
Relativistic Coulomb Excitation within the Time Dependent Superfluid Local
Density Approximation

I. Stetcu,1 C. A. Bertulani,2 A. Bulgac,3 P. Magierski,3,4 and K. J. Roche3,5
1Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

2Department of Physics and Astronomy, Texas A & M University-Commerce, Commerce, Texas 75429, USA
3Department of Physics, University of Washington, Seattle, Washington 98195-1560, USA

4Faculty of Physics, Warsaw University of Technology, ulica Koszykowa 75, 00-662 Warsaw, Poland
5Pacific Northwest National Laboratory, Richland, Washington 99352, USA

(Received 11 March 2014; revised manuscript received 30 July 2014; published 6 January 2015)

Within the framework of the unrestricted time-dependent density functional theory, we present for the
first time an analysis of the relativistic Coulomb excitation of the heavy deformed open shell nucleus 238U.
The approach is based on the superfluid local density approximation formulated on a spatial lattice that can
take into account coupling to the continuum, enabling self-consistent studies of superfluid dynamics of any
nuclear shape. We compute the energy deposited in the target nucleus as a function of the impact parameter,
finding it to be significantly larger than the estimate using the Goldhaber-Teller model. The isovector giant
dipole resonance, the dipole pygmy resonance, and giant quadrupole modes are excited during the process.
The one-body dissipation of collective dipole modes is shown to lead a damping width Γ↓ ≈ 0.4 MeV and
the number of preequilibrium neutrons emitted has been quantified.
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Coulomb excitation represents an ideal method to probe
the properties of large amplitude nuclear motion, because
the excitation process is not obscured by uncertainties
related to nuclear forces. The excitation probabilities are
governed by the strength of the Coulomb field only and
they can be fully expressed in terms of the electromagnetic
multipole matrix elements [1–6]. From the theoretical
point of view, Coulomb excitation can be treated as a
textbook example of a nuclear system being subjected to an
external, time-dependent perturbation. However, in order
to be able to probe nuclear collective modes involving
multiphonon states, for example [7,8], a large amount of
energy has to be transferred to the nuclear system. Thus
the interaction time should be relatively short and the
velocity of the projectile has to be sufficiently large for an
efficient excitation of nuclear modes of frequency ω, the
collision time τcoll ¼ b=γv has to fulfill the condition
that ωτcoll ≃ 1. Here, b is the impact parameter, v is
the projectile velocity, and γ ¼ ð1 − v2=c2Þ−1=2 is the
Lorentz factor. One of the best known examples of
collective nuclear motion is the isovector giant dipole
resonance (IVGDR). A reasonably good estimate of
the IVGDR vibrational frequency is ℏω ≈ 80 MeV=A1=3

for spherical nuclei. It implies that the excitation of a
heavy nucleus to such energies requires a relativistic
projectile.
We report on a new and powerful method to study

relativistic Coulomb excitation and nuclear large amplitude
collective motion in the framework of the time dependent
superfluid local density approximation (TDSLDA). This is
a fully microscopic approach to the problem based on an

extension of the density functional theory (DFT) to super-
fluid nuclei and time-dependent external probes, where all
the nuclear degrees of freedom are taken into account on
the same footing, without any restrictions and where all
symmetries [translation, rotation, parity, local Galilean
covariance, local gauge symmetry, isospin symmetry,
minimal gauge coupling to electromagnetic (EM) fields]
are correctly implemented [9,10]. The interaction between
the impinging 238U projectile and the 238U target is very
strong (∝ ZpZtα ≈ 62, where α is the fine structure con-
stant), which thus require a nonperturbative treatment, and
the excitation process is highly nonadiabatic. We assume a
completely classical projectile straight-line motion since
its de Broglie wavelength is of the order of 0.01 fm for
γ ∼ 1.5 − 2. In evaluating the EM-field created by the
uranium projectile with a constant velocity v ¼ 0.7c along
the z axis, we neglect its deformation. The projectile
produces an EM field described by scalar and vector
Lienard-Wiechert potentials. These fields couple to a
deformed 238U target nucleus residing on a spatial lattice;
see Ref. [11]. The interaction leads to a c.m. motion of the
target as well as to its internal excitation and full 3D
dynamical deformation of the target. In order to follow the
internal motion for a long enough trajectory that allows the
extraction of useful information, we perform a transforma-
tion to a system in which the lattice moves with the c.m.
The required transformation for each single particle wave
function reads ϕnðr; tÞ ¼ expðiRðtÞ · p̂Þψnðr; tÞ, withRðtÞ
describing the c.m. motion and p̂ the momentum operator.
The equation of motion (simplified form here) for ϕn
becomes
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iℏ _ϕnðr; tÞ ¼ ½ĤðrþRðtÞ; tÞ þ _RðtÞ · p̂�ϕnðr; tÞ; ð1Þ

where _RðtÞ ¼ R
d3rjðr; tÞ=M is the c.m. velocity and jðr; tÞ

the total current density.
The target nucleus is described within the SLDA and its

time evolution is governed by the TD meanfield-like
equations (spin degrees of freedom are not shown):

iℏ
∂
∂t
�
cUðr;tÞ
Vðr;tÞ

�

¼
�

hðr;tÞ Δðr;tÞ
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�

: ð2Þ

The single-particle Hamiltonian hðr; tÞ and the pairing field
Δðr; tÞ are obtained self-consistently from an energy func-
tional that is in general a function of various normal,
anomalous, and current densities. The external electromag-
netic (EM) field has the minimal gauge coupling ∇A ¼
∇ − iA=ℏc (and similarly for the time component) in all
terms with currents, as well as in the definition of the
momentum operator p̂ in Eq. (1), details in [11]. In the
current calculation, the Skyrme SLy4 energy functional
[12] was adopted, with nuclear pairing as introduced in
Ref. [13], which provides a very decent description of the
IVGDR in 238U [10]. The coupling between the spin and
the magnetic field was neglected. The Coulomb self-
interaction between protons of the target nucleus is taken
into account using the modification of the method
described in Ref. [14], so as not to include contributions
from images in neighboring cells. For the description of the
numerical methods see Refs. [15,16]; many other technical
details can be found in [11].
The DFT approach to quantum dynamics has some

peculiar characteristics. Unlike a regular quantum mechan-
ics (QM) treatment, one does not have access to wave
functions, but instead to various one-body densities and
currents. Within a DFT approach quantities trivial to
evaluate in QM become basically impossible to calculate.
For example, by solving the Schrödinger equation one can
evaluate at any time the probability that a system remained
in its initial state from PðtÞ ¼ jhΨð0ÞjΨðtÞij2, where ΨðtÞ
is the solution of the Schrödinger equation (or some of its
approximations). Within DFT one has access to the one-
body (spin-)density ρðr; tÞ and one-body (spin-)current
jðr; tÞ with no means to compute the probability PðtÞ.
One can calculate, for example, a quantity such asR
d3rρðr; 0Þρðr; tÞ, but there is no obvious way to relate

it to the probability PðtÞ. One might try to define PðtÞ
instead through the overlap of the initial and current “Slater
determinants” constructed through the fictitious single-
particle wave functions entering the DFT formalism, which
is a rather arbitrary postulate. One can find quite often in
literature various formulas used within DFT treatment of
nuclei, which are simply “copied” from various mean field
approaches, without any solid justification provided.
Restrictions inherent to a DFT approach prevent us from
being able to calculate various quantities, which within a
QM approach are easy to evaluate. Even though we

evaluate accurate densities and currents well beyond the
linear regime, within a DFT approach we cannot separate,
for example, the emission of one and two photons from an
excited nucleus, which, however, could be estimated
relative easily within a perturbative linear response
approach such a (Q)RPA. On the other hand, a DFT
approach has unquestionable advantages, allowing us to
go far into the nonlinear regime and describe large
amplitude collective motion.
The incoming projectile excites various modes in the

target nucleus and the axial symmetry of the initial ground
state is lost. Because 238U is highly deformed the energy of
the first 2þ is 45 keV, corresponding to a very long
rotational period, and thus during simulation time consid-
ered here (≈10−20 sec.) it can be considered fixed. The
identification of these modes requires certain care, since
during the collision the system is beyond the linear regime
and the analysis using the response function is not
applicable in general. However, the information about
the excited nuclear modes is carried in the subsequent
EM radiation leading to nuclear deexcitation. Deexcitation
to the ground state via photon emission requires times of
about 10−16 sec, which is 4 orders of magnitude longer
than in the current calculations. However, it is possible to
compute the spectrum of the preequilibrium neutrons and
gamma radiation, which allows the identification of the
excited nuclear modes. We can accurately treat the system
as a classical source of electromagnetic radiation and the
time dependence of the proton current governs the rate of
emission; see Refs. [11,17,18]:

Pðtþ r=cÞ ¼ e2

πc

X
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�
�
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with blmðk;ωÞ¼
R
dtd3re−iωt∇×jðr; tÞjlðkrÞY�

lmðr̂Þ. Here
ω ¼ kc, jlðkrÞ is the spherical Bessel function of order l,
and jðr; tÞ is the proton current. The emission rate P is
plotted in Fig. 1. The magnitude of this quantity indicates
that the total amount of radiated energy during the
evolution time (about 2500 fm=c) is rather small compared
to the total absorbed energy and does not exceed 1 MeV,
which is about 2%–3% of the deposited energy reported
in Table I below. This implies that the effect of damping
of nuclear motion due to the emitted radiation can be
neglected for such short time intervals. Consequently, the
decreasing intensity of the radiation, see Fig. 1, is merely
related to the rearrangements of the intrinsic structure of
the excited nucleus caused by damping of collective modes
due to the one-body dissipation mechanism. It has to be
emphasized that within the framework of the presented
approach one is able to extract only a small fraction of the
spreading width Γ↓, which is due to the one-body dis-
sipation mechanism. The two-body effects require, e.g.,
stochastic extension of TDSLDA which would allow for a
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dynamic hopping between various mean fields, and thus
could account for collisional damping as well.
TDSLDA provides the EM power spectrum [11,17,18],

ðdE=dωÞ ¼ ð4e2=cÞPl;mjblmðk;ωÞj2; arising from the
multipole expansion in Eq. (3). This quantity is different
from what one would compute within a linear response
approach or first order perturbation theory, see, e.g.,
Refs. [1–6], which provide the excitation probability only
∝ j R d3rρtrðrÞVextðrÞj2, where ρtrðrÞ is the transition den-
sity and VextðrÞ—the external field. dE=dω is proportional
to the excitation probability, here in the nonlinear regime,
and the subsequent photon emission probability as well.
A typical example of the emitted EM radiation for a given
impact parameter is shown in Fig. 2, here due to the internal
excitation of the system alone. The EM radiation due to the
c.m. motion has been calculated separately (see Table I
and [11]).
In Fig. 2(a) the emitted radiation shows a well-defined

maximum at energy 10–12 MeV, which corresponds to the
excitation of IVGDR. We have applied a smoothing of
the original calculations using the half-width of 1 MeV.
Therefore, the original separate peaks split due to the
deformation of 238U merge into a single wider peak.
However, at larger frequencies another local maximum
exists which we associate with the isovector giant quadru-
pole resonance (IVGQR). In order to rule out other
possibilities we have repeated the calculation by retaining
only the dipole component of the electromagnetic field
produced by the projectile [11]. The results are shown in
Fig. 2(b). In this case, the high-energy structure above

20 MeV disappears, evidence that the high energy peak is
related to the IVGQR. A noticeable contribution to the total
radiation is coming from the quadrupole component of the
radiated field.
At low energies a change of slope occurs at about

ℏω ≈ 7 MeV, present at the same energy for all impact
parameters and orientations; see Ref. [11]. It indicates a
considerable amount of strength at low energies, giving rise
to an additional contribution to the EM radiation. We
attribute this additional structure to the excitation of the
pygmy dipole resonance (PDR). The inset of Fig. 2 shows
the spectrum of emitted radiation due to this mode. The
contribution to the total radiated energy coming from the
PDR is rather small and reads 1.7, 2.4, 1.5, and 0.8 keV for
impact parameters 12.2, 14.6, 16.2, and 20.2 fm, respec-
tively. It corresponds to about 0.22%, 0.5%, 0.43%, and
0.45% of the emitted radiation (due to internal motion),
respectively. The relatively small amount of E1 strength
obtained in our calculations, in the region where the PDR is
expected, agrees with recent measurements [19].
The comparison between the average energy transferred

to the internal motion of the target nucleus for three values
of the impact parameter obtained within TDSLDA
and within a simplified Goldhaber-Teller model [20]
presented in Table I shows that significantly more energy
is deposited by the projectile within the TDSLDA. The
Goldhaber-Teller model is equivalent to a linear response
result, assuming that all isovector transition strength is
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FIG. 1 (color online). The emitted energy rate via EM radiation
for a collision with impact parameter b ¼ 16.2 fm, for three
orientations. In two cases the nuclear symmetry axis is parallel to
the reaction plane and perpendicular (dot-dashed line) or parallel
(dashed line) with respect to the incoming projectile, while in
the third it is both perpendicular to the reaction plane and
the incoming projectile (dotted line). These configurations are
denoted by ⊥∥, ∥, and ⊥⊥, respectively. We show time-averaged
quantities, while in the inset, for one configuration, we also show
the raw, strongly oscillating data. The rate at which this quantity
changes is directly related to the characteristic damping
time, which we estimate at 500 fm=c, leading to a width
Γ↓ ≈ 0.4 MeV.
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FIG. 2 (color online). (a) The total energy spectrum (solid line)
of emitted EM radiation, averaged over the target-projectile
configurations, at the impact parameter b ¼ 12.2 fm. We show
the total quadrupole contribution (double-dotted line), as well as
the contributions from the three target-projectile orientations
using the same symbols as in Fig. 1. (b) The radiation emitted
from the target nucleus when only the dipole component of the
projectile electromagnetic field is used. The inset shows the
pygmy resonance contribution to the emitted spectrum, visible in
the main figure as the slope change at low energies.
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concentrated in two sharp lines, corresponding to an
axially deformed target. An exact QRPA approach would
therefore severely underestimate the amount of internal
energy deposited, one reason being the nonlinearity of
the response, naturally incorporated in TDSLDA. Another
reason is the fact that the present microscopic framework
describing the target allows for many degrees of
freedom to be excited, apart from pure dipole oscillations.
At the same time, the c.m. target energy alone is approx-
imately the same as that obtained in a simplified point
particle Coulomb recoil model of both the target and
projectile.
The average energy radiated due to the internal excitation

represents only part of the total radiated energy. (One
should remember that a straightforward DFT approach
provides no measure for the variance.) Also, because of the
spreading of the strength due to one-body dissipation only a
fraction of the energy Γγ=Γ (where Γγ is the EM width
alone and Γ the total width of the IVGDR) is emitted
as a pulse, as shown in Fig. 1. A subsequent pulse of
reduced amplitude is to be expected after a delay
≈Γ=ðΓγωIVGDRÞ ≈ 105…106 fm=c. Since our simulation
times are much shorter we are not able to see emission
of the second photon, as reported in experiment [7,8],
where two photons were measured in coincidence. In our
calculations we have followed the nuclear evolution during
approximately 2500 fm=c after collision. The other com-
ponent of the EM radiation arises from the c.m. acceleration
as a result of collision (Bremsstrahlung), during the
relatively short time interval τcoll ¼ b=vγ. The radiation
emitted from the internal motion has a much longer
time scale.
We can estimate the cross section for the emission of

radiation by assuming that the asymptotic transition
probability for a given impact parameter b is given by

P∝ 1
3
½(Eγ⊥⊥ðbÞ=E⊥⊥ðbÞ)þ(Eγ⊥jjðbÞ=E⊥jjðbÞ)þ(EγjjðbÞ=

EjjðbÞ)�. Here, E⊥⊥ðbÞ, E⊥jjðbÞ, and EjjðbÞ are the total
energies transferred to the target nucleus during the
collision at the impact parameter b and for the three
independent orientations. Our simulation yields σγ ¼
2π

R
Pbdb≃ 108 mb. A detailed comparison of intensities

of radiation for various impact parameters and orientations
is shown in Table I. It is evident that although the intensity
of radiation decreases with increasing impact parameter,
the ratio between the intensities due to the internal modes
with that of the c.m. motion remains fairly constant and
depends slightly on orientation. For the orientation
perpendicular to the beam and parallel to the reaction
plane, the target nucleus is the most efficiently excited,
which results in a larger ratio.
The average energy deposited in the target nucleus is of

the order of the neutron separation energy. In Fig. 3 we plot

TABLE I. Internal excitation energy in TD-SLDA (Eint) and in the Goldhaber-Teller model (EGT), as well as the
EM energy radiated (Eint

γ ) from the excited nucleus during time interval δt ¼ 2500 fm=c after collision, for four
values of impact parameters b and three orientations of the nucleus with respect to the beam. We also list their
respective ratios to the total transferred energy. Finally, the Goldhaber-Teller model results (E�

GT) for m
� ¼ 0.7m

effective mass are presented in the last column. All energies are in MeV.

bðfmÞ Eint Eint=E Eint
γ Eint

γ =Eγ EGT E�
GT

12.2 ⊥jj 39.29 0.668 0.911 0.960 17.58 24.68
14.6 ⊥jj 19.2 0.608 0.567 0.963 10.32 14.51
16.2 ⊥jj 12.87 0.547 0.411 0.963 7.41 10.43
20.2 ⊥jj 5.41 0.444 0.199 0.961 3.43 4.84
12.2 jj 25.11 0.588 0.5 0.941 12.94 18.17
14.6 jj 13.16 0.498 0.306 0.942 7.22 10.16
16.2 jj 8.97 0.470 0.217 0.939 5.02 7.07
20.2 jj 3.8 0.367 0.106 0.934 2.16 3.05
12.2 ⊥⊥ 24.21 0.591 0.407 0.930 12.36 17.33
14.6 ⊥⊥ 12.58 0.513 0.245 0.929 6.65 9.34
16.2 ⊥⊥ 8.5 0.464 0.175 0.926 4.49 6.32
20.2 ⊥⊥ 3.5 0.353 0.085 0.919 1.78 2.51
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FIG. 3 (color online). The number of neutrons inside the sphere
of radius 15 fm around the target nucleus as a function of time for
the four impact parameters. We use the same convention as in
Fig. 1 for the possible orientations. The emission rate is inverse
proportional with the value of the impact parameter.
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the total number of neutrons inside a (smoothed) sphere of
radius 15 fm which is slightly larger than the nuclear
diameter (see Ref. [11] for details). For all these impact
parameters neutrons can leak from the excited system.
Since more energy is deposited in the nucleus with
perpendicular orientation with respect to the beam, the
rate of emitted neutrons is larger in that case. However, the
volume of the simulation box is large enough (about 40
times bigger than the nucleus) so that during the evolution
the calculations are not affected by the emitted neutrons.
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