV
and another one at about 24–25 MeV) while in our calculations
there is essentially only one main peak.

We report in Table IX a comparison between our calcula-
tions and the experimental values of Refs. [39,40]. According
to these calculations the SLy5 and SkM* forces reproduce well
the experimental value of m1/m0 for 90Zr, while the Skxs20
underestimates it by about 0.3 MeV. For this isotope the choice
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TABLE IX. Zr centroids m1/m0 (MeV) calculated with the SLy5,
SkM*, and Skxs20 interactions and volume, mixed, and surface
pairing interactions. The energy range for the calculations of the
moments is 10–55 MeV. The experimental results are from Ref. [39].

Zr SLy5

N Z Expt. Volume Mixed Surface

50 40 17.88+0.13
−0.11 18.04 18.04 18.04

52 40 18.23+0.15
−0.13 17.84 17.83 17.77

54 40 16.16+0.12
−0.11 17.62 17.62 17.59

SkM*
N Z Expt. Volume Mixed Surface

50 40 17.88+0.13
−0.11 17.64 17.63 17.62

52 40 18.23+0.15
−0.13 17.43 17.41 17.41

54 40 16.16+0.12
−0.11 17.18 17.17 17.18

Skxs20
N Z Expt. Volume Mixed Surface

50 40 17.88+0.13
−0.11 17.53 17.49 17.34

52 40 18.23+0.15
−0.13 17.36 17.28 17.12

54 40 16.16+0.12
−0.11 17.19 17.14 17.02

of the pairing interaction plays a minor role in determining the
centroid of the ISGMR.

Recently, new experimental data on 92−94Zr isotopes have
been presented in Ref. [39]. The findings for 92Zr differ
particularly with respect to 90Zr, since this former nucleus
is very stiff. It is, therefore, best approximated by the SLy5
interaction, and the difference from the experimental and
theoretical values of the centroid is about 0.4 MeV.

On the other hand, 94Zr is surprisingly softer than 92Zr by
about 2 MeV, and even the softest interaction adopted for this
nucleus (Skxs20 with surface) overestimates the centroid by
about 0.8 MeV. The calculated centroids, independent of the
interaction used in the ph or in the pp channel, show a rather
smooth behavior as a function of A and cannot reproduce the
observed experimental staggering among adjacent isotopes.
This situation is similar to the observed inversion of the
centroids of Ca isotopes [41,42]. 40Ca, in fact, is significantly
softer than 48Ca. These nuclei have been recently studied
within the HF + RPA approximation by Anders et al. in
Ref. [43] by checking which of the Skyrme parameters
can account for the inversion in the centroids; however, no
interaction was able to reproduce it.

In the present calculation the nuclei are treated as spherical.
Strictly speaking, however, all the nuclei display some degree
of deformation which can affect the response function of
the giant monopole resonance. In the case of the nuclei
under investigation, the deformation parameter is rather small
(β < 0.2) [44], thus we expect deformation to play a minor
role. However, an investigation making use of deformed QRPA
might help in explaining the reason of the observed staggering
between 92Zr and 94Zr.

In the present work we remain within the QRPA method
which is a harmonic approximation. As such, by construction
it does not take into account the anharmonicities which might
affect the excitation spectrum. A quantitative estimate of the
anharmonicities is difficult because it involves the analysis of
the coupling between different modes, as, for example, shown
in Ref. [45]. Blaizot et al. in Ref. [46] estimated it with the
help of constrained HFB calculations. It was shown that the
importance of anharmonicities is higher for lighter nuclei, such
as Ca, while it is expected to be negligible for heavy nuclei
such as Pb. This effect might also be partially responsible for
the gap between the stiffness of 92Zr and 94Zr and it suggests
the need for further investigations with models beyond the
QRPA.

VI. SAMARIUM

The RCNP and TAMU groups have been investigating
different Sm isotopes. There is good agreement about the
experimental properties of the ISGMR of 144Sm [32,35,47];
this resonance displays a single peak whose centroid is
expected to be around 15.3–15.4 MeV with a width of about
4 MeV. According to Ref. [35] the observed strength is almost
zero beyond 20 MeV. The calculations with a SkM* and SLy5
reproduce the experimental values within the experimental
errors (see Table X). Even though the Skxs20 interaction tends
to underestimate the centroids, the average distance between
the lower bound experimental values and the theoretical results
obtained with volume and mixed pairing is limited to about 0.1
MeV. A very interesting article [48] reported a number of
Sm isotopes; however, as the neutron number increases, they
become more and more deformed. This leads to a mixing of
the monopole and quadrupole resonance and, for this reason, a
careful theoretical investigation should make use of deformed
QRPA methods like those reported in Refs. [49–51]. Since
144Sm is neutron magic, one expects that the neutron pairing
gap of a HFB calculation should be zero (we tuned the pairing
interaction strength V0 to reproduce the experimental value

TABLE X. 144Sm m1/m0 ratios (MeV), the moments are calculated in the energy interval 10–55 MeV.

Sm
N Z Expt. ph int. Volume Mixed Surface

82 62 15.40+0.3
−0.3 SLy5 15.69 15.58 15.65a

82 62 15.40+0.3
−0.3 SkM∗ 15.27 15.24 15.17a

82 62 15.40+0.3
−0.3 Skxs20 15.02 14.99 14.76a

aSurface pairing calculations return a nonzero neutron pairing gap in contrast with the fact that 82 is a magic number.
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TABLE XI. Mo centroids m1/m0 (MeV) calculated with the
SLy5, SkM*, and Skxs20 interactions and volume, mixed, and surface
pairing interactions. The energy range for the calculations of the
moments is 10–55 MeV. The experimental results are from Ref. [39].

Mo SLy5

N Z Expt. Volume Mixed Surface

50 42 19.62+0.28
−0.19 18.01 17.99 17.96

54 42 16.95+0.12
−0.10 17.58 17.56 17.53

SkM*
N Z Expt. Volume Mixed Surface

50 42 19.62+0.28
−0.19 17.59 17.57 17.53

54 42 16.95+0.12
−0.10 17.24 17.22 17.19

Skxs20
N Z Expt. Volume Mixed Surface

50 42 19.62+0.28
−0.19 17.47 17.42 17.25

54 42 16.95+0.12
−0.10 17.13 17.07 16.95

of the proton pairing gap). In the case of the surface pairing
interaction, for all the three forces, the neutron pairing gap
“unnaturally” differs from zero and approximately 1.2 MeV.
For this reason, a broad margin of error has to be taken into
account for surface pairing for this chemical element.

VII. MOLYBDENUM

We report in Table XI the results of the calculations
for molybdenum obtained with SLy5, SkM*, and Skxs20
Skyrme interactions and the experimental results of Ref. [39].
These experiments with Mo isotopes are very recent and add
new information on nuclear incompressibility. In particular
92Mo represents a challenging problem because of its very
high stiffness. All the interactions we use cannot explain the
experimental strength of 92Mo. Even the stiffest interaction we
adopted, the SLy5, fails at reproducing its centroid by about
1.5 MeV by defect. This difference is particularly challenging
since the problem up to now was to explain too soft nuclei
compared with 208Pb, while 92Mo has a completely opposite
behavior. An additional experimental confirmation would be
very useful for this nucleus. On the other hand, the experiments
for 96Mo are very well reproduced with Skxs20 + surface
interaction and also the SkM* interaction returns centroids
only slightly higher than the experiments.

VIII. CADMIUM

A. Comparison with RCNP data

Cd isotopes have shown similar properties as Sn isotopes
in recent experiments at RCNP [5,6]. In our calculations
with the SLy5 (and volume-mixed pairing) interaction, the
ISGMR centroids are in general higher than these experiments
by about 0.7 MeV (Fig. 5). The surface pairing lowers the
centroids by about 0.2–0.3 MeV but this is not enough
for an accurate reproduction of the experiments. Also, the
SkM* (volume-mixed) calculations, as shown in Fig. 6, are
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FIG. 5. (Color online) Cadmium centroids m1/m0 calculated
with SLy5 interaction and the experimental centroids from Ref. [5].
The energy range used for the evaluation is 10.5–20.5 MeV. The
pairing interactions are of the volume, mixed, and surface type.

stiffer than the experiments by 0.4–0.6 MeV. Surface pairing
partially reduces the problem to about 0.2–0.3 MeV. Both of
the experiments and the theoretical values of the centroids
decrease by increasing the number of nucleons. The Skxs20
(plus volume-mixed pairing) returns values slightly softer than
the SkM*, thus diminishing the gap with the experiments.
The most accurate reproduction of the experiments is obtained
when applying the surface pairing. With this choice of the
parameters the difference between experiments and theory is
lower than 0.05 MeV for 106−110−112Cd. The quality decreases
slightly for 114−116Cd but in any case the agreement is about
0.1 MeV (Fig. 7).

B. Comparison with TAMU data

The experimental uncertainty that was present for Sn
isotopes is also present for cadmium (see Table XII). The
TAMU group reports centroid values [52] significantly lower
than the ones obtained at RCNP [6]. For this reason, the
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FIG. 6. (Color online) As in Fig. 5 but using the SkM* interaction
in the ph channel.
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FIG. 7. (Color online) As in Fig. 5 but using the Skxs20
interaction in the ph channel.

only meaningful comparison with these experiments is with
the softest parametrization possible (Skxs20 + surface). Even
though this returns the best approximation among the ones
we tested, it highly overestimates the experiments, as can
be seen in Table XIII. Notice that also in this case the
centroids of Table XIII differ in respect to the ones of
Fig. 7. This is because of the dependence of the energy
range where they have been calculated (10.5–20.5 MeV
when comparing with RCNP results and 10–55 MeV when
comparing with TAMU results).

IX. DIFFERENCES WITH RESPECT TO HF + BCS

It is useful to discuss the differences between our work and
the one by Cao et al. [14] since the approach to the problem
is similar, but the conclusions drawn contain differences. The
main theoretical difference between the two approaches stems
from the usage of a HFB or a HF + BCS calculation as a basis
for the QRPA. In general, the results presented in Ref. [14]
for volume-mixed pairing are in good agreement with the ones
we find for SLy5 and SkM*, the difference being only 0.1–
0.2 MeV.

The major discrepancy regarding the pairing interactions
is related to surface pairing. In all of our calculations the
surface pairing returns softer nuclei with respect to volume-
mixed pairing, at variance in the work by Cao et al. surface
pairing returns stiffer nuclei by 0.2–0.3 MeV respect to
volume-mixed pairing. In order to understand the reason of
this difference it is useful to refer to previous articles, for

TABLE XII. Comparison of the different experimental centroids
m1/m0 (MeV) for Cd isotopes. The moments for the RCNP results
are evaluated in the range 10.5–20.5 MeV, while those of TAMU are
in 10–55 MeV.

RCNP TAMU Diff. (MeV)

110Cd 15.94+0.07
−0.07 [5] 15.12+0.11

−0.11 [52] 0.82
116Cd 15.44+0.06

−0.06 [5] 14.50+0.16
−0.16 [52] 0.94

TABLE XIII. The experimental [52] and calculated m1/m0

(MeV) for Cd isotopes. The energy range for the calculation is
10–55 MeV. All values are in MeV.

Expt. [52] Skxs20 + surface Diff. (MeV)

110Cd 15.12+0.11
−0.11 16.20 1.08

116Cd 14.50+0.16
−0.16 15.76 1.26

example, Li et al. [11] performed a HFB + QRPA calculation
of Sn isotopes. Their results are qualitatively similar to ours
(although in Ref. [11] there is no two-body spin-orbit term and
no rearrangement term due to the pairing interaction). Li et al.
also find that surface pairing softens superfluid nuclei more
than mixed-volume pairing. The same qualitative behavior
is reported in the constrained HFB calculation presented
by Khan et al. in Ref. [53]. Since the works which report
softer surface are based on HFB calculations while [14] is
based on HF + BCS we think that this should be the reason
for the discrepancy. The HFB theory is a generalization of
the HF + BCS framework and we expect that the former
should lead to a more realistic description of superfluid nuclei.
Because of the different qualitative behavior, the agreement
between ours and Ref. [14] centroids, for surface pairing, is
rather poor, leading to differences of about 0.4 MeV.

Another important difference is to be searched in the mean
field used in the calculations. In Ref. [14] the SkP interaction
was chosen to check whether soft parametrizations (KNM ≈
200 MeV) could give a good reproduction of the centroids.
This Skyrme interaction, however, was shown to lead to false
ground states in Ref. [28]. This state appears stable even when
using high precision for the convergence of the mean field,
while the “real” ground state presents nonphysical oscillations.
The mean-field properties obtained with the SkP interaction
are, thus, not stable and we decided to use as representative
of the soft parametrizations the Skxs20 interaction which was
produced to replace the SkP among the soft interaction in
Ref. [27].

All these facts lead to a different overall picture, since in our
case the soft Skxs20 interaction with surface pairing returns
the best results among the forces we investigated, while in
Ref. [14] the soft parametrization was the worst among the
chosen Skyrme forces and surface pairing gave, in general,
poorer results compared to volume-mixed pairing.

X. ISOVECTOR PAIRING INTERACTIONS

In this section we will address the effect of different kinds of
pairing interactions which display more complicated density
dependence respect to Eq. (5).

All of the interactions so far presented have an isoscalar
approach to pairing, and they do not take into account explicitly
the asymmetry between neutrons and protons. In order to better
reproduce the pairing gap in nuclei, recently, isovector pairing
interactions have been proposed [20,21] and returned good
agreement with the experimental data [54].
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FIG. 8. (Color online) Cd centroids m1/m0 (MeV), calculated
with the SLy5 interaction and volume, MSH, and YS pairing. The
energy range for the moments is 10.5–20.5 MeV.

The isovector pairing interaction, denoted by MSH [20], is
parametrized as follows:

vMSH
pair (r, r′)= V0

[
1− (1− δ)ηs

(
ρ

ρ0

)αs

− δηn

(
ρ

ρ0

)αn
]
δ(r−r′),

(8)

In its original version [20] ρ = ρn + ρp, δ = (ρn − ρp)/ρ,
V0 = −448 MeV fm3, ηs = 0.598, αs = 0.551, ηn = 0.947,
and αn = 0.554 (the cutoff being 60 MeV, ρ0 = 0.16 fm−3).

A different pairing parametrization, denoted by YS, is
provided in Ref. [21],

vYS
pair(r, r′) = V0

[
1 − (η0 + η1τ3δ)

ρ

ρ0
− η2

(
δ

ρ

ρ0

)2]
δ(r − r′),

(9)

where the parameter set proposed in Ref. [21] (we use Ref. [53]
as a summary for the values of the interactions) is V0 =
−344 MeV fm3, η0 = 0.5, η1 = 0.2, and η2 = 2.5 (with an
energy cutoff of 50 MeV), and τ3 = 1 for neutrons and −1 for
protons. In Fig. 8 and Fig. 9 we show the Cd and Sn isotopes
calculated with the SLy5 interaction in the particle hole
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FIG. 9. (Color online) As in Fig. 8 but for Sn isotopes.

TABLE XIV. Centroids as a function of the strength of the pairing
interaction (V0); the moments have been calculated in the energy
interval 10.5–20.5 MeV.

120Sn, SkM* + volume
V0 (MeV fm3) 
n (MeV) m1/m0 (MeV)

−100.0 0.65 15.88
−132.8 1.39 15.89
−150.0 1.99 15.97
−200.0 5.49 16.49

channel and volume, MSH, and YS pairing. Since the cutoff
we employ differs in respect to the original parametrizations,
we adjust the parameter V0 according to the nuclei we want
to study. When using the MSH parametrization we choose
V0 = −317.5 MeV fm3 for Cd isotopes and −335.85 MeV
fm3 for Sn isotopes. In the case of YS pairing, we set V0 =
−253.1 MeV fm3 for Cd and −268.6 MeV fm3 for Sn. The
pairing fields returned by these parametrizations resemble the
ones with volume-mixed pairing and it is thus no surprise that
the centroids of the ISGMR are in good agreement with these
interactions. Overall there is no strong effect on the centroids
due to the isovector dependence of the pairing interaction.
Isovector pairing does not provide a good solution to the
problem related with the nuclear incompressibility.

XI. EXTREME PAIRING INTERACTIONS

So far we had a further confirmation that pairing correla-
tions generally tend to soften the ISGMR. Given the flexibility
of our calculations, we want to test pairing correlations to
their limit (even going beyond realistic kinds of pairing) to
check if it exists a pairing parametrization that can decrease
even further the differences between the experiments and the
theory. At first we will focus to test if the pairing interaction
always softens nuclei. In the following we change the value of
the strength of the pairing interaction V0 (see Table XIV).
The resulting pairing gap is not, in general, close to the
experimental values; so these calculations are to be thought of
only as hints of the effect of pairing on the nuclear structure.
We used the Skyrme SkM* with volume pairing for 120Sn.
When we pass from the 0.65 MeV pairing gap to the realistic

TABLE XV. Centroids m1/m0 (calculated in the 10.5 to 20.5 MeV
energy range) as a function of the parameter η. The pairing strength
V0 and the value of γ are also shown.

120Sn, SkM*
V0 (MeV fm3) η γ m1/m0 (MeV)

−132.8 0.0 1.0 15.89
−157.5 0.2 1.0 15.89
−191.8 0.4 1.0 15.87
−214.2 0.5 1.0 15.85
−241.5 0.6 1.0 15.84
−313.0 0.8 1.0 15.74
−404.5 1.0 1.0 15.66
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TABLE XVI. Centroids for surface pairing (η = 1) interaction
as a function of different values of the exponent γ and the resulting
values of V0 needed to keep the value of the pairing gap constant. The
moments are evaluated in the 10.5 to 20.5 MeV energy range.

120Sn, SkM*
V0 (MeV fm3) η γ m1/m0 (MeV)

−608.0 1.0 0.5 15.72
−404.5 1.0 1.0 15.66
−331.5 1.0 1.5 15.60
−293.3 1.0 2.0 15.58

1.39 MeV gap there is a slight increase of the stiffness. The
stiffness increases further when passing to a 
n = 1.99 MeV,
and there is a very strong enhancement of the stiffness for the
(totally unrealistic) 
n = 5.49 MeV. This calculation suggests
that the effect of pairing within a Skyrme functional framework
does not necessarily soften a nucleus.

We decided to test the pairing interactions as a function of
the parameter η. The most reasonable values of this parameter
are η ∈ [0, 1] since at the extremes we have the volume and
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FIG. 10. (Color online) (a) Surface pairing fields (η = 1) ob-
tained by changing the exponent γ of the density dependence and
adjusting V0 to obtain the same neutron pairing gap. (b) Pairing fields
obtained by changing the value of η and tuning V0 in order to obtain
the same neutron pairing gap.

surface pairing and for η = 0.5 mixed pairing is obtained.
Figure 10(b) shows the different pairing fields passing from
volume to surface pairing. A change of η requires adjustment
of V0 in order to keep the pairing gap consistent as reported
in Table XV. Our results show that the softest parametrization
of the pairing field as a function of η is obtained with surface
pairing. According to Table XV, values of η between 0 and
0.6 return very similar centroids while the biggest changes
are obtained only very close to η = 1, that is, surface pairing.
One could be tempted to extrapolate even further this trend;
however, values of η > 1 are more difficult to interpret since
they would mean a situation of antipairing inside the nucleus
and a very strong pairing condition on the nuclear surface.

Since surface pairing shows the most important effects
on the centroid of the ISGMR, this seems to suggest that
low-density regions can be important in softening nuclei. We
decided to modify the value of the exponent in the density
dependence of the surface interaction in order to change the
position of the peak of the pairing field.

In the calculations shown in Table XVI we restrict our study
to surface pairing (η = 1). Moreover, in this case the strength
V0 was adjusted to keep the pairing gap constant for 120Sn. The
resulting m1/m0 ratios are essentially similar to the centroids
of the standard surface pairing interaction. When γ = 0.5 the
nucleus is slightly stiffer than the case with γ = 1. As one can
see from Fig. 10 when γ = 2.0 the pairing field is about 1 fm
at the right of the standard γ = 1 pairing and the centroid is
about 0.1 MeV softer. These results suggest that the region in
between the surface and the center of the nucleus is the most
sensitive for the determination of the compression properties.
However, the general result is that the pairing associated to

TABLE XVII. We summarize the interactions which best repro-
duce the experimental data and we report the average difference
between the calculations and experimental findings in MeV (positive
value meaning that the calculations overestimate the experiments);
a “<” symbol indicates that the isotopes are within the given range
independent on the sign of the difference. “All” in the pp column
means that the pairing interaction plays a marginal role in the
determination of the centroids. In case of “remarkable” difference
among the experimental results, we display both of them and the best
theoretical approximation associated.

Nucleus ph pp Diff.
204−206−208Pb SLy5 All <0.1

144Sm SkM* Volume −0.1
90Zr SLy5 All + 0.2
92Zr SLy5 Volume −0.4
94Zr Skxs20 Surface + 0.8
92Mo SLy5 Volume −1.6
96Mo Skxs20 Surface + 0.0
112−114−118−120Sn [4] Skxs20 Mixed <0.1
122−124Sn [4] Skxs20 Surface <0.1
116Sn [4] SkM* Surface <0.1
112−124Sn [37] Skxs20 Surface ≈0.8
116Sn [37] Skxs20 Surface + 0.2
106−110−112−114−116Cd [6] Skxs20 Surface <0.1
110−116Cd [52] Skxs20 Surface + 1
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TABLE XVIII. Pairing strength V0 (MeV fm3) for the different
Skyrme and pairing interactions and the isotope used for the
calibration.

Skxs20
N Z Volume V0 Mixed V0 Surface V0

Cd 64 48 −112.0 −189.0 −380.0
Mo 54 42 −126.5 −209.8 −380.0
Pb 122 82 −128.5 −219.0 −453.5
Sm 82 62 −128.0 −222.8 −463.5
Sn 70 50 −113.8 −193.0 −394.0
Zr 54 40 −121.2 −201.0 −358.0

SkM*
N Z Volume V0 Mixed V0 Surface V0

Cd 64 48 −130.0 −229.7 −387.0
Mo 54 42 −148.5 −233.5 −391.0
Pb 122 82 −143.5 −237.0 −467.5
Sm 82 62 −161.5 −268.5 −461.0
Sn 70 50 −132.8 −214.2 −404.5
Zr 54 40 −141.5 −222.0 −368.0

SLy5
N Z Volume V0 Mixed V0 Surface V0

Cd 64 48 −152.8 −238.2 −419.8
Mo 54 42 −156.0 −240.8 −401.8
Pb 122 82 −156.5 −253.0 −493.0
Sm 82 62 −173.3 −285.4 −490.0
Sn 70 50 −159.2 −248.7 −441.0
Zr 54 40 −148.0 −225.3 −372.3

Eq. (5), when constrained to reasonable values of the pairing
gap, does not lead to dramatic changes of the incompressibility.

XII. CONCLUSION

We have presented the first fully self-consistent
HFB + QRPA + DDDI calculation that takes into account the
rearrangement due to the density dependence of the pairing
interaction, and we compared it with the state of the art
experiments on isoscalar giant monopole resonances.

It is known that the nuclear matter properties, like J and
L (see Table XIX), as well as the other parameters used
to fit the Skyrme interactions, contribute to the position of
the centroids of the ISGMR [55]. A complete study of the
GMR should be obtained by varying systematically all of
these quantities; however, the nuclear matter incompressibility
KNM has a prominent effect on the energy of the resonance.
Increasing the value of KNM by ≈15 MeV in turn increases

the value of the centroids by 0.2–0.4 MeV. Conversely, this
means that the precision on the calculations is essential,
since neglecting effects which introduce an uncertainty on
the centroids �0.2 MeV can suggest choices of Skyrme
parametrizations differing in the value of KNM by up to
≈15 MeV. For this reason we put particular attention on
minimizing the sources of uncertainty when dealing with
superfluid nuclei.

In the case of magic nuclei, pairing plays essentially no
role in determining the properties of the system, while in the
majority of the superfluid nuclei we studied surface pairing
gives the best approximation to the experimental values. The
effect of surface pairing is generally to “soften” the ISGMR
with respect to volume and mixed parametrizations by about
0.2–0.3 MeV.

We pushed the DDDI interactions to their limits, but
it seems that this type of pairing alone is not capable of
accounting for a unique parametrization for all the studied
nuclei. This is valid also for the isovector-dependent pairing
interactions which we have introduced for the first time in a
QRPA calculation. The centroids obtained with MSH and YS
pairing are, in fact, compatible with volume-mixed pairing.

While the theoretical centroids vary rather smoothly with
the number of nucleons, some very recent experiments display
strong variations between neighboring nuclei. These new
features, if confirmed with further experimental tests, would
require important modifications of the present models used to
reproduce the ISGMR. It is particularly interesting that the two
isobars 92Mo and 92Zr are the stiffest nuclei so far observed
and this opens the question whether other A = 92 nuclei might
display an unusual stiffness.

Although about 20% of the nuclei under investigation are
well explained with the SLy5 interaction, and 10% with the
SkM* interaction, it is remarkable that, for the majority of
the nuclei under investigation (see Table XVII), the ISGMR
is better reproduced with the soft interaction Skxs20 (KNM ≈
202 MeV), in contrast with the generally accepted value for
KNM ≈ 230 MeV. The uncertainty deriving from the different
experimentally determined centroids (which can be up to
≈1 MeV) leads to even softer general pictures. All these results
show that there is need for reconsideration of the generally
accepted value of the incompressibility of infinite systems.
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TABLE XIX. Nuclear matter properties associated to the different Skyrme interactions.

Skyrme ρ0 E0 KNM J L Ksym m∗/m

SLy5 0.161 −15.99 229.92 32.01 48.15 −112.76 0.70
SkM* 0.160 −15.77 216.61 30.03 45.78 −155.94 0.79
Skxs20 0.162 −15.81 201.95 35.50 67.06 −122.31 0.96
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APPENDIX A: PAIRING STRENGTH

The pairing gap obtained with a contact interaction depends
on the size of the quasiparticle space and the latter is a function
of the used cutoff, in our case 200 MeV. For this reason, we
select one isotope for each chemical element and we modify
V0 in order to reproduce the experimental pairing gap given
by the five-point formula [56] according to Table XVIII.

APPENDIX B: SKYRME PROPERTIES

In Table XIX we show the main nuclear matter properties
associated to the Skyrme interactions (a detailed explanation
of the quantities of Table XIX can be found in Ref. [57]).
In particular, we provide the saturation density ρ0, the binding
energy at saturation E0, the incompressibility of nuclear matter
(KNM), the first expansion terms of the symmetry energy (J ,
L, and Ksym), and the effective mass m∗/m. The symmetry
energy is defined as

S = 1

8

∂2(E/ρ)

∂y2

∣∣∣∣
ρ,y=1/2

, (B1)

where y = ρp/ρ is the proton fraction and E is the energy
density. This quantity can be expanded as

S = J + Lx + 1
2Ksymx2 + O(x3), (B2)

where x = (ρ − ρ0)/3ρ0.

TABLE XX. Experimental charge radii (fm) and binding energies
(MeV) from Refs. [58] and [56].

N Z Nucleus charge radius (fm) E/A (MeV)

50 40 Zr 4.27 8.71
52 40 Zr 4.31 8.69
54 40 Zr 4.33 8.67

50 42 Mo 4.32 8.66
54 42 Mo 4.38 8.65

58 48 Cd 4.53 8.54
60 48 Cd 4.55 8.55
62 48 Cd 4.57 8.55
64 48 Cd 4.59 8.54
66 48 Cd 4.61 8.53
68 48 Cd 4.63 8.51

62 50 Sn 4.59 8.51
64 50 Sn 4.61 8.52
66 50 Sn 4.63 8.52
68 50 Sn 4.64 8.52
70 50 Sn 4.65 8.47
72 50 Sn 4.67 8.49
74 50 Sn 4.68 8.47

82 62 Sm 4.94 8.30

122 82 Pb 5.48 7.88
124 82 Pb 5.49 7.88
126 82 Pb 5.50 7.87
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FIG. 11. (Color online) Difference between the experimental [56]
and the theoretical binding energies (isotopes of the same element are
connected by a curve).

We report the experimental binding energies and charge
radii of the nuclei under consideration in Table XX. In
Fig. 11 we show the difference between the experimental and
calculated binding energies for the three Skyrme interactions.
In Fig. 12 we show the difference between the experimental
and calculated charge radii. Since the calculated energies and
radii for volume, mixed, and surface pairing interaction are
similar to each other, we report only the latter case. The SLy5
and SkM* preform better results respect to the Skxs20 on both
of the binding energies and charge radii. The Skxs20, in fact,
overestimates the binding energy and returns smaller nuclei
with respect to the experiments. Nonetheless, the number of
low KNM Skyrme parametrizations available is rather limited
and the Skxs20 is the only one that can pass most of the
macroscopic constraints of Ref. [57].
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FIG. 12. (Color online) Difference between the experimental [58]
and the theoretical charge radii (isotopes of the same element are
connected by a curve).
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[11] J. Li, G. Colò, and J. Meng, Phys. Rev. C 78, 064304 (2008).
[12] B. K. Agrawal and S. Shlomo, Phys. Rev. C 70, 014308 (2004).
[13] V. Tselyaev, J. Speth, S. Krewald, E. Litvinova, S. Kamerdzhiev,

N. Lyutorovich, A. Avdeenkov, and F. Grümmer, Phys. Rev. C
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