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Abstract. We show how one can calculate radiative capture cross sections and astrophysical S-
factors for nuclei in the mass region A < 20 using potential models. We produce a sizeable list
of cases for which the model works well. Useful quantities, such as spectroscopic factors and
asymptotic normalization coefficients, are obtained and compared to published data.
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POTENTIALS AND WAVEFUNCTIONS

We adopt nuclear potentials of the form

V (r) =V0(r)+VS(r) (l.s)+VC(r) (1)

where V0(r) and VS(r) are the central and spin-orbit interactions, respectively, and VC(r)
is the Coulomb potential of a uniform distribution of charges:

VC(r) =
ZaZbe2

r
for r > RC, and VC(r) =

ZaZbe2

2RC

(
3− r2

R2
C

)
for r < RC, (2)

where Zi is the charge number of nucleus i = a,b.
We use a Woods-Saxon (WS) parameterization to build up the potentials V0(r) and

VS(r), given by

V0(r) =V0 f0(r), VS(r) =−VS0

(
h̄

mπc

)2 1
r

d fS(r)
dr

, fi(r) =
[

1+ exp
(

r−Ri

ai

)]−1

. (3)

The spin-orbit interaction in Eq. 3 is written in terms of the pion Compton wavelength,
h̄/mπc = 1.414 fm. The parameters V0, VS0, R0, a0, RS0, and aS0 are chosen to reproduce
the ground state energy EB (or the energy of an excited state). For this purpose, we
define typical values (Table I) for VS0, R0, a0, RS0, and vary only the depth of the central
potential, V0. A different set of potential depths might be used for continuum states.

The wavefunctions for the nucleon (n) + nucleus (x) system are calculated by solving
the radial Schrödinger equation

− h̄2

2mnx

[
d2

dr2 −
l (l +1)

r2

]
uα (r)+V (r)uα (r) = Eαuα (r) . (4)
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TABLE 1. Parameters of the
single-particle potentials, except for
few cases explicitly mentioned in
the text.

Parameter Adopted value

R0 = RS0 = RC r0(A+1)1/3 fm
r0 1.25
a0 = aS0 0.65 fm
Vs0 −10 MeV

The nucleon n, the nucleus x, and the n+ x = a–system have intrinsic spins labeled
by s = 1/2, Ix and J, respectively. The orbital angular momentum for the relative
motion of n + x is described by l. It is convenient to couple angular momenta as
l+ s= j and j+ Ix= J, where J is called the channel spin. In Eq. 1 for V we use
s.l = [ j( j+1)− l(l +1)−3/4]/2 and α in Eq. 4 denotes the set of quantum numbers,
αb = {Eb, lb, jb,Jb} for the bound state, and αc = {Ec, lc, jc,Jc} for the continuum states.

The bound-state wavefunctions are normalized to unity,
∫

dr |uαb (r)|
2 = 1, whereas

the continuum wavefunctions have boundary conditions at infinity given by

uαc(r→ ∞) = i
√

mnx

2πkh̄2

[
H(−)

l (r)−SαcH
(+)
l (r)

]
eiσl(E) (5)

where Sαc = exp [2iδαc (E)], with δαc (E) and σl (E) being the nuclear and the Coulomb
phase-shifts, respectively. In Eq. 5, H(±)

l (r) = Gl(r)± iFl (r), where Fl and Gl are
the regular and irregular Coulomb wavefunctions. For neutrons the Coulomb functions
reduce to the usual spherical Bessel functions, jl (r) and nl (r). With these definitions,
the continuum wavefunctions are normalized as

〈
uE ′c |uEc

〉
= δ (E ′c−Ec)δαα ′.

RADIATIVE CAPTURE CROSS SECTIONS

Amplitudes and cross sections

The radiative capture cross sections for n+ x→ a+ γ and πL (π = E,(M) =electric
(magnetic) L-pole) transitions are calculated with

σ
d.c.
EL,Jb

=
(2π)3

k2

(
Enx +Eb

h̄c

)2L+1 2(2Ia +1)
(2In +1)(2Ix +1)

L+1
L[(2L+1)!!]2 ∑

Jc jclc

(2Jc +1)

×
{

jc Jc Ix
Jb jb L

}2

|〈lc jc ‖OπL‖ lb jb〉|2 , (6)

where Eb is the binding energy and 〈lc jc ‖OπL‖ lb jb〉 is the multipole matrix element.
For the electric multipole transitions

〈lc jc ‖OEL‖ lb jb〉 = (−1)lb+lc− jc+L−1/2 eL√
4π

√
(2L+1)(2 jb +1)

(
jb L jc

1/2 0 −1/2

)
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FIGURE 1. Left. Single-particle model calculation for the reaction d(p,γ)3He. Experimental data are
from Refs. [2, 3, 4, 5]. The parameters calculated according to Table I are used. The potential depth
(here Vb =Vc) is given in Table II. Right. Single-particle model calculation for the reaction 6Li(p,γ)7Be.
The dotted line is the calculation for the capture to the 1st excited of 7Be and the dashed line for the
ground state. The solid line is the total calculated S-factor. Experimental data are from Refs. [6, 7, 8]. The
dotted-dashed line is the total S-factor calculated in Ref. [8] using a four-cluster microscopic model.
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FIGURE 2. Left. Potential model calculation for the reaction 7Li (p, γ)8Be. Experimental data are from
Ref. [9]. Right. Single-particle model calculations for the reaction 7Be(p,γ)8B. The dashed-dotted line
is the calculation for the M1 resonance at Ecm = 0.63 MeV and the dotted line is for the non-resonant
capture. Experimental data are from Refs. [10, 11, 12, 13, 14, 15]. The total S factor is shown as a solid
line.

×
∫

∞

0
dr rLub(r)uc(r), (7)

where eL is the effective charge, which takes into account the displacement of the center-
of-mass, eL = Zxe(−mn/ma)

L +Zne(mx/ma)
L.

The radiative capture cross sections for n+x→ a+γ and M1 transitions are calculated
with

〈lc jc ‖OM1‖ lb jb〉= (−1) jc+Ix+Jb+1
√

3
4π

µN

{
1
l̂b

eM

[
2 j̃b
l̂b

(
lbδ jb,lb+1/2 +(lb +1)δ jb,lb−1/2

)
+(−1)lb+1/2− jc ĵb√

2
δ jb, lb±1/2δ jc, lb∓1/2

]
+gN

1
l̂2
b

[
(−1)lb+1/2− jb j̃bδ jc, jb
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FIGURE 3. Left. Single-particle model calculations for the reaction 8B(p, γ)9C (solid line). The open
circle at E = 0 is from Refs. [16, 17]. The result from Ref. [18] (λscatt = 0.55 fm) is shown as a dashed
line. Right. Single-particle model calculations for the reaction 9Be(p,γ)10B (solid line). The experimental
data are from Ref. [19]. The fits to the resonances, done in Ref. [19], are shown as dashed lines. DC
results from Ref. [20] and Ref. [19] are shown as a dotted-dashed line and a dotted line, respectively. The
curve passing through the experimental data points is the sum of our DC calculation and the resonance
fits, given by the dashed lines.

−(−1)lb+1/2− jc ĵb√
2
δ jb, lb±1/2δ jc, lb∓1/2

]
+gx (−1)Ix+ jb+Jc+1 ĴbĴcÎxĨx

{
Ix Jc jb
Jb Ix 1

}}
×
∫

∞

0 dr r uc (r) ub (r) , (8)

where k̃ =
√

k(k+1) and k̂ =
√

2k+1. The spin g-factor is gN = 5.586 for the proton
and gN =−3.826 for the neutron. The magnetic moment of the core nucleus is given by
µx = gxµN . If lc 6= lb the magnetic dipole matrix element is zero.

The total direct capture cross section is obtained by adding all multipolarities and final
spins of the bound state (E ≡ Enx),

σ
d.c.(E) = ∑

L,Jb

(SF)Jb σ
d.c.
L,Jb

(E) , (9)

where (SF)Jb are spectroscopic factors. For charged particles the astrophysical S-factor
for the direct capture from a continuum state to the bound state is defined as

S (E) = E σ
d.c. (E) exp [2πη (E)] , with η (E) = ZaZbe2/h̄v, (10)

where v is the initial relative velocity between n and x.
For some resonances, not reproducible with the single-particle model, we use a simple

Breit-Wigner shape parametrization

σBW =
Γ

2π

σ0(E)
(E−ER)2 +Γ2/4

, (11)

where ER is the resonance energy. The function σ0(E) is given by

σ0(E) =
π h̄2

2mxnE
2JR +1

(2Jx+1)(2Jn +1)
Γn(E)Γγ(E)

Γ(E)
(12)
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FIGURE 4. Left. Single-particle model calculations for the reaction 11C(p, γ)12N (solid line). R-matrix
results from Ref. [21] are also shown by dashed lines (resonances) and a dotted line (non-resonant). Right.
Single-particle model calculations for the reaction 12C(p, γ)13N are shown as a dashed line (DC), a dotted
line (E1 resonance) and a solid line (total). The experimental data are from Ref. [22]. The potential model
results from Ref. [23] are shown as dotted-dashed lines.

TABLE 2. Binding energy (Eb, in MeV), central potential depth of bound
state (Vb, in MeV), spectroscopic factor (SF), single-particle asymptotic nor-
malization coefficients (b, in fm−1/2), the factor that multiplies S-factor if the
integration in Eq. 6 starts at r = R0 (nuclear radius) and S-factor at zero energy
(S(0), in eV b) for radiative proton capture reactions.

Reaction Eb Vb SF b > R0 S(0)

d(p,γ)3He 5.49 -44.43 0.7 1.86 0.98 0.14
6Li(p,γ)7Be 5.61 -65.91 0.83 [24] 2.21 1.28 66.8
6Li(p,γ)7Be∗ 5.18 -64.94 0.84 [8] 2.08 1.19 32.7
7Li(p, γ)8Be 17.26 -75.69 1.0 7.84 1.01 238.
7Be(p,γ)8B 0.14 -41.26 1.0 0.72 1.00 19.4
8B(p, γ)9C 1.30 -41.97 1.0 [18] 1.31 1.08 42.5
9Be(p,γ)10B 6.59 -49.83 1.0 [25] 3.43 1.27 1052
11C(p, γ)12N 0.60 -40.72 0.4 [26] 1.49 1.01 50.8
12C(p, γ)13N 1.94 -41.65 1.0 2.05 1.04 2346
13C(p, γ)14N 7.55 -50.26 0.33 5.31 1.10 6217
13N(p, γ)14O 4.63 -46.02 1.88 [27] 3.97 1.45 5771
14N(p,γ)15O∗ 0.50 -14.83 1.5 4.24 1.00 1470
15N(p,γ)16O 12.13 -54.81 1.8 [28] 10.16 0.78 2.21 ·104

16O(p,γ)17F 0.60 -49.69 0.9 [29] 0.96 1.02 304
16O(p,γ)17F∗ 0.11 -50.70 1.0 [29] 77.21 1.00 9075
20Ne(p,γ)21Na∗ 0.006 -47.24 0.7 4.02 1.00 4.28 ·104

20Ne(p,γ)21Na∗ 2.10 -49.63 0.8 2.43 1.00 2493

where the total width Γ = Γn + Γγ is the sum of the nucleon-decay and the γ-decay
widths. For simplicity, and for the cases treated here, we will assume that the resonances
are narrow so that σ0 = σ(ER).
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FIGURE 5. Left. Single-particle model calculations for the reaction 13C(p, γ)14N are shown as a dashed
line (DC), a dotted line (E1 resonance) and a solid line (total). The experimental data are from Ref. [30].
The potential model results from Ref. [23] are shown as dotted-dashed lines. Right. Single-particle model
calculations for the reaction 13N(p, γ)14O are shown as a dotted-dashed line (non-resonant) and a solid
line (E1 resonance). R-matrix results from Ref. [31] are also shown as a dashed line (resonance) and a
dotted line (non-resonant).
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FIGURE 6. Left. Single-particle model calculations for 14N(p,γ)15O capture to the 6.793 MeV excited
state of 15O. Dashed line is for the non-resonant capture, dotted line is for the M1 resonance, and the solid
line is the total S-factor. The experimental data are from Refs. [32, 33, 34]. The dotted-dashed line is a
R-matrix fit obtained in Ref. [32] with the channel radius a= 5.5 fm (this curve is almost invisible because
it is very close to our results). Right. Single-particle model calculation for the reaction 15N(p,γ)16O (solid
line). The experimental data are from Refs. [28, 35]. Dashed lines are Breit-Wigner fits to the resonances,
as described in Ref. [28]. The dotted line is a non-resonant capture of Ref. [28]. The dotted-dashed line
represents the non-resonant capture calculation from Ref. [36].

Asymptotic normalization coefficients

In a microscopic approach, instead of the single-particle wavefunctions one often
makes use of overlap integrals, Ib(r), and a many-body wavefunction for the relative
motion, Ψc(r). Both Ib(r) and Ψc(r) might be very complicated to calculate, depending
on how elaborated the microscopic model is. The variable r is the relative coordinate
between the nucleon and the nucleus x, with all the intrinsic coordinates of the nucle-
ons in x being integrated out. The direct capture cross sections are obtained from the
calculation of σd.c.

L,Jb
∝ |
〈
Ib(r)||rLYL||Ψc(r)

〉
|2.
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TABLE 3. Binding energy (Eb, in MeV), central poten-
tial depth of bound state (Vb, in MeV), spectroscopic factor
(SF), single-particle asymptotic normalization coefficients (b, in
fm−1/2) and the factor multiplying the S-factor assuming that the
integration in Eq. 6 starts at r = R0 (nuclear radius).

Reaction Eb Vb SF b r > R0

2H(n,γ)3H 6.26 -44.63 1.0 1.90 0.97
7Li(n,γ)8Li 2.03 -43.56 0.87 [37] 0.76 1.04
7Li(n,γ)8Li∗ 1.05 -40.46 0.48 [37] 0.47 1.02
8Li(n,γ)9Li 4.06 -45.29 0.8 [38] 1.25 1.08
8Li(n,γ)9Li∗ 1.37 -38.57 0.55 [39] 0.54 1.03
11B(n,γ)12B 3.37 -34.33 1.09 [40] 1.35 1.09
12C(n, γ)13C 4.95 -41.35 0.77 [41] 1.85 3.23
12C(n, γ)13C∗ 1.86 -56.90 0.8 [42] 1.80 1.00
12C(n, γ)13C∗ 1.27 -28.81 0.14 [41] 0.61 1.23
12C(n, γ)13C∗ 1.09 -56.85 0.58 [41] 0.15 1.04
14C(n,γ)15C 1.22 -48.63 0.88 [43] 1.44 1.00
15N(n,γ)16N 2.49 -27.06 0.55 [44] 1.14 1.38
15N(n,γ)16N∗ 2.37 -12.45 0.46 [44] 1.62 1.11
15N(n,γ)16N∗ 2.19 -49.51 0.54 [44] 0.39 2.77
15N(n,γ)16N∗ 2.09 -11.90 0.52 [44] 1.50 0.94
16O(n,γ)17O 4.14 -51.77 1.0 0.90 1.17
16O(n,γ)17O∗ 3.27 51.60 1.0 3.01 0.99
18O(n,γ)19O 3.96 -47.79 0.69 [45] 0.90 1.17
18O(n,γ)19O∗ 3.86 -55.94 0.013 [45] 0.81 1.14
18O(n,γ)19O∗ 2.49 -46.33 0.83 [45] 2.48 1.00

The imprints of many-body effects will eventually disappear at large distances be-
tween the nucleon and the nucleus. One thus expects that the overlap function asymptot-
ically matches the solution of the Schrödinger equation 4, with V = VC for protons and
V = 0 for neutrons. That is, when r→ ∞,

Ib(r) =C1
W−η ,lb+1/2(2κr)

r
for protons, Ib(r) =C2

√
2κ

r
Klb+1/2(κr) for neutrons,(13)

where the binding energy of the n + x system is related to κ by means of Eb =
h̄2

κ2/2mnx, Wp,q is the Whittaker function and Kµ is the modified Bessel function. In
Eq. 13, Ci is the asymptotic normalization coefficient (ANC).

In the calculation of σd.c.
L,Jb

above, one often meets the situation in which only the
asymptotic part of Ib(r) and Ψc(r) contributes significantly to the integral over r. In
these situations, Ψc(r) is also well described by a simple two-body scattering wave
(e.g. Coulomb waves). Therefore the radial integration in σd.c.

L,Jb
can be done accurately

and the only remaining information from the many-body physics at short-distances is
contained in the asymptotic normalization coefficient Ci, i.e. σd.c.

L,Jb
∝ C2

i . We thus run
into an effective theory for radiative capture cross sections, in which the constants Ci
carry all the information about the short-distance physics, where the many-body aspects
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FIGURE 7. Left. Single-particle model calculation for the reaction 16O(p,γ)17F. The dotted line and the
dashed line are for the capture to the ground state and to the first excited state respectively. The experimen-
tal data are from Refs. [46, 47, 29, 48]. The dotted-dashed lines are the result of shell model calculations
published in Ref. [49]. Right. Single-particle model calculation for the reaction 20Ne(p,γ)21Na. Upper
solid line is for the capture to the 2.425 MeV excited state of 20Ne and lower solid line for the 0.332 MeV
excited state. Experimental data are from Ref. [50]. The dashed and dotted lines are theoretical results
from Ref. [50] and Ref. [51], respectively

are relevant. It is worthwhile to mention that these arguments are reasonable for proton
capture at very low energies, because of the Coulomb barrier.

As the overlap integral, Eq. 13, asymptotically becomes a Whittaker function, so does
the single particle bound-state wavefunction uα , calculated with Eq. 4. If we call the
single particle ANC by bi, then the relation between the ANC obtained from experiment,
or a microscopic model, with the single particle ANC is given by (SF)ib2

i = C2
i . This

becomes clear from Eq. 9. The values of (SF)i and bi obtained with the simple potential
model are useful telltales of the complex short-range many-body physics of radiative
capture reactions [1].

Table 2 summarizes the potential parameters used in cases where the potential model
works reasonably well for radiative proton capture reactions. In figures 1-7 we compare
the calculated cross sections for radiative proton capture with the available experimental
data. More calculations for neutron capture reactions can be found in Ref. [1]. The
agreement with the experimental data is remarkable in view of the simplicity of the
model.
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