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We propose the use of neutron poisons in reactions induced by radioactive beams as a test
of theoretical models aiming to relate neutron capture in nuclei with neutron surrogate
reactions such as (d, p) reactions. We exploit the approximations necessary to obtain
a direct relation between the two reactions: surrogate versus neutron capture. We also
show how this is intimately related to the momentum distribution of the neutron within
the deuteron. The models we use are based on the theory of inclusive breakup reactions
commonly employed in the treatment of incomplete fusion and surrogate method. Such
theories were developed in the 1980s by Ichimura, Austern and Vincent [Phys. Rev. C
32 (1985) 431], Udagawa and Tamura [Phys. Rev. C 24 (1981) 1348] and Hussein and
McVoy [Nucl. Phys. A 445 (1985) 124]. We use these theories to derive an expression
for the proton yield in the reaction A(d, p)X. The capture reaction n + A → X is then
extracted using reasonable approximations. By recalling an old method proposed by
Serber [Phys. Rev. 80 (1950) 1098; Proc. Roy. Soc. A 208 (1951) 559] we explain how the
momentum distribution of neutrons within the deuteron will depend on the short-range
dependence of the nucleon–nucleon force. The relevance of our work to nucleosynthesis
in the rapid neutron capture process is emphasized.

Keywords: Neutron poisons; (d, p) reaction; neutron capture; inclusive breakup reactions.

1. Introduction

Neutron capture reactions are of both fundamental and practical importance.1 Low-
energy neutrons are captured by a variety of targets, both stable and radioactive
with a great variation in the value of the cross-section. Most of these reactions can-
not be determined directly due to the experimental difficulty of performing reactions
with free neutrons. One often resorts to indirect methods which have proven to be of
immense benefit for nuclear astrophysics and for nuclear science in general.2,3 One of
such indirect methods uses transfer reactions to induce reactions in which the neu-
tron is a participant. These are often called “surrogate reactions” in which the neu-
tron is carried within a “Trojan” projectile and brought to react with the target.4

For example, in (d, p) reactions one hopes to infer neutron-induced cross-sections
on several nuclear targets by measuring the proton in the final stage.5,6 The sur-
rogate, or Trojan, method is even more important when studying neutron-induced
reactions on short-lived nuclei because it is extremely difficult to handle radioactive
samples. It is worthwhile mentioning that in recent years, the name “Trojan horse
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reactions” has been used for the particular case of a surrogate reaction involving
charged particles proceeding via direct reactions to specific resonances, or to a non-
resonant continuum. On the other hand, the name “surrogate reactions” often refers
to reactions proceeding via statistical averages of compound nucleus resonances. In
this paper, we do not adopt this distinction. In either case, the reacting particle is
not free but is carried along a “surrogate” or “Trojan” nucleus.

Despite numerous efforts to relate (d, p) and other surrogate reactions with
those induced by free neutrons, this research field is still somewhat murky, with
lingering problems still remaining. Perhaps the most difficult one is due to the
fact that the neutron within the deuteron will populate different angular momenta
in the target as compared to those populated by free neutrons. Due to the sen-
sitivity of the cross-sections on the angular momentum, this is a critical issue.7

One believes that when the compound nucleus reaction induced by a surrogate
can be well explained using the Weisskopf–Ewing method, and not necessarily the
Hauser–Feshbach method, then the reaction is closely related to that induced by
a free neutron.8 Some recent theoretical studies have dealt with this problem. In
Ref. 9, a detailed calculation based on post- and prior-form distorted wave Born
approximations (DWBAs) have shown that the cross-sections for surrogate reac-
tions are angular-momentum dependent and it was concluded that the Weisskopf
limit is inadequate. An optimistic scenario for the future experiments on surrogate
reactions was drawn in Ref. 31 where the authors claim to demonstrate, using as
benchmark the 95Mo(d, p) reaction, that (d, pγ) can be used as a surrogate reaction
for (n, γ) reactions of astrophysical interest.

Apart from the angular momentum matching issue, perhaps the simplest and
most difficult problem in (d, p) and other surrogate reactions is to quantify theoreti-
cally how parts of the neutron wave function within the deuteron are of importance
in the reaction. This question might lack clarity because one does not really observe
wave functions. Theorists think about wave functions while experimentalists only
can test observables. Of course, if one had a perfect reaction theory, such a ques-
tion might not even make sense, as one had all the quantum aspects of the problem
theoretically under control for the please of theorists and experimentalists alike.
But the fact is that there is no accurate theory to quantify how well surrogate
reactions work and what details of the neutron wave function within the deuteron
emerge in the reaction process. The sample of cases which have been studied so
far does not allow to discern what are the best theories for surrogate reactions,
as very phenomenological models are used including optical potentials containing
hidden information that are not transportable from one reaction problem such as
elastic scattering to another such as nuclear excitation in some particular chan-
nel. Despite such challenges, there are very few experimental alternatives to infer
neutron-induced reactions of relevance for nuclear science. Surrogate reactions are
indeed the most promising tool, and maybe the only one, to replace reactions with
free neutrons, and have had well documented successes.10–14
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Theorists can steadily increase the complexity model for surrogate reactions,
such as using sophisticated three-body scattering models, e.g., the Alt–Sandhas–
Grassberger (AGS) method to tackle the three-body nature of the reaction mech-
anism in (d, p) reactions.15,16 To it one can also include more complexities due to
excitation of specific nuclear states.17 But very basic questions about the connec-
tion of the two distinct neutron wave functions, namely, the bound state in the
deuteron and the free neutron wave function, have not been explored to content
in the literature. In this paper, we plan to tackle exactly this part of the prob-
lem: what are the necessary qualifications of the neutron wave function within a
surrogate nucleus to perform the same tasks as the free neutron? To simplify the
problem even further, we will not dwell on what exactly the free neutron will do
with the nuclei, either by inducing fission, γ-emission or any other reaction. To be
more specific we will assume that there is a total cross-section value stemming from
experiments using free neutrons. Then we ask what are the conditions needed to
relate (d, p) reactions to neutron reaction cross-sections. Another relevant issue is to
find out how to relate the low (<1 MeV) neutron energies in the laboratory to the
momentum distribution of the neutron within the deuteron. Most of the existing
radioactive beam facilities provide nuclei at several tens, or hundreds, of MeV per
nucleon which can be used to react with deuteron targets. This translates, within
a factor of 2, to a similar nominal energy for the projectile deuteron in inverse
kinematics. The neutron within the deuteron, captured at such mean energies, is
not of interest for neutron capture in stars or other applications of nuclear science.

To gain insight on such problems we do not need to use the most sophisticated
theories, but those who already include the main physics ingredients. The best
experimental scenario would involve the largest possible neutron reaction cross-
sections, as it would in principle also lead to the largest surrogate cross-sections.
This is the case of neutron poisons, for which the reaction cross-sections are huge,
sometimes as large as 3 million barns for low-energy neutron capture on 135Xe. It
is well under experimental reach to produce secondary beams of 135Xe nuclei in
fragmentation reactions and guide them to a deuteron target. Because of its large
total cross-section for free neutrons, we also expect a large (d, p) cross-section on
the same nucleus. With large number of events and good experimental statistics
this reaction, and other reactions with neutron poisons, would therefore constitute
a perfect benchmarking for tests of surrogate reactions. Such a test is crucial for
determining if much smaller cross-sections involving radioactive beams can be used
in conjunction with this technique to determine neutron capture reactions of interest
for nuclear astrophysics, such as those of relevance for the r-process.

This paper is organized as follows. In Sec. 2, we first give a summary of the
inclusive breakup theory as developed in Refs. 18–22. We use the simplest of these,
developed in Ref. 21, which does not require the solution of an equation beyond
the usual homogeneous optical Schrödinger equation, as do the prior-form theory of
Udagawa and Tamura,18 and the post-form theory of Ichimura et al.20 to the (d, p)
reactions on radioactive targets. The Hussein–McVoy (HM) theory has already
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been successfully applied to analyze breakup data in Refs. 23–30. Our sole goal
in this section is to show under what circumstances the (d, p) reaction can be
found proportional to the neutron reaction cross-section. In the case of very short-
lived exotic neutron-rich nuclei, an inverse-kinematics reaction must be considered,
i.e., d(A,X)p. This would be the same situation if one uses neutron poisons as
secondary beams. Concomitantly, the Serber–Butler model is used to determine the
approximations needed to prove that the knowledge of the momentum distribution
of the neutrons within the deuteron is fundamental for the calculation of surrogate
neutron cross-sections. The Serber–Butler model is a surface based theory, which
accounts for absorption at small distances between the reacting nuclei, and has
been applied successfully to describe transfer reactions. Based on these results, we
introduce a practical method to estimate the (d, p) cross-sections with the neutron
capture at low energies, En ≤ 1 MeV. These are the only energies of interest for
astrophysics that often cannot be accessed in experiments. In Sec. 3, we discuss
the relevance of neutron poisons for nuclear science and in Sec. 4, we apply our
formalism to the 135Xe(d, p) 156Xe and other surrogate reactions. We propose to
use them as benchmarks to test the effect of hybridity of the process. We present
our extracted capture cross-sections for the radioactive nuclei at low energies and
at energies involved during the r-process in stellar environments (Ele

n � 1MeV).
Finally, in Sec. 5, we present a brief discussion and our concluding remarks.

2. Factorization of Inclusive Breakup Reactions

2.1. General theory

In this section, we discuss the process in which a part of the projectile is captured
by the target nucleus. The remaining part of the projectile is considered to be a
spectator and merely scatters off, such as in a (d, p) reaction. Although we envisage
deuterons as targets in radioactive beam facilities, we term them as projectiles
based on the idea of working with them in normal kinematics. The experimental
observation involves a spectrum of this spectator fragment and our aim is to extract
from the measured spectrum the capture cross-section of the participant fragment.
Usually, one denotes the projectile by a = b+ x, where b is the observed spectator,
while x is the captured fragment. For (d, p) reactions, x = n (neutron) and b = p
(proton). The target is denoted by A. The exact Hamiltonian of the three-body
system, p+ n+A is given by

[E − (Kd +Kn +KA + Vpn + VnA + VpA + hA)]|Ψ(+)Φn
Aφd〉 = 0, (1)

where K is the kinetic energy operator, Vij is real interaction potential between
the pair ij and hA is the intrinsic Hamiltonian of the target nucleus A. The wave
functions Ψ(+),Φn

A and φd are, respectively, the exact scattering wave function
describing the relative motion of the p+ n+A, the intrinsic wave functions of the
target, and of the projectile. The first approximation we make is to neglect KA as
very little recoil the target will suffer since in most cases we consider, d/A � 1.
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Fig. 1. The coordinates used in the text are shown.

We notice however that for light nuclear targets recoil energies are important and
therefore our calculations are at best a rough estimative. The second approximation
is the spectator one, VpA → UpA, where UpA is the complex optical potential of the
proton fragment in the complex field of the target. The reaction to be considered is
d+A→ p+X , where d = n+p and the final nucleus is X = n+A. For simplicity,
we will not make explicit mention of angular momenta quantum numbers. A recent
work31 has addressed the angular momentum dependence in surrogate reactions. A
schematic representation of the reaction coordinates used in our text is shown in
Fig. 1.

The expression for the double differential cross-section of the proton being
observed has been derived by several authors,18–21

d2σ

dΩpdEp
= − 2

�vd
ρp(Ep)〈ρ̂n|Wn|ρ̂n〉, (2)

where ρp(Ep) = kpμp/[(2π)3�
2] is the density of states of the outgoing proton (with

μp being the reduced mass of p+X , and kp =
√

2μpEp/�2 being their relative wave
number. Here Ep = Ed−En. The neutron source function ρ̂n(rn) is calculated using
the post representation by Ichimura–Austern–Vincent (IAV),20 ρ̂n,IAV(rn), the prior
representation by Udagawa–Tamura (UT),19 ρ̂n,UT(rn), and the HM21 one is the
difference, ρ̂n,HM(rn) = ρ̂n,IAV(rn)− ρ̂n,UT(rn), as was demonstrated in Ref. 24 (see
Eqs. (3.14) and (3.16) of Ref. 24). In the HM representation the source function is
given by

ρ̂n,HM(rn) =
(
χ(−)

p |χ(+)
d φd〉(rn). (3)

The equations satisfied by these source functions are usually evaluated within the
DWBA. In Eq. (2), Wn is the imaginary part of the nA optical potential.

The post IAV source function equation is26,27

[En −Kn − UnA]ρ̂n,IAV(rn) = (χ(−)
p |[Vpn + UpA − UpX ]|χ(+)

d φd〉

≈ (χ(−)
p |Vpn|χ(+)

d φd〉, (4)
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and the prior UT source function equation,

[En −Kn − UnA]ρ̂n,UT(rn) = (χ(−)
p |[UpA + UnA − UdA]|χ(+)

d φd〉. (5)

The HM source function satisfies an equation which is just the difference between
Eqs. (4) and (5),

[En −Kn − UnA]ρ̂n,HM(rn) ≈ (χ(−)
p |[Vnp − (UnA + UpA − UdA)]|χ(+)

d φd〉. (6)

In the above φd(rnp) is the internal wave function of the projectile, χd(rdA) and
χp(rpA) are the distorted waves of the incoming projectile, d, and the outgoing
spectator fragment, p. These wave functions are distorted by the complex opti-
cal potentials, UdA(rdA) and UpA(rbA), respectively. The outgoing fragment, p, is
also distorted by the complex field of the final nucleus X , through the potential
UpX(rpX).

The IAV cross-section is then a sum of three terms,24

d2σIAV

dΩpdEp
=

d2σUT

dΩpdEp
+

d2σHM

dΩpdEp
+

d2σInt

dΩpdEp
. (7)

The last term is the interference contribution. The physical interpretation of the UT
and HM contributions was analyzed by several authors. For a recent discussion, see
Ref. 25. The UT cross-section corresponds to the explicit two-step process of elastic
breakup of d followed by the capture of fragment n by the target. The HM cross-
section represents the capture with concomitant excitation of the target, and the
inclusive direct excitation of the target by neutron. The IAV cross-section contains
all these contributions and thus is the most inclusive. Reference 27 made a careful
analysis of the inclusive cross-section by calculation each of the contributions. At
higher energies, the UT cross-section is small, and a reasonable approximation is
to set the IAV cross-section equal to the HM one. The advantage of the HM cross-
section is that the source function is just the nonorthogonality function ρ̂n,HM(rn) =
(χ(−)

p |χ(+)
d φd〉(rn). There is no need to solve the inhomogeneous equation. Eq. (6).

If the inhomogeneous terms in Eqs. (4)–(6), were to be ignored, the n fragment
source function becomes just the n distorted wave with the nA optical potential.
The cross-section, Eq. (2) then becomes the product of the density of states available
for the spectator fragment, p, ρp(Eb) times the total reaction cross-section of n with
the target. No reference to the incoming deuteron is maintained except the trivial
energy relation En = Ed − Ep.

For the purpose of this paper, namely studying neutron capture through the
(d, p) reaction, it is important to assess the difference between the free nA total
reaction cross-section and the one extracted from the (d, p) reaction. We develop
this in the following.

2.2. Deuteron-induced neutron capture

Here, we will show how for the case of the deuteron, the cross-section for (d, p)
reaction can be related to that for neutron-induced reactions. We use the HM21,28,29
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expression for the cross-section, as it is most appropriate for our purpose, being
based on DWBA approximation to the full three-body wave function representing
the entrance channel,30 and with a source function which does not require the
solution of an inhomogeneous equation, such as Eq. (6),

ρ̂n(rn) = (χ(−)
p (rp)|χ(+)

d (rn, rp)φd(rp − rn)〉, (8)

where χ is the optical model wave function (distorted wave), and φd is the intrinsic
wave function of the deuteron.

The above expression is obtained in the post representation where the interac-
tion in the final state is Vn,p. Note that the energy available for the nA system is
Ei +Bd−Ep, where Ei is the incident energy in the center of mass system of d+A,
Bd, is the binding energy of the projectile considered as a n+ p system, and Ep is
the variable energy of the observed proton. The total reaction cross-section of the
system n+A system in a n+A→ B reaction is

σnA
R =

kn

En
〈χ(+)

n (kn)|WnA(En)|χ(+)
n (kn)〉. (9)

Next we prove that an explicit relation between Eqs. (2) and (9) exists.
To exhibit this relation we have to analyze the source function

(χ(−)
p (rp)|χ(+)

d (rn, rp)φd(rp − rn)〉. If we use the approximation

|χ(+)
d (rn, rp)φd(rp − rn)〉 = |χ(+)

p (rp)〉|χ(+)
n (rn)〉φd(rp − rn), (10)

the source function becomes,

(χ(−)
p (rp)|χ(+)

d (rn, rp)〉 =
∫
drpSp(rp)φd(rp − rn)χ(+)

n (rn), (11)

where Sp(rp) ≡ Sk′
p,kp(rp) is the rp integrand in the integral that defines the elastic

S-matrix element of the spectator proton,

Sk′
p,kp =

∫
drpSk′

p,kp(rp). (12)

The inclusive nonelastic proton spectrum in the A(d, p)B reaction is then,

d2σ

dΩpdEp
=
kd

Ed
ρp(Ep)

∫
drpdrpdr′pφ

�
a(rp − rn)φd(r′p − rn)

×S�
p(r′p)Sp(rp)|χ(+)

n (rn)|2Wrn(rn). (13)

We now introduce the modified proton elastic Ŝ-matrix (not really a S-matrix
as additional dimensions were introduced),

Ŝp(rn) ≡
∫
drpφd(rp − rn)Sp(rp). (14)

Then the inclusive nonelastic (capture) cross-section is, for the protons,

d2σ

dΩpdEp
=
kd

Ed
ρp(Ep)

∫
drn|Ŝp(rn)|2|χ(+)

n (rn)|2Wn(rn)

=
kdEn

knEd
ρp(Ep)σ̂nA

R , (15)
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where the modified total reaction cross-section, σ̂nA
R , is

σ̂nA
R =

kn

En

∫
drn|Ŝp(rn)|2|χ(+)

n (rn)|2Wn(rn), (16)

to be compared to Eq. (9),

σnA
R =

kn

En

∫
drn|χ(+)

n (rn)|2WnA(rn). (17)

Equation (16) is quite similar to Eq. (17), for the total reaction cross-section of
the neutron. The major difference is the presence of the “φd-modified” elastic S-
matrix of the proton. Two factors enter in the difference between the two equations:
The internal wave function of the deuteron, and the “elastic” proton S-matrix.
Of course there is also the constraint on the energy of the neutron arising from
En = Ed +Bd − Ep. This proves our assertion that the (d, p) cross-section can be
related to the neutron-nucleus reaction cross-section, under certain approximations.
It also becomes clear how the ideal case of a direct proportionality of surrogate and
free neutron capture is spoiled by the presence of distortion effects within the matrix
elements. In the Supplementary Material, we show how to link the cross-sections
for surrogate reactions with the momentum distributions of the neutron within the
deuteron.

As demonstrated in this section, it is also clear that the geometric features
of the reaction, manifested through the reaction S-matrices, modify the simple
picture presented in the Supplementary Material. The lesson we had learned along
the way is that under certain circumstances the (d, p) cross-sections can be proven
proportional to the neutron capture cross-sections and at the same time it is also
dependent on a geometrically modified momentum dependence of the deuteron
wave function. In the next section, we will explore both of these features to assess
the important question on how much the (d, p) reaction contains information on
neutron capture cross-sections. We build our case on the results obtained in this
section as well as on that presented in the Supplementary Material.

2.3. Neutron surrogate factor and energy matching

In this section, we discuss a practical and transparent method to estimate the (d, p)
cross-section in terms of the neutron-induced reaction cross-section. To probe the
very low-energy neutron capture through the (d, p) reaction, one has to look at the
high-energy tail of the neutron energy spectrum within the deuteron. At the most
common high deuteron energies obtained in many present nuclear physics facili-
ties, one may venture and use the eikonal approximation for Sp(rp) = exp[iχ(bp)],
where

χp(bp) = i
kp

2Ep

∫ ∞

−∞
dz Up(z,bp), (18)

1950109-9
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and to it one also needs to add the Coulomb phase.32 In the above bp is the two-
dimensional proton impact parameter vector. For deuterons at 50MeV and above,
one can also resort to the same eikonal approximation for the neutron. In this
case, very transparent expressions emerge which help us to quantify the relation
between (d, p) and neutron-induced reactions. We follow some of the ideas laid
down in the previous section, the Supplementary Material, and in Ref. 33. Note
that the eikonal approximation is not justifiable for the lower part of the deuteron
energies we will discuss in this paper. Its use makes the expressions very easy to
understand, allowing for a probabilistic interpretation of the reaction cross-section.
A more justifiable procedure would be a partial wave expansion of the scattering
wave functions. But the expressions one obtains in that case lack clarity for what
we want to explore.

In the (d, p) reactions at moderately high energies (� 50MeV), one can use the
eikonal S-matrices to determine the neutron removal, 1−|Sn(bn)|2, and the survival
probability for the proton, |Sp(bp)|2, where bn and bp are the neutron and proton
coordinates transverse to the beam direction, usually interpreted as their impact
parameters in the classical limit. One also has to account for the probability of
finding the neutron within a distance r = rn − rp from the proton, which is given
by |φd(rn − rp)|2. In this formalism, the cross-section for the proton survival with
the neutron being absorbed by target nuclei (or by the projectiles in reactions with
secondary beams) is given by

σ−n =
∫
d2bnd

2bpdzp|Sp(bp)|2(1 − |Sn(bn)|2)|φd(rn − rp)|2. (19)

These integrals are entangled through the deuteron wave function, and the coordi-
nate definition rn − rp ≡ (bn −bp, zn − zp). The relation to the neutron absorption
cross-section is easily seen as a consequence of relaxation of the “entanglement”
of the neutron. That is, if the integration over the neutron variable bn would be
factored out, the neutron would act as a free particle. To prove this assertion, let us
assumes that |φd(rn − rp)|2 = 1/V , where V is an irrelevant normalization volume
for the p–n free wave wave function. One then gets

σfree
−n =

∫
d2bn(1 − |Sn(bn)|2)

[
1
V

∫
d2bpdzp|Sp(b)|2

]

= σnA
G

[
1
V

∫
d2bpdz|Sp(b)|2

]
, (20)

where σnA
G is the geometric neutron-nucleus cross-section. It is nearly the same as

the cross-sectional area of the matter density in the nucleus. This equation has a
similar form as Eq. (15), but with one caveat: σnA

G here is by no means equal to
σnA

R in Eq. (17), the “de facto” neutron-nucleus cross-section. However, Eq. (19) is
very useful in that it determines how much of the neutron within the deuteron is
free to react with the nucleus A.

1950109-10
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The above discussion shows that one can estimate the (d, p) cross-section by
defining a neutron surrogate factor, Pn/d, as

Pn/d(Ed) =
1
σnA

G

∫
d2bnd

2bpdzp|Sp(bp)|2(1 − |Sn(bn)|2)|φd(rn − rp)|2. (21)

The neutron surrogate factor incorporates the fact that the collision chops off a
chunk the deuteron wave function to make it available for the neutron capture.
This is encoded in the geometrical factors |Sp(bp)|2(1 − |Sn(bn)|2). It involves the
tail of the matter distribution associated with the deuteron wave function in graz-
ing collisions. The rest of the deuteron wave function is not effective for neutron
capture purposes. In contrast to the direct proportionality to the neutron momen-
tum distribution in the surrogate projectile, the geometrical factors |Sp|2(1−|Sn|2)
also constrain most of the available momenta of the neutron within the deuteron to
those small momenta matching the low-energy requirement to induce large reactor
and astrophysical relevant cross-sections.

Comparing to Eqs. (15)–(17), we see that the factor 1−|Sn(bn)|2 corresponds to
|χ(+)

n (rn)|2WnA(rn). The free neutron distorted wave is modified (absorbed) by the
neutron-nucleus optical potential WnA(rn) at small distances in a similar way as
the 1− |Sn(bn)|2 term does for Eq. (20) in high-energy collisions. It is also evident
that the difference between the reaction with a free neutron with that involving a
neutron within the deuteron is manifested through the proton survival requirement
in the factor |Sp|2. Indeed, as we showed in Eqs. (16) and (17), it is precisely this
difference which deems ineffective most of the neutron wave function within the
deuteron.

In order to be useful for estimates of neutron capture at the low energies or ener-
gies of relevance for reactor physics or nuclear astrophysics, one needs to estimate
how much of the deuteron wave function contains neutrons with those energies in the
laboratory frame of reference. The momentum distribution, or Fermi motion, of the
neutron within the deuteron is here denoted by |φ(q)|2. From this distribution one
has to select the momenta q corresponding to laboratory energies En < Ele

n , where
Ele

n is an arbitrary “threshold” for low-energy neutrons. Notice that we use the term
“low energies” in a loose way: for nuclear reactor physics, En � 1MeV (evidently,
this depends on what kind of fissile material is used), whereas for nuclear astro-
physics their energy is in the range of a few tens of keV. We will from now on assume
that Ele

n < 1 MeV. These are the most probable energies according to the Maxwell–
Boltzmann distribution for each of the relevant temperatures. In any of these situ-
ations, the neutron will have energies much smaller than the projectile deuterons.

Let us initially consider s-waves for the deuteron. In Fig. 2, we show three results
for the deuteron nucleon momentum distribution obtained with (a) the Hulthen34

momentum distribution (dashed line), and the corresponding distributions from the
Bonn35 (solid line) and from the Paris36 (dotted line) potentials. For a deuteron
projectile with 50MeV, only the tail of the momentum distributions above the ver-
tical line yields low-energy neutrons in the laboratory. For such values the relative
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Fig. 2. Three results for the deuteron nucleon momentum distribution. The Hulthen momentum
distribution (dashed line), and the corresponding distributions from the Bonn (solid line) and
from the Paris (dotted line) potentials. For a deuteron projectile with 30MeV, only the tail of the
momentum distributions above the vertical line yield low-energy neutrons in the laboratory.

number of neutrons available for capture at low energies in the laboratory decreases
by a factor 10−4−10−2 depending on the neutron wave function used. At such high
momenta, the distribution is also very sensitive to the short distance features of the
deuteron wave function, including the effects of short-range part of the interaction.
Therefore, in contrast to what has been discussed in the literature so far, surrogate
reactions at radioactive beam facilities are also complicated by the lack of a good
understanding of short-range correlations in nuclei. Indeed, the topic of short-range
correlations in nuclei has attracted a large interest in recent years, due to its con-
nections to problems as far-reaching as the equation of state of nuclear matter in
neutron stars.37,38 Its relation with surrogate reactions has not been explored so far.

We define the “momentum matching function”

Φ(Ed;Ele
n ) =

1
6

∫ Ed+Ele
n

Ed−Ele
n

|φ(q)|2d3q∫ ∞

0

|φ(q)|2d3q

, (22)

as a measure of the low-energy neutrons seen in the laboratory for deuterons with
energy Ed. The factor 1/6 accounts for 1/3 of the neutrons moving along the beam
direction, and only 1/2 of them with momenta greater than zero in the laboratory.
The function (22) effectively measures the probability that very low laboratory
energy neutrons are available in surrogate reactions. We will use the Hulthen34

to calculate the matching function, as displayed in Fig. 3. We observe that the
momentum matching function (probability) for the capture of low-energy neutrons
by the target for a deuteron projectile with energy Ed decreases steadily with the
deuteron energy, as expected.
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Fig. 3. Momentum matching function (probability) for the capture of low-energy neutrons by
the target for a deuteron projectile with energy Ed.

In terms of the neutron surrogate factor and the momentum matching proba-
bility, the (d, p) cross-section becomes a fraction of the n–A reaction cross-section,
and is determined by the product

σ
s(d)
(d,p)(En) = P

s(d)
n/d (Ed) · Φ(Ed;Ele

n ) · σnA
R , (23)

where P s(d)
n/d (Ed) is the neutron surrogate factor for the s(d) parts of the deuteron

wave function, calculated for incident deuteron energy Ed. We will use this equation
with the experimental values of σnA

R to calculate (d, p) reactions for which the
neutron is captured at energies En. We again emphasize that, while this method
is justifiable for high-energy deuterons, at a few tens of MeV and higher, it is not
thought to be appropriate at lower energies. However, it serves as a guidance for
a quite complicated problem, which so far has not found a robust and accurate
theoretical treatment in the literature.

The above discussion highlights the key problems in using deuteron as a sur-
rogate for neutron-induced reactions at low energies. Indeed, since the matching
function decreases with increasing deuteron energy, one might expect that the best
scenario would be to carry out experiments at low deuteron energies. However, due
to the Coulomb repulsion the neutron capture will also decrease due to a smaller
overlap of the deuteron wave function with the target. We will prove this assertion
later.

3. Neutron Poisons

In the case of the stable 10B and 157Gd, the cross-sections for the absorption of ther-
mal and epithermal (En � 0.4 eV) neutrons are, respectively, 3.80× 103 barns and
2.54 × 105 barns. Recently, a surprisingly large thermal neutron absorption cross-
section of 8.61×105 barns was observed for 88Zr.42 Such large values, combined with
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Table 1. Absorption cross-sections for thermal and epithermal neu-
trons (En � 0.4 eV) on several nuclei across the periodic table.

The choice of the nuclei was dictated by the mass region and the
disparity in the value of the neutron capture cross-section between
adjacent nuclei or isotopes, when available. The full compilation can
be found in Ref. 41. Data for Xe isotopes were taken from Refs. 43
and 44. Recently, a surprisingly large thermal neutron absorption
cross-section of 8.61 × 105 barns was observed for 88Zr.42

Nucleus Cross-section (barn) Nucleus Cross-section (barn)

9Be [8.77 ± 0.35] × 10−3 84Kr 0.111 ± 0.015
10B 0.5 ± 0.0.1 88Zr [8.61 ± 0.69] × 105

14N [79.8 ± 1.4] × 10−3 103Rh 145 ± 2
15N [0.024 ± 0.008] × 10−3 113Cd [2.06 ± 0.04] × 104

16O [0.19 ± 0.019] × 10−3 114Cd 0.34 ± 0.02
20Ne [37 ± 4] × 10−3 135Xe 2.65 × 106 [43]
21Ne 0.666 ± 0.110 136Xe ∼1 × 10−3 [44]
28Si [177 ± 5] × 10−3 149Sm [4.014 ± 0.06] × 104

40Ar 0.660 ± 0.01 157Gd [2.54 ± 0.008] × 105

40Ca 0.41 ± 0.02 159Tb 23.3 ± 0.4
56Fe 2.59 ± 0.14 208Pb [0.23 ± 0.03] × 10−3

59Co 37.18 ± 0.06 209Bi 0.0338 ± 0.0007
58Ni 4.5 ± 0.2 232Th 7.35 ± 0.03
63Cu 4.52 ± 0.02 238U 2.68 ± 0.019

their chemical properties, make them quite valuable in medical applications, such
as the Boron Neutron Capture Therapy (BNCT)39 and the Gadolinium Neutron
Capture Therapy (GNCT).40 Other cases of large neutron capture cross-sections
are 153Cd, 2×104 barns, and 135Xe, 3×106 barns. The cadmium isotope 113Cd is a
reactor “poison” and is commonly used as a neutron absorber–moderator in reac-
tors and in other applications. In the case of the radioactive nucleus 135Xe (whose
lifetime is about 10 h), the very large capture cross-section reaches atomic values.
Nuclei in the vicinity of these isotopes exhibit much smaller cross-sections. To give
an idea of the values of the neutron capture cross-sections on selected nuclei, we
reproduce an empirical list adapted from Ref. 41 in Table 1. Data for Xe isotopes
were taken from Refs. 43 and 44.

The reason behind the very large neutron capture cross-sections with neutron
poisons is not yet fully understood,45 and most likely the phenomenon is a sta-
tistical one. A simple picture of a capture through an isolated compound nucleus
resonance seems to require very stringent conditions on the resonance position,
which are seldom met. Accordingly, theorists make the unavoidable assumption
that these cross-sections are large by fortunate or unfortunate chance. An attempt
to get a more precise statement concerning this matter, was made in Ref. 46. In this
reference it is suggested that the capture process proceeds through a simple 1p-2h
doorway in the compound system of the type proposed in connection with interme-
diate structure.47–50 Though the large values of the cross-section can be obtained
with a judicious choice of the energy of the doorway resonance, the probability for
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this to actually happen was found to be,46

P (η0) =
1
2π

1
1 + η0

, (24)

where η0 ≡ ΓD,n/Γq,n is a measure of the doorway enhancement. ΓD,n and Γq,n

are the doorway and compound neutron widths, respectively. Generally, the former
is in the keV region, while the latter in the eV region. Therefore, there is a very
small probability for the occurrence of the doorway enhancement. Accordingly, very
large values of neutron capture cross-sections are inhibited by statistics, and one is
bound to remain in the random phenomenon domain. This conclusion would also
hold for unstable nuclei.

Recently, interest in extracting the neutron capture cross-section by stable nuclei
at higher energies through the (d, p) reaction has arisen in part for application to
next generation reactors (fast breeder reactors fueled by 238U and 232Th), and
in part for the study of the reaction mechanism of weakly bound stable nuclei.26

There is also potential application to the production of elements in the r-process
of nucleosynthesis. In a recent publication Ref. 9, tested the surrogate method51

in the case of (d, p) reaction on the actinide nuclei to be used in these projected
reactors. For this purpose, they employed the theory of inclusive nonelastic breakup
reactions, where the proton is treated as a spectator, merely scattering off the target,
and the neutron is captured by the target, and, at higher energies, inelastically
scattering from it. Other papers on the (d, p) reaction were also published recently
dealing with the same issue.26,52 Reference 26 also discussed the application of
this hybrid picture (direct breakup followed by compound nucleus formation of the
subsystem). In Ref. 53, a comprehensive discussion of the (d, p) reactions along the
above lines are given.

At much higher deuteron or other breaking projectiles energies, researchers
relied on the very simple but physically transparent Serber model.54 The applica-
tions at low energies mentioned above rely on theories of inclusive breakup reactions
developed back in the late 1970s and in the 1980s.18–22,55–57 So far, no attempt has
been made to apply the hybrid theory to the extraction of the neutron capture
cross-section involving radioactive nuclei. Our purpose in this work is to supply
this missing information, which can be of great importance to the nucleosynthesis
of elements in the r-process where many radioactive isotopes are encountered along
the way to the stable elements.

4. Surrogate Reactions with Neutron Poisons

Neutron poisons are nuclei having very large neutron reaction cross-sections. Based
on our discussion in the previous sections, one also expects that the cross-sections
induced in (d, p) reactions would be also proportionally large. The study of neutron
capture by radioactive nuclei is important both for the understanding the role of
the excess neutrons on the capture process as well as for application to r-process
nucleosynthesis, where the capture happens faster than the β-decay of the nuclei
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produced in core-collapse supernova and neutron star mergers. Whereas the capture
by stable nuclei can be studied in the laboratory using the usual arrangement of
a fixed stable nuclear target, the case of radioactive nuclei, is more complicated.
Depending on the lifetime of the nucleus, using it as a target can be possible, such
as the case of 135Xe, but if the lifetime is in the millisecond or shorter, one has to
use the capturing nucleus as a projectile and, the deuteron as the target. Because
the reaction with a neutron poison is much larger than usual, we propose that it
can be used to test the reliability of surrogate method. Next we estimate of cross-
sections of (d, p) reactions on such nuclei that can be used a guide for experimental
studies.

In order to calculate the pertinent S-matrices needed for a numerical estimate,
we define Si(b) = exp[iχi(b)] with i = n, p, in terms of eikonal phase χi(b)]. In
collisions at high energies, instead of Eq. (18) a standard expression for the eikonal
phase, is given in terms of the nucleon–nucleon cross-sections by

χi(b) = i
σ

(i)
NN

4π

∫ ∞

0

dq q ρi(q)ρA(q)J0(qb) + χC(b), (25)

where σ
(i)
NN is the isospin averaged nucleon–nucleon cross-section, ρA(q) is the

Fourier transform of the (spherical) nuclear matter density, and ρd(i) is that for the
nucleon, and J0 is the cylindrical Bessel function. We assume a Gaussian density
for the matter distribution in the nucleon with a Gaussian parameter a = 0.71 fm.
The isospin average cross-sections are given by σ

(n)
NN = (Nσpp + Zσnp)/A and

σ
(p)
NN = (Zσpp + Nσnp)/A. In Eq. (25), χC(b) is the Coulomb phase, calcu-

lated according to Eq. (20) of Ref. 58. To account for nuclear recoil due to
Coulomb repulsion, the eikonal phase in Eq. (25) is calculated with the replace-
ment b → b′ = a+

√
a2 + b2 where a = ZdZT e

2/μv2 is half the distance of closest
approach in a head-on collision of the deuteron and the target.

In Fig. 4, we plot the neutron surrogate factor for the reactions d+ 135Xe and
d + 157Gd as a function of the deuteron projectile energy Ed (solid and dashed
lines, respectively). We assume a s-wave deuteron wave function. One observes a
steep increase of the surrogate factor which is mainly due to the Coulomb repul-
sion at small energies and a consequent reduced overlap between the deuteron wave
function with the target in close collisions. Therefore, we see that the momentum
matching function (see Fig. 3) and the neutron surrogate factors behave with oppo-
site trends as a function of the projectile bombarding energy. As we show in Fig. 5,
eventually, the momentum matching function wins over the surrogate factor energy
dependence and the cross-sections fall steeply with the projectile energy. In the
figure, we plot the cross-section in barns for the capture of neutrons in (d, p) reac-
tions as a function of the deuteron energy for a s-wave deuteron wave function. It
is evident from the figure that the best energy range for using (d, p) reactions as a
tool for neutron capture is in the region of Ed = 10 − 50MeV. In this bombarding
energy region the cross-sections are very sizable. For d+135Xe it reaches a few barns
and for d+ 157Gd it reaches a few hundreds of milibarns at their peak values. These
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Fig. 4. Neutron surrogate factor for the reactions d + 135Xe and d + 157Gd as a function of the
deuteron projectile energy Ed.

Fig. 5. Cross-sections for neutron capture in the reactions d+ 135Xe and d+ 157Gd as a function
of the deuteron energy Ed (solid and dashed lines, respectively). The dotted line displays the
n+135Xe cross-section, Eq. (17), calculated with an optical potential constructed in a similar way
as for the deuteron.

are large cross-sections from the experimental point of view. In a usual radioactive
beam facility such as in RIKEN/Japan, it would lead to a large number of events
and very good statistics, allowing for a fine test of surrogate theories for nuclear
reactions, such as in (d, p) reactions.

In Table 2, we show our results for the cross-sections for neutron-induced cap-
ture using (d, p) reactions for several nuclei and for 30MeV deuterons in inverse
kinematics. We highlight the large cross-sections for 135Xe and 157Gd. Such large
cross-sections make it amenable to experimental investigation using beams of 135Xe
and 157Gd incident on deuteron gas targets. On the other hand, our results also
show that the zero point motion of the neutron inside the deuteron reduces the
extracted capture cross-section from its value for free neutrons by several orders of
magnitudes.
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Table 2. Neutron-induced capture cross-section in (d, p) reactions for several target
nuclei and for 30 MeV deuteron projectiles. We highlight the large cross-sections for
135Xe and 157Gd.

Nucleus σs (mb) σd (mb) Nucleus σs (mb) σd (mb)

59Co 2.01 × 10−2 5.08 × 10−3 149Sm 11.3 3.48
58Ni 1.63 × 10−3 9.26 × 10−4 157Gd 7.31 × 101 17.3
63Cu 2.41 × 10−3 9.06 × 10−4 159Tb 7.29 × 10−3 1.55 × 10−3

88Zr 1.54 × 102 0.37× 102 232Th 2.76 × 10−3 8.07 × 10−3

135Xe 7.02 × 102 2.85× 102 238U 4.61 × 10−4 2.25 × 10−4

It is important to notice that here we have only used the information on the
large value of the neutron capture cross-section on 135Xe to perform an analysis of
the (d, p) cross-section for the same nucleus. This is done by using Eq. (23) with
the input of σnA

R (En) taken from experimental data. It is assumed to be a very
narrow resonance with width parameters Γγ ∼ 90MeV and Γn ∼ 25MeV.61–63

Because the resonance is so narrow, it is factored out in Eq. (23) and replaced
with its integrated value σnA

R . In Fig. 5, the dotted line displays the n + 135Xe
cross-section, Eq. (17), calculated with an optical potential constructed in a similar
way as for the deuteron. Up to 20 partial waves were included in the calculation
of σnA

R . As expected, the cross-section is very different, much smaller, than the one
obtained experimentally. As mentioned previously, there has been few attempts to
describe the behavior of this cross-section and its unexpectedly large cross-section
and most of the theoretical methods have been phenomenological ones. The best
attempt known to date assumes a statistical fluctuation to explain the very large
neutron capture cross-section as a random occurrence of 2 particle-1 hole doorway
states interacting with compound-nucleus resonances that can, under unforeseable
statistical circumstances, give rise to substantially enhanced reaction rates.42,46

This statistical approach might explain why such resonances exist, but it is not
predictive for which nuclei the large cross-sections will occur.

5. Conclusions

In this paper, we have supplied the theoretical framework needed to make credible
estimates of the neutron capture cross-section involving both stable and radioactive
nuclei in inverse kinematics. The theoretical basis of our method is the theory of
inclusive breakup reactions which has been developed in the 1980s and used for the
(d, p) reactions in recent years by numerous authors.9,26,27,31,53

The model developed here was used to obtain the deuteron nonelastic breakup
cross-section for the reactions 135Xe(d, p)136Xe and 157Gd(d, p)158Gd. A new neu-
tron poison, with a surprisingly large thermal neutron absorption cross-section of
8.61× 105 barns was observed for 88Zr.42 The calculation is performed at deuteron
energies and appropriate cuts in the cross-section formula which guarantees that
the neutron capture cross-section embedded in our formulae, corresponds to low
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neutron energies. The obtained deuteron cross-sections for the above systems was
found to be close to 1 barn, making its measurement feasible.

In free space the neutron capture by 135Xe is measured by a cross-section of
the order of 2.5 × 106 barns while that of 157Gd is 2.4 × 105 barns. In the (d, p)
reactions the extracted capture cross-section should in principle be also large. This
would require paying special attention to the effects of zero point motion of the
neutron inside the deuteron as one performs an unfolding of our formulae. This
conveys the message that the extracted capture cross-section must be judiciously
corrected in order to obtain the desired “free” neutron capture one. The Surrogate
method, being based on the same theory of inclusive breakup, should be similarly
assessed in light of what we have obtained here.9

The approximations done in this work leading to the numerical results, are
very restrictive. Perhaps the most critical assumption is the use of eikonal wave
functions for the scattering states. Our only justification is to obtain transparent
equations allowing us to identify the main physics problems. Another simple idea,
yet to be explored experimentally, is to use neutron poisons as a benchmark for
(d, p) reactions due to their large cross-sections. If the neutron within the deuteron
well described by reaction theory to infer the cross-sections for free neutrons from
(d, p) reactions, the huge neutron capture cross-sections with neutron poisons should
naturally translate into rather large (d, p) cross-sections with the same nuclei.

Every so often a work appears in the literature addressing some of the questions:
(a) Are the theories for neutron transfer accurate enough to access the low neutron
energies needed to describe neutron-induced fission, or even nuclear astrophysics
processes? (b) Are the published theory benchmarks done with a surrogate reaction
for neutron capture in one nucleus also applicable to all other nuclei? (c) Is it
possible to select the angular momenta transfer in (d, p) reactions to those in the free
neutron case? (d) Are other probes, such as halo nuclei, better than the deuteron?
Due to the complexity of the reaction mechanism, the lack of knowledge of all
optical potentials needed, and experimental limitations in general, other seemingly
difficult questions can be added to this list.
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Supplemental Material

A-Cross-Section Dependence on the Neutron Momentum Distribution

Theory for A(d, p)B reactions
Here we demonstrate a relation between the (d, p) cross section to the neutron

induced cross section emphasizing the dependence on the momentum distribution
of nucleons in the nuclei. The c.m. recoil momentum of the spectator p is denoted
by Pf which is the negative of the recoil momentum of the A + n = X system. If
we denote the momentum transfer, which is the difference between the final and
initial momenta, by qk, for the k-particle where k = p, n, A, we have

qp = Pf − mp

mp +mn
Pi � Pf − Pi

2
(1)

qn = − mn

mA +mn
Pf − mn

mp +mn
Pi � −mn

mX
Pf − Pi

2
(2)

qA = −mA

mX
Pf + Pi. (3)

Because the mass arrangements are not the same in the initial and the final states,
the reduced masses μi and μf associated with the initial and the final momenta are
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different. μi and μf are given by

1
μi

=
1

mp +mn
+

1
mA

� 1
2mp

+
1
mA

,
1
μf

=
1
mp

+
1
mX

. (4)

The total energy E is given by (we use c = 1)

E = mA +md +
P2

i

2μi
− εnp = mp +mX +

P2
f

2μf
+ εnA (5)

where P 2
i /2μi and P 2

f /2μf are the initial and final kinetic energies, and both εnp

and εnA are positive quantities denoting the binding energies of n+ p = d and the
continuum energy of the n+A = X system. We assume that n+A is unbound.

The Q-value for the reaction is given by Q = P2
f/2μf + εnA − P2

i /2μi + εnp =
Δm, where Δm = mA +md−mX −mp. The center of mass of particles (n+p) and
(n + A) are given by Rnp = mprp +mnrn/md, and RnA = mnrn +mArA/mX ,
respectively. Since the center of mass remains fixed, the independent sets of coor-
dinates are both the relative coordinates of the particles in the bound systems and
the differences between the coordinates of the free particle and the center of mass
of these particles. Thus, rnp = rn − rp, with ri = rA − Rnp, and rnA = rn − rA,
with rf = rp − RnA, are the set of independent coordinates initially and finally,
with the condition mprp + mnrn + mArA = 0. That is, the center of mass of the
whole system is at rest.

The momenta associated with these coordinates can be calculated by using the
definition of canonical momentum, i.e., Pk = (1/i)∂/∂rk, with k = i, f , np, nA
(for now, to simplify notation, we use � = 1). We obtain

pnp = μnp

(
pp

mp
− pn

mn

)
, Pi = μi

(
pp + pn

md
− pA

mA

)
,

pnA = μnA

(
pn

mn
− pA

mA

)
, Pf = μf

(
pp

mp
− pn + pA

mB

)
, (6)

where μnp and μnA are the reduced masses of (n + p) and (n + A), respectively.
The kinetic energy operator, Tcm, in the center of mass system is therefore

Tcm =
p2

np

2μnp
+

P2
i

2μi
=

p2
nA

2μnA
+

P2
f

2μf
. (7)

The total Hamiltonian for the system is

H = Tcm + Vnp + VpA + VnA, (8)

and the wave functions for the states of the initial (n+ p)-bound and final (n+A)-
unbound systems are(

p2
np

2μnp
+ Vnp

)
φnp(rnp) = −εnpφnp(rnp), and

(
p2

nA

2μnA
+ VnA

)
φnA(rnA) = εnAφnA(rnA),

(9)
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where both εnp and εnA are positive quantities. We denote by χi(ri) and χf (rf ) the
wave functions of the free particle A with respect to the center of mass of (n + p)
in the initial state, and of p with respect to the center of mass of (n + A) in the
final state, respectively. The total wave functions ψ(rnp, ri) and ψ(rnA, rf ) can be
expanded as follows

ψ(rnp, ri) =
∑

α

φα(rnp)χα(ri), ψ(rnA, rf ) =
∑
α

φα(rnA)χα(rf ), (10)

where α stands for a complete set of states of the bound system and the free particle.
From Eqs. (10) we get

χi(ri) =
∫
φ∗np(rnp)ψ(rnp, ri)d3rnp, and

χf (rf ) =
∫
φ∗nA(rnA)ψ(rnA, rf )d3rnA.

(11)

To obtain the equation satisfied by χi(ri), we note that P 2
f = −∇2

f . From (5),
(7) and (8) we have

Hψ(rnA, rf ) =

(
p2

nA

2μnA
+

P2
f

2μf
+ Vnp + VpA + VnA

)
ψ(rnA, rf )

=

(
P2

f

2μf
+ εnA

)
ψ(rnA, rf ) , (12)

or

1
2μf

(∇2
f + P 2

f )ψ(rnA, rf ) =
(

p2
nA

2μnA
+ Vnp + VpA + VnA − εnA

)
ψ(rnA, rf ). (13)

Applying the operator (∇2
f +P 2

f ) to χf (rf ) in Eq. (11) and using Eqs. (9) and (13),
we obtain

(∇2
f + P 2

f )χf (rf ) = 2μf

∫
φ∗nA(rnA)[Vnp + VpA]ψ(rnA, rf )d3rnA. (14)

The solution for χf (rf ) can be obtained by using the outgoing Green’s function
−exp[iPf |rf − r|](4π|rf − r|)−1. Thus,

χf (rf ) = −μf

2π

∫
exp[iPf |rf − r|]

4π|rf − r| φ∗nA(rnA)[Vnp + VpA]ψ(rnA, r)d3rnA d3rf ,

(15)

and the reaction scattering amplitude is

f(θ, φ) = −μf

2π

∫
φ∗nA(rnA) exp(−iPf · rf )[Vnp + VpA]ψ(rnA, rf )d3rnAd

3rf .

(16)

The above result is exact. No approximations have been made so far.
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5.1. Serber & Butler model

As it stands, Eq. (16) is not very useful. Here we will use the Born approximation
(also called Serber or Butler theory54,59 for direct reactions) which has been very
successful to describe direct reactions. It is usually applicable to the situation in
which n + A is a bound system. In the Butler model one assumes that due to the
short range of the Vnp and VpA interactions (neglecting Coulomb), the integrals in
Eq. (16) selects nearly equal coordinates of the wave functions involved. Therefore,
one may replace ψ(rnA, rf ) � ψ(rnp, ri) and assume a plane wave for the relative
motion to leading order. That is,

ψ(rnA, rf ) � φnp(rnp) exp[iPi · ri]

= φnp(rnp) exp[−iPi · Rnp + iPi · rA], (17)

and the reaction scattering amplitude becomes

f(θ, φ) � −μf

2π

∫
φ∗nA(rnA) exp(−iPf · rf )[Vnp + VpA] exp[iPi · ri]

×φnp(rnp)d3rnAd
3rf

= −μf

2π

∫
φ∗nA(rnA) exp(iqn · rnA − iqp · rnp)[Vnp + VpA]

×φnp(rnp)d3rnpd
3rnA, (18)

where we made use of the equalities

−Pf · rf + Pi · ri = qn · rnA − qp · rnp, and d3rnA d3rf = d3rnpd
3rnA.

The transfer reaction cross section, σ(θ, φ) = (vf/vi)|f(θ, φ)|2, is thus given by

σ(θ, φ) =
μiμf

(2π)2
Pf

Pi

∣∣∣∣
∫
φ∗nA(rnA) exp(iqn · rnA − iqp · rnp)[Vnp + VpA]

×φnp(rnp)d3rnpd
3rnA

∣∣∣∣
2

. (19)

Equations (18) and (19) can be further simplified by neglecting the interaction
VpA between particles p and A. This is done because in the reaction (n+ p) +A→
p + (n + A) particles A and p never appear in a bound or resonant state. Hence,
the integrals factorize, and we get

σ(θ, φ) � μiμf

(2π)2
Pf

Pi

∣∣∣∣
∫

exp(iqn · rnA)φ∗nA(rnA)d3rnA

∫
exp(−iqp · rnp)Vnp(rnp)

×φnp(rnp)d3rnp

∣∣∣∣
2

. (20)
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Now, using the identity [−∇2
np/(2μnp)− q2p/(2μnp)] exp(−iqp ·rnp) = 0, and the

first of Eq. (9) it is straightforward to show that∫
exp(−iqp · rnp)Vnp(rnp)φnp(rnp)d3rnp

= −
(
εnp +

q2p
2μnp

)∫
exp(−iqp · rnp)φnp(rnp) d3rnp. (21)

Thus,

f(θ, φ) � −μf

2π

(
εnp +

q2p
2μnp

)
Gnp(qp)GnA(qn), (22)

and

σ(θ, φ) � μiμf

(2π)2
Pf

Pi

(
εnp +

q2p
2μnp

)2

|Gnp(qp)|2|GnA(qn)|2, (23)

where

Gnp(qp) =
∫

exp(−iqp · rnp)φnp(rnp)d3rnp and

GnA(qn) =
∫

exp(iqn · rnA)φ∗nA(rnA)d3rnA.

(24)

We thus have shown that the transfer cross section samples momentum distri-
butions of the spectator (or the participant) within the d = n+ p nucleus. It also
shows that the same information is extracted for the target. This is manifested in
the factorization of the form factors in two separated parts, one involving only n

and p, and the other involving n and A. The two integrals in Eq. (24) are however
constrained through the energy-momentum conservation relations Eq. (1)–(3), (5)
which need to be enforced.

5.2. Relation to the neutron-nucleus cross section

Following the discussion above, we will show below that the A(d, p) reaction can
be related to the free n-A cross section by means of

dσdp

dEpdΩp
=

μiμf

16μ2
nA

Pf

Pi

(
εnp +

q2p
2μnp

)2

|Gnp(qp)|2 dσnA

dEnAdΩnA
, (25)

But notice that we have introduced the notation EnA and ΩnA so that it becomes
clear that the energies and scattering angles for nA scattering and that of the
emitted proton in the (d, p) reaction, e.g., Ep and Ωp are related by the energy-
momentum conservation relation Eq. (1)–(3), (5). It also means that the reaction
will sample only those values of qp in accordance with the energy-momentum con-
servation relations Eq. (1)–(3), (5).
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For large projectile energies the energy-momentum conservation will sample very
large values of qp in the deuteron form factor Gnp(qp), largely reducing |Gnp(qp)|2
and the (d, p) cross section. This is because the proton almost at rest in the deuteron
will need a large momentum transfer to become a free energetic proton in the final
channel. In the other end of the spectrum, if the final proton has a small energy, the
momentum transfer qp will be small and |Gnp(qp)|2 might be large. But then the
neutron energy has to be accordingly large and the cross section dσnA/dEnAdΩnA

will become very tiny. Therefore, we will expect that the (d, p) cross section in
Eq. (28) will, for any value of qp, be much smaller than that for n-A. Since the later
is extremely large for neutron poisons such as 135Xe, we expect that the 135Xe(d, p)
cross section might still be very large for some range of incident energies and phase
space combinations.

5.3. Regularization of neutron transfer to the continuum

While Gnp converges because φnp(rnp) is a bound state, GnA diverges due to
φnA(rnA) being a continuum wave function. An evaluation of the second integral
in Eq. (24) needs a regularization procedure, which can be achieved by working
with the asymptotic behavior of the scattering wave function when the energy is
close to a resonance. We will assume that φnA(rnA) represents a resonant state and
that the resonance energy is given by E0 + iΓ/2, so that k2/2μnA = E0 + iΓ/2
and that asymptotically the system has obeys the outgoing boundary condition
φnA → fnA(θn) exp(iqnr)/r.

We assume that close to the resonant momentum k the form factor behaves as

GnA(qn) =

√
Cgn(k)

q2n − k2 − iε0+
, (26)

where C is a constant to enforce correct dimensionality, ε0+ is a small positive
number to enforce outgoing spherical conditions, and we look for a function gn(k)
which satisfies it. The inverse Fourier transform using the asymptotic limit of φnA

yields

fn(θn)
exp(iqnr)

r
=

1
(2π)3

∫
d3k exp(ik · rnA)GnA(qn)

=
1

(2π)3

∫
d3k

√
Cgn(qn)

q2n − k2 − iε0+
exp(ik · rnA)

=
√
Cgn(qn)

2π2

∫
dk

kj0(kr)
q2n − k2 − iε0+

� i

π

√
Cgn(qn)

exp(iqnr)
r

.

(27)

In the last step we have made use that r is very large, followed by the theorem of
residues to calculate the remaining integral.
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The above result shows that, close to a resonance, gn(qn) = −iπf(θn)/
√
C.

Therefore, the cross section in Eq. factorizes as

σ(θ, φ) � μiμf

16μ2
nA

Pf

Pi

(
εnp +

q2p
2μnp

)2

|Gnp(qp)|2 dσnA

dEndΩn
, (28)

where
dσnA

dEndΩn
=

|fn(θn)|2/C
(E − E0)2 + Γ2/4

, (29)

where for a given energy, dσnA/dΩn = |fn(θn)|2. Although this result has been
derived by assuming a resonance behavior of the neutron-nucleus cross section, one
can use it for the very large cross sections for neutron scattering off nuclei at very
low energies.

6. Hulthen Wave Function

In Eq. (22)

φ(q) =
1

(2π)3

∫
ψd(r)e−iq·rd3r =

1
2π2q

∫ ∞

0

rψd(r) sin(qr)dr. (30)

For the Hulthen wave function,34

ψd(r) = A
u(r)
r

= Ae−αr(1 − e−μr)/r, (31)

where A is a normalization constant. The term e−μr modifies the asymptotic form
e−αr at small distances in such a way that u(0) = 0, and more specifically u ∼ r,
as is reasonable for s waves. The parameter α can be obtained in terms of the
separation energy of the deuteron, S = �

2α2/mN = 2.22MeV, where mN is the
nucleon mass. The constant μ can be determined from the effective range parameter,
r0, as approximately34,60

μ =
3 + αr0 + (α2r20 − 10αr0 + 9)1/2

2r0
, (32)

The normalization constant A can be expressed in terms of α, and the effective
range.
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