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1. Introduction

Nuclear reactions are crucial ingredients in describing how stars evolve. Beside of representing the stellar energy engine, nuclear
reactions are also responsible for the chemical evolution of the universe and the production of the elements. To understand how
elements are synthesized in stellar phenomena, it is fundamental to study the relevant reactions that govern the nucleosynthesis
paths and to quantify their cross sections [1-5]. This is one of the main goals yet a critical issue of nuclear astrophysics since the
extremely high temperatures in the stellar interiors correspond to amounts of energy usually much smaller than the Coulomb barrier
between the nuclei involved in the relevant reactions. The Coulomb repulsion is thus responsible for the exponential decrease of the
cross section o(E) at energies corresponding to stellar temperatures. This makes the majority of astrophysical reactions proceeding
in stellar environments difficult or impossible to measure directly under the same conditions in the laboratory as in the stars. What
is usually done is to carry out direct measurements at as low energies as possible (usually E > 100 keV) and then extrapolate the
behavior of 6(E) down to the astrophysical region using the definition of the astrophysical S(E) factor

S(E) = Ec(E)exp(2zn) (1.1)

with the Sommerfeld parameter n = aZ, Z,/uc?/2E, where «a is the fine-structure constant, Z, and Z, are the atomic numbers of
the two colliding nuclei, u is their reduced mass and c is the speed of light.

It removes the energy dependence of ¢(E) due to the barrier tunneling given by the Gamow factor exp(—2z#). However, even
a simple extrapolation can easily lead to absolutely misleading/wrong results, due, for instance, to the missing contribution of
unexpected resonances or sub-threshold ones. Resonances may change by orders of magnitude the extrapolated cross-section at
astrophysical energies.

Another critical issue in laboratory measurements of nuclear reactions is represented by the electron screening effect. Indeed
both target and projectile are usually embedded in neutral/ionized atoms or molecules or in a lattice of a solid-state system, whose
electron clouds give rise to an attractive potential responsible for a reduction of the Coulomb barrier. This, in turn, leads to an
increased cross section for screened nuclei, ¢,(E), compared to the cross section for bare nuclei [6,7] ¢,(E). Therefore, a correction
factor has to be introduced to determine the unscreened or bare nucleus cross section. It is called screening factor, defined as

Sian(E) = R~ exp (ﬂn—e> , 1.2)

o(E)
with U, the “electron screening potential”. The expression holds true when the energy of the incident particle is large compared to
the screening energy, i.e., E > U,. The electron screening potential, U,, is assumed to be independent of energy. In a stellar plasma,
a similar enhancement factor is considered:

0,(E) v,
f(E) = U”b(E> ~ exp (nn;") 1.3)

with ¢,(E) the cross section in the plasma. It can be calculated once the plasma screening potential U, is known. It depends on
important properties of the plasma such as the Debye-Hiickel radius. A measurement of U,, which is needed to calculate ¢ (E) from
Eq. (1.2), would also be beneficial to better understand Uy
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Low-energy charged particle fusion reactions measured so far have accordingly shown the exponential enhancement predicted
by Eq. (1.2), see also [7]. However, the deduced U, values are often larger than the adiabatic limit, defined in atomic physics as the
difference between the electron binding energies of the separate atoms in the entrance channel and that of the composite atom [7,8].
This disagreement in laboratory experiments is yet to be understood, and prevents the effects under astrophysical conditions to be
fully assessed. A weak point in the laboratory approach - and thus in the deduced U, value - is the need to make an assumption for
the energy dependence of ¢, (E) at ultra-low energies.

Moreover, it was pointed out that Eq. (1.2) is not appropriate to correct the measured resonance strengths of narrow resonances,
while it is emphasized that screening is responsible of the shift of the resonance energy compared to the case of unscreened nuclei [9].

These arguments are not so strong for reactions involving radioactive nuclei, which do play a role in explosive nucleosynthesis
known for its higher energy dynamics. Consequently, these reactions are less impacted by Coulomb suppression or electron
screening [10,11]. In reactions induced by radioactive nuclei, astrophysical timescales should typically align with the half-life of
the nuclear species being studied [10]. Shorter timescales are commonly linked to explosive environments, where energies surpass
those of quiescent nuclear burning, reaching the scale of about MeV. At such energies, the penetration probability of the Coulomb
barrier is a smoothly varying function of the energy, as demonstrated in [12], for instance. Likewise, even considering the upper
limit for the electron screening potential, the enhancement factor rapidly stabilizes around 1 with increasing energy at the MeV
scale as exemplified in Ref. [13].

However, the study of reactions involving radioactive nuclei requires either the existence of radioactive beams, whose intensity
is often very low, rarely exceeding 10° pps, or the production of radioactive targets when nuclei have relatively long lifetimes,
something not easy to realize with a sufficiently large areal density. Therefore, again direct measurements are very challenging, if
not impossible, as in the case of r-process reactions, due to the lack of neutron targets.

To overcome all these difficulties, indirect techniques have been introduced, see, e.g., [14,15] for recent reviews. They make use
of direct reaction mechanisms, such as transfer processes, e.g. stripping, pick-up or knock-out. In particular, two indirect methods
have been devised in this respect: the Asymptotic Normalization Coefficients (ANC) and the Trojan Horse Method (THM). In the
ANC method, a virtual nucleon or nucleus x is transferred from a nucleus « to another nucleus A forming a bound state B leaving
a nucleus b in the exit channel. This reaction

a+A—->b+ B (1.4)

is depicted diagrammatically in the left panel of Fig. 1.1 with two vertices representing the breakup of a and the formation of
the bound state B. The measured cross section of this process gives information on the asymptotic radial dependence of the wave
function of Ax relative motion in B provided the transfer is peripheral. It can then be used in the analytic calculation of the cross
section of the radiative capture reaction

x+A-y+B 1.5

at ultra-low energies.
The THM starts with the same entrance channel as the ANC method but a reaction

a+A—->b+c+C (1.6)

with three bodies in the exit channel is studied as shown in the right panel of Fig. 1.1. The main goal of the THM is to extract
information on the asymptotic form of the ¢ + C scattering wave functions and hence the cross section of the reaction

x+A—->c+C 1.7)

determined by the corresponding S matrix. The particle x that is transferred between the two subsystems is considered virtual, not
being “on the energy shell”. This means that the relation between its energy and momentum is not given by the typical dispersion
relation E, = p?/(2m,) of freely propagating particles.

The ANC and THM share the common feature that reactions at high energies much above the Coulomb barrier, and thus far
surpassing the screening potential energy, are studied to access the cross sections of a radiative capture or a rearrangement reaction
at very low energies much below the Coulomb barrier. As a result, these cross-sections are inherently insensitive to both Coulomb
suppression and screening enhancement effects. This feature holds substantial significance in the field of nuclear astrophysics since
the two main effects preventing access to the energies of astrophysical interest in direct measurements are the Coulomb suppression
of cross sections and the electron screening effects. The possibility to use energies of several tens of MeV makes the indirectly
measured cross sections of a radiative capture or a rearrangement reaction free of Coulomb suppression and, from stronger argument,
of electron screening effects as previously discussed in this section.

A proper knowledge of nuclear reaction theory is essential to understand the operation of the ANC and THM. The relation
of the cross sections of the reactions (1.4) and (1.5) or (1.6) and (1.7), respectively, is found with the theory of direct transfer
reactions. Approximations are needed to express the cross sections of the “surrogate” reactions as the product of a contribution
that can be calculated from theory and a quantity that gives directly the cross section of the two-body reaction of interest. This
factorization is related to the appearance of two vertices in the diagrams of Fig. 1.1. The approximations exploit the fact that the
reaction mechanisms are dominated by peripheral processes where only the asymptotic part of the wave functions is relevant. This
also leads to a selection of specific kinematic conditions in indirect experiments.

The Section 1 is devoted to the presentation of the theory of direct reactions, an indispensable ingredient for the application of
indirect methods. In particular, topics related to the wave functions, transition matrix elements, and cross section with the employed



A. Tumino et al. Progress in Particle and Nuclear Physics 143 (2025) 104164

A C
X
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a=(b+x) b a=(b+x) b

Fig. 1.1. Vertex diagrams of transfer reactions to a bound state B as applied in the ANC method (left panel) and to a scattering state ¢ + C with regard to the
THM (right panel).

approximations will be discussed. The following sections are dedicated to the experimental application of the indirect methods. In
particular, the kinematic conditions, specific features and tests of the methods and an overview over experiments will be given.
Each application will be preceded by a brief astrophysical introduction when applicable. Finally, the work concludes with further
discussion and conclusions.

2. Theory of indirect methods for nuclear astrophysics

In many cases, it is beneficial to measure cross sections of astrophysical reactions not only directly, if possible at all, but to
consider indirect approaches. They are often more advantageous from an experimental point of view but require support from
nuclear reaction theory (for recent reviews, see [15-18]).

The selected surrogate method depends on the reaction of interest. In case of rearrangement reactions A(x, ¢)C, the Trojan Horse
method (THM) can be exploited to extract the energy dependence of the cross section, however, absolute values are not given and
a normalization to direct data at high energies is needed [17,18]. For radiative capture reactions A(a,y)D, there are two indirect
methods that are utilized: the ANC method [19] and the Coulomb dissociation (CD) method [20].

The ANC method can be used to determine the zero-energy S factor of the radiative capture reaction. Absolute cross sections
over a certain range of energies are provided by the CD method. In this review, the THM and ANC methods are discussed because
they are based on similar concepts of nuclear reaction theory with processes involving the strong interaction.

The main goal of the THM is to extract the cross section of the two-body reaction (1.7) from the experimentally measured cross
section of the reaction (1.6) with three particles in the exit channel. The connection of the cross sections can be established with the
help of the theory of direct reactions following the traditional approaches for transfer reactions. The distinctive feature of the THM is
a particular choice of the kinematic conditions that corresponds to a quasi-free reaction mechanism for the subreaction (1.7) within
the reaction (1.6), i.e., a small momentum transfer to the spectator nucleus b that is originally bound inside the Trojan-horse nucleus
a. It allows to apply certain approximations that finally lead to a factorization of the cross section of the three-body reaction with a
kinematic factor, a momentum distribution of the bx relative motion inside the nucleus a and a cross section of the two-body reaction
(1.7). The latter is, however, not the on-energy-shell (OES) cross section of the reaction of interest but a half-off-the-energy-shell
(HOES) cross section that needs to be related to the OES cross section [17,18].

The derivation of the relation between the cross sections in the THM proceeds in several steps. First, general expressions for the
cross sections of the two reactions with two and three particles in the final state are devised that connect them to the transition or T-
matrix elements of the processes which contain the essential information of the reactions. These matrix elements can be evaluated in
different approximations. Here, two approaches will be presented: the plane-wave impulse approximation (PWIA) and the modified
distorted-wave and plane-wave Born approximations (MDWBA and MPWBA) that finally allow to deduce the connection between
the HOES and OES cross section of the reaction (1.7). More details on these approaches can be found in some basic THM references,
e.g., see [21-23] and review articles, e.g., [17,18,24]. Finally, other theoretical descriptions of the THM method will be briefly
summarized.

The ANC method uses traditional transfer reactions with two particles in the initial and final states. These are often exploited to
extract spectroscopic factors for specific states from the comparison of experimental cross sections to theoretical values employing
simple single-particle descriptions of nuclear many-body wave functions. However, the goal of the ANC method is to determine the
absolute amplitude of the asymptotic bound-state wave functions in the entrance (a+ A) or exit channels (¢ +C). Thus, experimental
conditions have to be selected that guarantee the dominance of peripheral processes. The ANC can then be used in a theoretical
calculation of the astrophysical S factor for a radiative capture reaction that involves the channel a + A or ¢ + C [15,19,24].

2.1. Notation and kinematics
The theoretical formulation usually employs center-of-mass coordinates (cm) in a non-relativistic description where 7; and p;

denote the spatial coordinate and the momentum of a particle i with mass m;. It is convenient to introduce relative coordinates and
momenta

L. - B P
Fij =ri =T, pi/:”ij<t_;)’ @D
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Fig. 2.1. Spatial Jacobi coordinates in the initial (left) and final (right) state of the TH reaction are given in red color. The spectator b is colored green and
the nuclei participating in the two-body reaction of interest are colored blue.

in a two-body system i + j as well as the cm position and momentum
1

Rij= E(mi7i+mj7j), f)ij =1_5i+ﬁj’ (2.2)
ij
of the total system. In these definitions, the reduced mass and the total mass
m.m:;
J
Hij = I\l/[ , M;; =m;+m, (2.3)

appear. Denoting the system i + j with k and defining 7, = ﬁij, P =P ; and m = M,;, further coordinates and momenta can be
introduced recursively for systems with more than two particles, defining the usual Jacobi coordinates. The spatial Jacobi coordinates
Fie> Fass Ros and 7., Fyp, R, are depicted in Fig. 2.1 for the initial and final state of the TH reaction, respectively. The Jacobi
coordinates in momentum space can be used favorably to express the energies in the entrance and exit channels of the two reactions
of interest. In particular, one has

2 2 2 2
Pia P Pec Pc
EL =E +E,=—"2 + =2, E.=E,+E.= = — 2.4
A * A ZHXA 2MXA « ¢ ¢ ZMCC 2McC ( )
with P_, = P, =0 in the cm system for reaction (1.7) and
7 p2 7 72 2
Ega=E,+Ey=-"2 4+ 2 E =E+E +Ec=-—"5 4+ 28 18 (2.5)
aA a A zﬂaA 2MaA beC b c C zﬂcC Z”bB 2MbB

with B,, = P, = 0 in the cm system for reaction (1.6). Here, B stands for the system ¢ + C. Energy conservation can be expressed
as

Exa+Qxamcc = Ecc Eoa+ Qua-bec = Epecs (2.6)
with the Q values

Oxpec =My +my —m, —mc, Qua—bec = My + Mg —my —m. —mc, 2.7
for the two reactions.

It is instructive to explore the kinematic condition of the THM in more detail. Combining the two equations gives

Eip=E; - Ep—B, (2.8)
with the binding energy

B, =my+m,—m,>0 (2.9)
of the Trojan-horse nucleus a with respect to the breakup into » + x and kinetic energy of relative motion E,z = pi 5/ QCuyp) of the
spectator b and the system B = ¢ + C. In the cm system, momentum conservation can be written as

0=p,+Ps=Py+P.+Dbc="ny+Dbg- (2.10)

Then the momenta of relative motion are determined by

Pog =P =-Pg  Paa=Pa=—Pa (2.11)
and the energy
2 2 2 2
p m P m U
Epp = 2 = <_b> 2 . <_b> » Faa (2.12)
HpB mg, HpB mg, HbB
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can be expressed as a multiple of the energy E,,. Under quasi-free scattering conditions, there is no momentum transfer to the
spectator nucleus and its original velocity inside the Trojan-horse nucleus a will not change during the reaction. Thus, its momentum
in the final state is given by
my

5 = =25, (2.13)

ma
if the Fermi motion of b inside a is neglected. As a result, the quasi-free energy in the initial state of the two-body reaction (1.7)
takes the value

2
EY = [1 - <@> ”—A] E,, - B, (2.14)

mg HpB

which can be much smaller than the energy E,, in the entrance channel of the Trojan-horse (TH) reaction. Thus, it is possible to
study reactions at energies below the Coulomb barrier, even at negative energies, with a surrogate reaction at much higher energies
without being affected by Coulomb suppression of the cross section or electron screening effects. The quasi-free scattering condition
also leads to a constraint for the momenta of the particles in the final state, in particular, an angular correlation of the detected
nuclei. This condition has to be considered in the planning of a TH experiment.

In practical applications, the energy E,, is not changed to cover a certain range in E, , since it is determined by the energy of
the projectile in the TH experiment. Instead, a limited range for the momentum transfer to the spectator is allowed, typically of
the order of a few ten MeV/c and smaller than the bound-state momentum g, = /2, B, of the nucleus Trojan-horse nucleus a.
This approach was first described in [25] and is different compared to the procedure envisaged in the original introduction of the
THM in [26] where it was proposed to use the tail of the Fermi motion of x inside a to compensate for the energy in the a + A
relative motion. The required dominance of the quasi-free reaction mechanism also affects the choice of the Trojan-horse nuclei.
Their momentum distribution should peak near zero momentum transfer to the spectator and thus nuclei like 2H or °Li with a
dominant s-wave component in their ground state are most favorable to investigate reactions with neutrons, protons, deuterons or
«a particles.

2.2. Cross sections of nuclear rearrangement reactions

For the reaction (1.7) with two particles in the entrance and exit channels, the general expression for the cross section for
particles with total angular momentum J; is given by

|TXA—>CC|2 5(ExA + QxA—»L'C - EL'C) (215)

d3
do(x+ A — c+C) = 2ZHxa 1 y [ Lhe

T pes QI+ DQRI,+ ) Moat v ] Qany?

with an averaging and summation over the unobserved spin projections M; in the initial and final states. The prefactor 2z /h is
known from Fermi’s golden rule and u,,/p,4 is the inverse relative velocity in the entrance channel corresponding to the required
flux factor. The integrand contains the squared modulus of the T-matrix element T, 4_,.. and a  function that represents the energy
conservation. An explicit factor for momentum conservation does not appear because the formulation above is expressed with the
cm relative momentum p,.. The expression (2.15) is valid if the scattering waves that enter the calculation of the T-matrix element
are normalized to plane waves + in/outgoing spherical waves.

A simple integration over E . with d*p.c = p?, dchdQnC = (pcetec)d E.cdQ,c yields the usual differential cross section

dzo' HxaMec Pec
x+A->c+0C)= N (2.16)
dQ.c QrY2h* pey QI + 1)(2.IA +1) MZA;A MZA‘;C' aamecl’

where dQ, - defines the solid angle of the relative momentum p,. in the final state. Due to time-reversal symmetry of the reaction,
one has |T, A—>CC|2 = |Tocox A|2 and the theorem of detailed balance

QT+ QT+ Dp?

(x+A—>c+C)=QJ, +DQJc+ Dp* -2 (c+C - x + A) (2.17)

xA d.Q cC .Q

with the differential cross section of the inverse reaction easily obtained.
The general expression for the reaction with three particles in the exit channel
27 Hap 1

T pap QI+ D2+ D) (2.18)

do(a+A—>b+c+C) =
MMy MM Mc
dsch d31’b3
Q2rh)} 2rh)3

2
|Toazbec|” 8(Eua + Cuamsbec = Epec)

is slightly more involved than the one given in (2.15) due to the additional momentum integration and summation over the angular
momentum projection of the third particle. The § function for energy conservation allows again to perform an explicit integration
over E,p. The result

d’c HaaMpBHcc PoBPcC 1 2
(@a+A—=b+c+C)= T,a, (2.19)
dE. cdQ.cdQyp QPR pas QI+ D@D \E MM%MC |Tar-sec
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is a five-fold differential cross section that depends on the kinematic state of the ¢ + C subsystem (E,., 2.) and the solid angle of
the momentum p, . In principle, also another variable than E.- can be chosen for the integration but the one used above is most
convenient in the theoretical formulation of the THM.

As soon as a relation between the T-matrix elements T, ,_, .. and T,,_,;.c is found, it is possible to establish a relation between
the cross sections (2.16) and (2.19). In order to keep the expressions simple, the spins of the particles will not be considered in the
following. Equations with a full treatment of the angular momenta can be found in [23].

2.3. T-matrix elements and relation of cross sections in the THM

There are various possibilities to give explicit expression for the T-matrix elements 7, 4_,.c and T, 4_, ,.c. Starting from exact forms,
approximations have to be applied to arrive at tractable forms for an actual calculation. In the case of the THM, it is sufficient to
find some formal expressions that allow to establish the required connection. All of them contain wave functions in the various
channels. The internal wave functions of individual nuclei i are denoted by ¢; and the plane waves for their relative motion are
written as &@,; = exp (ip;; - 7;;/ 7).

As first approach, the plane-wave impulse approximation is discussed in the following. It serves as a transparent means to
obtain the characteristic factorization of the three-body cross section. The second approach considers the modified plane-wave
Born approximation that is more involved but helps to take the off-shell effects into account that are essential in the application of
the THM.

2.3.1. Plane-wave impulse approximation
The T-matrix elements for the reactions (1.7) and (1.6) can be written in the post and prior forms as

Termee = (bebePeclVc W) = (P Vealbrda@in) (2.20)
Topobec = = (PpdpPyplVi + Vbc|7/$)> = (’P;c_éleA +Vialba®aPan) (2.21)

with the exact solutions of the scattering problem, Tj{:) and 'P;X) in the initial state or ?’C(E) and T;C_C) in the final state, respectively.
-)

«)®B where ¢p = 'I’ig) is a scattering state in the

(The full three-body wave function ‘I’;:é is approximated here as the product ’I’;
B = ¢ + C system.) Formally, T-matrix elements can be expressed as

TxA—wC = <¢C¢C¢cc |fXA—>L‘C |¢X¢A¢XA>’ TaA—>bcC = <¢b¢c¢C(DcC(DbB |faA—>bcC |¢a¢A¢aA >’ (222)

with transition operators 7, ,_, . and 7,,_,.c, respectively, which are usually highly complex objects that act on the wave functions.
They can be expressed explicitly with the Green’s function G(z) = 1/(z — H) depending on the Hamiltonian H =T + V. E.g., in case
of the TH reaction one has

foaspec = (V =Vee) |1+ lim G(E + ie) (V=Vi) (2.23)

with the full interaction
V=Vt Via+Via=Vec + Vi + Vic - (2.24)
In the impulse approximation, the rather drastic approximation

Toasbec ® (Db bcPecPyplisascc|PabaPan) (2.25)

is applied with a replacement of 7,,4_,.c by 7, 4_.c- This is only permissible if the interaction of » with the other nuclei can be
neglected during the reaction. A simple condition for the validity of this approach is a very small momentum transfer to b. Thus,
the subreaction xA — ¢C proceeds independent of the presence of b, which is just an uninvolved spectator. From a kinematical
point of view, this condition corresponds to a quasi-free scattering process of x and A. It limits the range of momenta in the final
state of the a+ A — b+c+ C reaction that can be used in the analysis of a TH experiment. Furthermore, it suffices for the theoretical
description of the TH reaction to be accurate solely within the small fraction of the full phase space under examination. Beyond this
specific region of momenta combinations, the precision of the theoretical framework in describing the reaction is of no importance.

Another feature of the THM is the employment of a Trojan-horse nucleus « that has a high probability to be considered as a
cluster configuration b + x in its ground state. Thus it is reasonable to write the internal wave function ¢, of a in coordinate space
as

d? -
ba= / (2”;1’)3 0u(@ oxp (iG - Ty /1) Byobs (2.26)
neglecting other components of the many-body wave function. Introducing this form in the T-matrix element and gives
d 3% o ~ 5 o
TaA—>bcC ~ (271'7!; (pa(qu) (¢b¢c¢C¢cC¢bB|txA—>cC| exp (’qu : rbx/h) ¢b¢x¢A¢aA> (227)

with the momentum amplitude ¢,(g).
For a further reformulation of the T-matrix element 7,,_,,.c, it is convenient to use the transformation of the arguments

- . - - - = - = my - =
—PpB " TpB T dbx " Tpx T Pap " Tan = (‘be _QbB) “rppt [QaA r— (qu _QhB)] “TxA (2.28)
my +my

7
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in the product @;, exp (iGyy + Fye/ ) @, 4 With the new momenta
Oup =Fus— —2—Fpp. Opy = Bpp — ———F (2.29)
aA = PaA m, +m, PvB> b»B = PbB m, + mbpaA : .
Then the T-matrix element assumes the form

- my

TaA—>bcC a4 /daqu (pa(qu) 3 (‘be - ébB) <¢C¢C¢6C|fo—>cC| exp {i [QHA - (‘_ibx - ébB)] . FXA/h’} ¢X¢A>

= 0u(0sp) (BebPeclivamccloxp (1 Foa/h) buds) (2.:30)
since the integration over 7, is analytic and gives a 6 function so that the integration over g,, can also be performed immediately.
The remaining matrix element looks very similar to the two-body matrix element (2.22) except that the plane wave &, , =
exp (i, 4 - Fxa/h) is replaced by @, , = exp (iéaA -7xA/h>. Since O, # P, in general and

o, I
aA XA — cC
2 2xa 2
there is an energy mismatch and hence a HOES T-matrix element of the two-body reaction (1.7) appears in the T-matrix element

m, +my

= Oxp-cc (2.31)

TaA—»bcC ~ (pa(ébB) T;igfg = (pa(ébB) <¢c¢C¢cC|fo—>cC|éxA¢x¢A> (232)
of the TH reactions (1.6). Finally, the cross section factorizes as
o - J2oHOES
——— @+ A-=>b+c+C)= KW —x+A +C 2.33
dE.cdQ.cds2,, (a - c ) (Q4p) 19 (x —c ) ( )

with a kinematic factor
__HaaMbB  PxAPbB

= (2.34)
(2”h)3ﬂxA Paa
and momentum distribution
- -2
W(Gsp) = |0u(@ys)| - (2.35)
and the HOES cross section
2 _HOES 2
90 " (x4 A c+C)= et Pec \piioEs (2.36)
d'QcC (2”)2h4 Pxa x ¢

of the two-body reaction. The argument O, of the momentum distribution has a simple interpretation. In the cm system it is given

by Oy = B — @y, i.€., it is the momentum transfer to the spectator b, cf., (2.13), if g, = ~ "jfm P, is identified with the momentum
X b
of b in the initial state. Thus, the condition Q,5 = 0 characterizes the quasi-free scattering condition that leads to
5ef — (1A _ ™ 3 2.37
Qua ( my +my my, +m, Paa (2.37)

for the momentum appearing in the HEOS cross section. The derivation of the cross section formula (2.33) is very transparent but
no evident link between the HOES cross (2.36) and the sought-after OES cross section is found. For this, a more detailed treatment
of the reaction with the help of the theory of direct reactions is required.

2.3.2. Modified distorted-wave and plane-wave Born approximations

The quasi-free reaction mechanism in the THM can be described as a transfer reaction in a similar way as usual in direct reaction
theory. The main difference is that the transferred particle x is not captured to a bound state with the nucleus A in the exit channel
but a reaction takes place to a scattering state ¢ + C with a different partition than before. The main aim is to express the T-matrix
element 7, ,_,,c¢ of the TH reaction (1.6) in a form that allows to find a more direct connection to the cross section of the two-body
reaction (1.7).

A possible starting point is the general post-form T-matrix element

Taa—bs = (PrPPss!Vip W’;X)) (2.38)

that contains the full interaction V, between the spectator » and the system B = ¢ + C and the exact scattering wave function ?’a(i)
in the initial state. (The boundary conditions of outgoing or ingoing spherical waves in the reaction channels are denoted by the
+ symbol.) The wave function ¢ represents the full scattering wave function of the ¢ + C system in the final state. In an ordinary
transfer reaction it was just the bound state after the pickup of the transferred particle x by the nucleus A. Since the expression
(2.38) contains the unknown wave function T{Et), it has to be transformed to a more suitable form. The potential V, is in general a
rather complicated interaction that depends on the coordinates of all nucleons. It is convenient to introduce optical potentials U, 4
and U, that depend only on the relative coordinates 7,4 and 7,5. Then the Schrédinger equations

’ﬁz pz ;2 pz
aA =2 (&) aA (%) bB - (€3] bB (%)
+ U AFo) Vx5 =——x7, — +UpgFop) V .7 = — 1.7 » (2.39)
(zﬂaA aatiad ) A 2pgp A 2upp PR ) OB 2y, 708

can be solved exactly with the distorted waves ;(flj) and J(,ﬁ? that describe the relative motion in the a + A and b + B channels for

elastic scattering. An application of the Gell-Mann-Goldberger relation allows to write

Toa-bec = <¢b¢B¢bB|UbB|¢a¢AZ‘<,;:)> + <¢’b¢Bl’£;)|VbB - UbBW’iX)) (2.40)

8
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for the T-matrix element with two contributions. The first term vanishes because a + A # b + B. Replacing the full scattering wave
function E{’(+) with the distorted wave ;((H in the second term leads to the distorted-wave Born approximation (DWBA)

Topmpec ® <¢b¢BZbB)|VbB - UbB|¢a¢A)((+)> (2.41)

with the difference
Vip =Upp = Ve +Vioc = Upp = Viy + Vi = Upp (2.42)
of the potentials. Since it is assumed that the full potential V;, and the optical potential U,z have similar effects in the scattering

of the spectator b on the nuclei A and B, the potential difference in (2.41) is replaced by V. Considering that the wave function
¢p in the T-matrix element is given by the full scattering wave function lI’C(E) in the final state, the approximate expression

Toncsee = (0020 205 Wil batbax ) (2.43)

is obtained. Similar as in the plane-wave impulse approximation, the bound-state wave function ¢, of the Trojan-horse nucleus a
in coordinate space is replaced by a representation in momentum space also taking into account the action of the potential V,, via
the Schrodinger equation

1_;'2 h2
- + I/bx ¢a = <__AF,,V + I/b)(> ¢a = _Ba¢a (2.44)
2ppy 2pp, P
with the binding energy B, of the bound-state. Thus the expression
d 3% N U
Vintha = | Sl o) X0 i P/ ) (2.45)
with the momentum amplitude
2
wh Gy == Ba+ 5= ) @uliipy) (2.46)
2/"bx

is obtained and the T-matrix assumes the form
d3
Toasbec ® / ﬁ wi (q) (T( ))(bB)Iexp (iG - Foy /) ¢X¢A1(+)) (2.47)

in analogy to (2.27) but with the full scattering wave function 'I’( ) and the distorted waves ;((+) and ;([E;)

In order to find the relation of the cross section (2.19) w1th the T-matrix element (2.47) to the cross section of the two-
body reaction (1.6), it is necessary to specify the scattering wave function EPC(E) in more detail. In partial-wave representation,
its asymptotic form for large radii is given by

4rh 4 * 03
o) — = 22 — L(fil-))cc(l’rdD)Ylm(rdD)Ylm(PcC)¢d¢D (2.48)
PeC 4D “m

when all two-body channels with partitions d + D =c¢ + C,a+ A, ... are considered. The radial wave functions have the form

Vypec-Fap) = Wypec (s Fap) = (2.49)

l CC

21\ vap {exp [2i01(1ap)] St pec 15" Uan- Papran/W = apec u;_)(”ldD’PdDrdD/h)}

for large radii with (nuclear) S-matrix elements .S I DeC for the reactions c+C — d + D, Coulomb phase shifts o,(,p), and Sommerfeld
parameter 7, The out- and ingoing Coulomb wave functions
W (n,2) = exp [Fio, ()] [G,(n: 2) + i Fy(n: 2)] (2.50)

are expressed with the help of the regular and irregular Coulomb wave functions F;, and G,, respectively, and have the asymptotic
form

() . b4
u;(n,z) > exp [il (Z_Z”IHZ_IE)] (2.51)
for large argument z — co. Comparing the boundary condition of the full wave function
exp (+ipyprap/h)
VE = podeexp (ife - Foc /) + Z S pbatp———— (2.52)
dD

with the asymptotic form (2.48), the scattering amplitude
fﬁ&m = 21p . / Ci 2(21 + 1)exp 216,(ﬂxA)] XALCP,(COS 9) (2.53)
X

for the two-body reaction ¢ + C - x + A can be extracted. The Legendre polynomials P, depend on the scattering angle 9 with
cosd =¥, 4 - P.c- Then the differential cross section of this reaction is obtained from

2 2

2

Y @1+ Dexp [2ioy(1,4)] St Pi(cos 9) (2.54)
1

d*c

(+)
(c+C—->x+A)= ch_)XA
xA C
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that can be related directly to the cross section of the inverse reaction (1.7) of interest with the theorem of detailed balance (2.17).
An angular integration gives the total reaction cross section

hZ
Cecona = 5= 221 +1)
PCC !

(2.55)

| 2
SxAcC

with the contributions of individual partial waves.

The action of the optical potentials on the distorted waves will lead to a strong suppression of the contributions at small distances
between the particles in the matrix element in (2.47) and thus it will be sufficient to consider only the asymptotic form of the full
scattering wave function (2.48). The choice of the initial state a + A in the matrix element will then select this channel from 'Pc(;)
In this case, the T-matrix element (2.47) of the TH reaction can be written in a similar form as the scattering amplitude (2.53). It
assumes the form

. _h Ucc . ! (+)
Tysbec ® %‘/vfm 2{‘,(21 + Dexp [2i0/(1,0)] S 4.0 U} (2.56)

with the functions
Ari~! N dq, -
U = Qr+1) ZYI'"(M)/ (275?1;3 Wy () @57
m

(0(rxA - R)r;/iugi)('lxml’m"m /h')Ylm(?xA)/}/[g;;)l exp ([Zjbx . 7}bx/h) 1((1-,:)

in the various partial waves that depend on kinematic quantities, the momentum amplitude wj , and the distorted waves. The 0
function in the matrix element limits the integration range to radii r,, larger than a suitably selected cut-off radius R to select
only the asymptotic part of the wave function. The similarity of (2.53) and (2.56) is obvious. In this modified distorted-wave
Born approximation (MDWBA) it is still necessary to perform the integration over g, in the functions Ul(i) and thus there is no
factorization of the T-matrix element as in (2.32). However, if the distorted waves are replaced by plane waves

;([(I;) — exp [i (70A -i)'aA) /h] R ;(l;) — exp [i (PbB -ﬁbB) /h] s (2.58)
the same transformations as in the PWIA can be applied after a rearrangement of the arguments, cf., (2.28), in the matrix element.
It is again possible to perform the integration over 7,z and g, analytically with the result

4rzh? = 4 2
Ul(i) =z wj (Opp) J,(i) Pi(Pec - Qun) (2.59)
QunPxa
where the simple radial integrals
Q4P « .
J/<i) = % R drxA rxAu;i)(”xA’ PxArxA/h)jI(QaArxA/h) (260)
where spherical Bessel functions j, appear. As a consequence, the T-matrix elements factorizes as
- h ) X a N
Tyncpee ® 41 w0} (Opp) 51 [ =5 D@1+ Dexp [2i0)(1,0)] Sty 1 PBoc - Oun) (2.61)
ZIPCC Uxa i

with an angular dependence defined by the Legendre polynomial. This finally leads to the expression
dSO. K i Ve d2O'HOES

— 0 (a+A—>b+c+C) = W(Qyp) 22
dE.cdQ.cdQyp 2 vy, A2,

Ax x

(c+C - x+A) (2.62)

for the cross section in the modified plane-wave Born approximation (MPWBA) with a kinematic factor
K= HaaMppHec PppPec 4 i (2.63)
Q@zh? P Q2

the momentum distribution

- .2
WGy = |w5 (Oyp)| (2.64)
and the HOES cross section
d2HOES " . . P
—d;EAXA (c+C—->x+A)= 5 2(21 + 1) exp [2i61('7x,4)] S,I(Acc J1(+) Pl(ﬁcc : QaA) (2.65)
XA ch !

that can be compared to the cross (2.54) and thus quantifies the off-shell effects. The main difference is the appearance of the
functions J 1(1') that are dimensionless quantities. They have been studied in detail in [23], their dependence on p, . In the limit of
small energies E, , in the entrance channel to the two-body reaction (1.7), i.e., p, 4, — 0, they behave as

JI<¢> - Pif exp (Mm) (2.66)

with a characteristic exponential factor depending on the Sommerfeld parameter of the x + A system. So the approximate relation
426 HOES
cC—oxA

dQ 4

2
d OcCoxA

C A 2.67
i, (c+C - x+A) ( )

(c+C—>x+A)zpiAexp(27rr/xA)

10
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can be established. Taking the theorem of detailed balance (2.17) into account, the final expression
3

L i A b4t O R WD) 2 exp (2mmy) T (x4 A > 4 C) (2.68)
dE cdQ.cdp Uxa M dQc
with the modified kinematic factor
~ 1)
[ HapMbB PoB 4 (2.69)

PfC (27h)? pag QiA
is found that relates the two cross sections of interest. The essential feature in formula (2.68) is the appearance of the factor
3
Pia
UL exp (271, 4) = 242 Ey g exp (27,4 (2.70)
XA
that is (except for the constant 2;43)() identical to the factor that appears in the relation of the astrophysical S factor to the cross
section for reactions of astrophysical interest, cf., (1.1). It removes the strong energy dependence due to the Coulomb barrier in the
entrance channel. Hence, the cross section of the TH reaction is also not affected by the Coulomb suppression and the S factor is
essentially measured directly in the TH experiments.

2.3.3. Other approaches

In the discussion of the MDWBA/MPWBA, the post-form expression for the DWBA T-matrix element (2.41) has been used to
derive the relation to the S-matrix elements and thus the cross section of the astrophysical reaction (1.7). But also the prior-form of
the DWBA T-matrix element

Toabec ® <¢b7’£2)(,;)|%/4 - Ua4|¢a¢A12;)> (2.71)

in combination with a surface-integral approach can be used to find a connection to the two-body reaction cross section, see [27]
for details.

If the TH reaction (1.6) proceeds via a resonance, the R-matrix formalism can be applied as a particular option as, e.g., discussed
in [28,29]. In this case, the reduced width amplitudes y in the entrance and exit channels appear explicitly in the HOES cross section
for a resonant reaction. It assumes the form

. . 2
2 — \ ZPI, (chRcC/h)Mi(prRxA/h)ylcylA
_de  _ 3 (27, +1) | Pec o (2.72)
dExAd‘Qb i h”cC

Di(ExA)

in the case of isolated non-interfering resonances i [30] with a normalization factor N and penetration factors P, in the partial wave
I;. R4 and R, are the channel radii in the initial and final state of the two-body reaction. If the use of plane waves is justified,
the simple form

; ) 91, (p)
Mi(peaRu/B) = | (BLy = 1) Jr(0) = p 5 , (2.73)
P
p=pxaRxa /N
for the transfer amplitude in (2.72) can be deduced [31]. Here, p,4 = 4/2p4(E,4 + Bj) is the effective momentum, j; (p) is a

spherical Bessel function, and Bi 4 is an arbitrary boundary condition. It can be chosen as in [32] to yield observable resonance
parameters. Finally, the quantity D,(E,,) in (2.72) is the standard R-matrix denominator for the case of a one-level, two-channel
R-matrix description [33]. The factorization of the THM cross section into a momentum distribution and a HOES cross section
represents a two-step description of the reaction. However, this approach is not explicitly considered in the direct reaction theory
outlined earlier, which employs a one-step process in its theoretical framework. To address this, it has been suggested to examine
the propagation of the transferred particle x within a two-step framework, as exemplified in the inclusive nonelastic breakup
theory [34,35]. Moreover, achieving a more precise calculation of the T-matrix element involving three particles in the exit channel
might require the application of three-body scattering within the Faddeev theory [36]. This strategy could enable the exploration
of the validity and limitations of simplified approximations. Nonetheless, adopting these advanced methodologies results in the loss
of the convenient factorization of the TH cross section.

2.4. T-matrix elements and cross sections in the ANC method

In contrast to the THM, where the subsystem B in the exit channel of the transfer reaction is a scattering state ¢ + C, a bound
state B is considered in the ANC method. The T-matrix element is usually considered in the distorted-wave Born approximation

Tossn ~ (Dsbpisg Wlbatharxh) 2.74)

with W = V,p = Uyg or W = V4, — U,, in the post or prior formulation, respectively, with optical potentials U;; and distorted
waves ;(f?, cf. Section 2.3.2. As in the THM, it is supposed that the many-body wave functions ¢, and ¢ have a prominent cluster
structure a = x + b and B = x + A, respectively. Then one can write

by = Deyd%,, g = Da05,, (2.75)

11
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with wave functions of relative motion

B = (Dutylda):  biy = (Dutaldn). (2.76)
that are often denoted as overlap functions. The T-matrix element can then be expressed as

T (Debpdad Ly 1,5 W b ebybad 205D 2.77)
that reduces to the simplified form

Tonspn & (68, 205 W12, 20 2.78)

if the integration over the internal coordinated of x, b and A can be performed. The overlap functions depend only on the relative
coordinates 7, and ¥, , and can be expressed as

(pr ( ‘(b) n - (pf (rxA) N
B%F) = ”—bY,m Fo) S5 Fa) = ;‘—AY,m (Fen)s (2.79)

Ix X

in a partial-wave representation with radial wave functions ¢, (pf ', and spherical harmonics Y, . Different to usual

single-particle wave functions, they are not normalized to one but their norms
7 = (D5 F )b, Fop)). = (@2 F D2, Fop)). (2.80)

are the so-called spectroscopic factors that are smaller than one in most cases.

In actual calculations, the overlap functions are usually replaced by simple normalized single-particle wave functions &7, and &7, B
with radial wave functions ¢, (r,;) and u ' (7). The latter are found by solving the Schrédinger equations of relative motion w1th
nuclear potentials of Woods-Saxon form using standard parameters for the radius, diffuseness and depths adjusted to the correct
energies. Thus the overlap functions are written as

— B _ 4B g£B
zb xbéxb’ ¢xA - AxAéxA’ (281)

Y,
xbMxb? "~ lxaMxa

with spectroscopic amplitudes A{, and Af ', to account for the difference in the normalization. Then the T-matrix element factorizes
as

Tun-bn =AY AL Ty (2.82)

with the single-particle T-matrix element

aA—>bB ~ (¢ Ale)|W|‘5ab1;Z) (2.83)
that enters in the cross section d?¢/d2,p of the transfer reaction A(a, b)B. Hence, one can write
2 2 d2p%P
+A->b+B A +A->b+B 2.84
deB % (a - ) =A%, a0y (a - ) ( )
with the single-particle cross section
d*c%P HaaMpB PbB | sp 2
+A->b+B)=—"———" 2.85
o A= bE B = AR ] (2.85)

that can be calculated using well-known computer codes. Identifying the modulus squares of the spectroscopic amplitudes with
spectroscopic factors, i.e.,
2
a B _ B
be ’ SxA - ‘AXA

2
= a2, , (2.86)

the latter can be determined from the ratio of experimentally measured cross sections to calculated single-particle cross sections
(2.85). Since one of the two spectroscopic factors in the cross section is usually known, e.g., if a or B is a deuteron with Sjp =1,
the other can be obtained.

The distinctive difference of the ANC method to the usual application of transfer reactions is the selection of peripheral reactions.
In that case, only the asymptotic part of the overlap functions (2.79) contributes effectively in the T-matrix elements and the reaction
cross section is, in fact, not proportional to the spectroscopic factors. For sufficiently large radii, the radial wave function in (2.79)
behaves as

Pl (rp) = CEW_, 1 Qa8 r), @8, (ren) > CE W, 1 (205, r.), (2.87)

with Whittaker functions that depend on the Sommerfeld parameters #,,, 1,4, orbital angular momenta /,,, /, 4, and bound-state

o BfA in the two channels. The asymptotic form
of the radial wave functions is thus fully determmed by known properties of the nuclei a and B, except for the quantities C¢, and
CB that are the asymptotic normalization coefficients for the breakup of the nuclear ground states of a and B into x + b and x + 4,
respectlvely Similarly as in the determination of spectroscopic factors, T-matrix elements T”;y "’b p and single-particle cross sections
d?>6%¥ /dQ,p can be introduced using only the asymptotic part of the radial wave functions (Whittaker functions) without the
ANCs. Then the cross

wave numbers ¢¢, = 1/2u,, B, /A, 48, = \/2u,4 B, /h with binding energies B¢

2 dgasym

dQyp

CB

a
C XA

(a+A—->b+B)=

A B 2.
d'QbB (a+A—> b+ B) (2.88)

12
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is proportional to the modulus squares of the ANCs and an ‘asymptotic’ single-particle cross section that is actually calculated. A
comparison with experimental cross sections allows then to extract one of the two ANCs if the other is known.

In a final step, the cross section o(x+ A — B+y) of the radiative capture reaction can be calculated numerically for low energies
in the entrance channel. It involves the transition matrix element

My apy = (@5 MEWIP) (2.89)
with the electric multipole operator that has the form
MEr) = ZWert Y, (Pen) (2.90)

with the effective charge number

2 2
m m
ZW =z (—2—) +z,(-—=— (2.91)
xa m,+my m, +my
for the relative motion between x and A. Then, adding the angular momenta and their projections in the notation, the reduced
transition probability

dB 1
—(EA,j jjg) = —— dQ
By = 1) szsz/ »

mpg myny

. - , , 2 HxpDx
(2, Ggm)| MEMDIE ) B g dmjam ) (2271);‘ (2.92)

can be introduced. It enters the calculation of the photo absorption cross section

o _ A+l @o® ., dB
EA, =— k
Gabs( JB — ]xJA) 1 (24 + 1)”]2 14 dExA
with the photon momentum 7k, that is related to the radiative capture cross section
20jp+h K

Qi+ D2is+ D2,

(Ed, jp = Jxja) (2.93)

Ucap(E}hjxjA - jp)= Oans(EA jp = Jjxja) (2.94)

via the theorem of detailed balance. Finally, the astrophysical S factor is obtained as
Sga(Easinia = p) = Ocap(Edsixin = Jg) Exa exp (27r1,y) (2.95)

with the Sommerfeld parameter ,, = Z, Z 4¢*\/2E, 4/t 4/h- Due to its r)'i , dependence and the Coulomb suppression of the radial
wave function in the scattering state for small radii in the calculation of (2.89), it is sufficient to use only the asymptotic form
(2.87) of the radial wave function for the bound state of nucleus a. At very low energies, it is found that interaction effects in the
scattering channel are also strongly reduced and the wave function of relative motion between x and A can be well approximated by
the regular Coulomb scattering wave function. The transition matrix element is then easily calculated numerically with the analytical
radial wave functions of the bound and scattering states for large radii. The reduced transition probability (2.92), the absorption
cross (2.93), the radiative capture cross (2.94), and the S(E) factor (2.95) are proportional to |C)’j A|2. A detailed analysis of the
energy dependence of the cross sections and the S(E) factor shows that .Sg,(E, 4) approaches a finite value in the limit E, , — 0 for
the capture from an s-wave in the continuum to a p or d wave in the bound state via an E1 or E2 transition, respectively. Thus,
SE0,jja — jp) is given by |C)’j " |2 up to a numerical factor from theory, which presents a valuable constraint for the S factor from
the known ANC.

3. Experimental application of the ANC method

The ANC technique [37] stems from the fact that capture reactions of astrophysical interest involve bound-state systems where
the binding energy of the captured particle is low. In stars, these captures occur through the tail of the overlap function, being highly
peripheral. The shape of this function is therefore insensitive to the details of the nuclear potential, and its amplitude (the ANC)
dictates the strength of the capture reaction. To reduce the influence of the nucleus’s internal structure (phase shifts in the involved
partial waves) in the scattering wave function, ANC measurements can only determine low-energy S(E) factors for peripheral direct
radiative capture reactions. Traditional methods using nuclear transfer reactions can be used for this purpose [37,38], as long as
the capture occurs with weakly bound states in the system B = x + A. For tightly bound states, the ANC technique is not suitable
because the bound state wave function is confined to a small region and the influence of interactions at short distances becomes
significant. This can bring non-negligible changes in the zero-energy S(E) factor.

The computation of the reduced differential cross section, as specified in Eq. (2.88) utilizing Whittaker functions, can be achieved
through conventional DWBA codes such as FRESCO [39]. This process entails a meticulous selection of optical potentials for
determining the distorted waves in the matrix element (2.89). In the context of the normalized single-particle wave function 5;’}] for
the a = x + b cluster configuration, under asymptotic conditions it takes the form

Eenran) = B W o0, (245, h)s (ERY

where the parameter b?, represents the single-particle ANC (for a detailed discussion, refer to [15]). From Eq. (2.81) and (2.87) one
can retrieve the connection between the ANC and the single-particle ANC (eq. (2.47) of ref. [15]):
Crp =A% b3y (3.2)
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By using the single-particle ANC definition b¢,, the aforementioned equation can be reformulated in a manner commonly used in
experimental applications:

2
d0exp o ? Cul dopwea
(a+A—b+B)=|—= = ————(a+A—>b+B) 3.3)
dQ,, b, | 6B, | d2s
DWB.
where 42 represents the transfer cross section calculated within the DWBA formalism, linked to the experimental one through

the spectr&fcopic factors according to Eq. (3.2).

The ANC technique can also be used to determine the y widths I', for resonant capture processes, see, €.g., [31] for neutron, [40],
proton and [41] « captures of astrophysical interest. The method has also been applied to mirror reactions to study proton/neutron
captures [42-45]. In summary, the ANC method is valuable for both resonant and nonresonant capture amplitudes and it can be
used to determine astrophysical S(E) factors when the capture occurs through a subthreshold resonance. [37].

When resonance parameters are known, which can be obtained from measurements or calculations, R-matrix calculations can
be performed to determine the capture cross section.

For practical applications of the ANC method, the following steps need to be taken into account:

+ The transfer reaction has to be peripheral. This requirement can be achieved in two ways: by using reactions with large impact
parameters — this can be achieved by selecting events with small scattering angles; by performing reactions at sub-Coulomb
energies to secure the peripherality of the process due to the Coulomb repulsion.

With the assistance of DWBA calculations, cross checks can be done by changing the values of the radius and diffuseness
parameters in the potentials describing the binding of the transferred particle x to the cores A. Peripherality is then verified
by assessing the dependence of C¢, on b%, (Eq. (3.2)) While A¢, and b?, depend on the choice of the potentials used in
the calculations, their product is a model independent quantity, provided that the experimental conditions necessary for
its deduction are satisfied. Specifically, this entails the possibility to describe the experimental transfer cross section using
Eq. (3.3).

After confirming that the ANC reaction is peripheral, the experiment needs to measure the absolute differential cross section
accurately. This involves carefully considering all factors that might influence the results and estimating the associated
uncertainties.

The last step involves comparing measured results with calculations to extract the ANC we need. This comparison relies on
accurate descriptions of how particles interact with the nucleus, which are captured by the optical model parameters.

For stable nuclei, these parameters can be easily obtained by measuring elastic scattering cross sections in the entrance and
exit channels. However, for unstable nuclei, obtaining good optical potentials is more challenging. In these cases, one might
need to rely on data from broader studies also involving similar nuclei.

The ANC method has proven valuable in studying various reactions relevant to key astrophysical problems. Table 3.1 showcases
some of the most studied reactions using ANC, highlighting both the astrophysical and the ANC reactions. Here below, we will
report on some recent applications: 180(p, y)'°F, 3He(a, y)”Be and 26Si(p, y)%’P reaction studies.

3.0.1. The 180(p, y)°F reaction

Astrophysical background. The 80(p, y)'°F radiative capture finds its importance in the nucleosynthesis, given that such a reaction
can play an important role in mixing stages of the AGB environment. The (p, y) process, in fact, allows the escape from the CNO
cycle, and its branching ratio against 20(p, «)'°N (that is the dominant one) has an impact on both >N and '°F abundances. This
ratio represents an important parameter for different nucleosynthesis environments, and can be crucial to determine the origin of
presolar grains [46,47].

The direct capture of the 180(p, y)!°F reaction constitutes the most important part of the total cross section of astrophysical
interest, and its behavior has been thoroughly investigated: its excitation function has been evaluated theoretically and experimen-
tally [48], and the presence of three resonances at low energies have been confirmed [49,50]. Nonetheless discrepancies in the
behavior of the direct component at low energies have been found [51], showing an increasing trend with energy, instead of the
decreasing one present in the literature at the time [48].

Experimental set-up and astrophysical S(E) factor extraction. For the reasons above, the 180(p, y)19F has been investigated by means of
the ANC method [52]. The radiative part of the total cross section has been retrieved from the 180(*He,d)'°F transfer reaction, using
the 3He beam available at the U-120M iso-chronous cyclotron of the Nuclear Physics Institute of the Czech Academy of Sciences.
In order to study the transfer reaction, a gas target composed by a chamber filled with 99% purity 180, with an output window
that covers the angular range —65° +40°, has been used. The detection set-up was composed by eight AE-E telescopes made by thin
(250 pm) Si and thick (5 mm) Si(Li) detectors, in order to detect the deuterons of interest, as well as the scattered *He from the
beam.

The optical model parameters (OMP’s) for the entrance channel have been extracted from the elastic scattering, and are consistent
with previous publications [53,54]. Eleven peaks belonging to excited states related to the deuterons coming from the reaction of
interest, corresponding to the transitions to the ground state of 1°F, have been identified. For the OMP’s in the exit channels, those
were taken from the global formula in [55] at the proper energy. An example of the angular distribution fitting procedure can be
found in the left panel of Fig. 3.1, showing the angular distributions for the transitions to the 1°F ground and first (0.197 MeV)
excited states. The black solid squares represent the experimental data, while the lines refer to the sets of optical model parameters
taken from Table 1 of [52] (fit A: solid line, fit B: dashed line).
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Fig. 3.1. Left panel: angular distribution for the *0(*He,d)!°F in the !°F ground and first excited state. Right panel: S(E) factor for the total proton direct
capture '*0(p, y)'°F for three different potentials, compared with literature (see text for details).
Source: The figure is adapted from Ref. [40].

Using three different potentials, the ANC’s for the twelve states (ground state and eleven excited ones) have been calculated (see
Table 3 from [52]). Resulting S(E) factors for the 180(p, y)1°F total direct capture are shown in the right panel of Fig. 3.1 as blue
solid (Coulomb potential), dashed (Perey & Perey potential) and dash-dotted (hard sphere potential) lines. Calculations from [51]
and measurement by [48] are shown as solid black and red lines, respectively. In two out of three cases the resulting astrophysical
S(E) factor has been found having the same trend found by [51], but with a lower contribution than the one given in [48,51]. This
is due to the fact that the ANC method addresses only the direct part of the capture process. To address this discrepancy, the S(E)
factor calculated with the Coulomb potential was normalized to the absolute cross-section value measured by Wiescher et al. atE, ,,
= 1.75 MeV. The normalized curve (blue dotted line) closely matches the Buckner et al. calculations. Also it has been found that
the Coulomb potential contribution to the direct part constitutes up to 57% or more of the contribution determined in [51]. Refer
to [52] for more details.

3.0.2. The 3He(a, y)”Be reaction

Astrophysical background. The >He(a, y)"Be reaction is critically important in nuclear astrophysics. The reaction is significant for
understanding the lithium problem in Big Bang Nucleosynthesis [56] and especially to constrain the Standard Solar Model from
precise measurements of the neutrino flux from the Sun’s core, if accurate nuclear reaction cross sections are known. However,
current uncertainties in these parameters are too high due to the low cross sections at the relevant energies. Improving our knowledge
of the low-energy cross section of the >He(a, y)"Be reaction would significantly reduce uncertainties in solar neutrino flux predictions
and, in turn, on the Standard Solar Model parameters [3].

The reaction has been extensively studied using different experimental methods, such as gamma ray detection, measuring ’Be
activity, and counting "Be recoils (see, e.g. [57] and references therein for works published after 2004). Despite the extensive
number of dedicated experimental studies, it has remained a challenge to measure it directly because the energy range relevant to
astrophysics, known as the Gamow window, falls between approximately 15 keV and 30 keV for a temperature of 15 MK, which
characterizes the core of the Sun [3]. At these temperatures, the cross-section of the 3He(a,y)’Be reaction becomes exceedingly
small, making the direct measurement presently unfeasible or very uncertain. For applications to the lithium problem in Big Bang
Nucleosynthesis, it plays a role particularly at energies around 100 keV, where more data are available, though sometimes with
scattered absolute values.

For these reasons, extrapolation from higher energies is often necessary, in particular using the R-matrix approach (see, for
instance, the compilation [58]). Furthermore, various theoretical models, including external capture models, potential models, and
ab initio approaches, have been used to describe the reaction (see [57] for an inexhaustive list). Different models yield varying
values for the astrophysical S(E) factor of the reaction, especially with respect to the absolute value. Recent studies have focused
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Fig. 3.2. Left panel: angular distribution for the °Li(*He, «)’Be populating the ground ((a) and (c), beam energy 3 MeV) and first (0.429 MeV, (b) and (d), beam
energy 5 MeV) along with the calculated differential cross sections (gray lines, see text for details). Right panel: Summary of the most recent *He(a, y)’Be S3,(0)
results. The central value represents the recommended one.

Source: The figure is adapted from Ref. [57].

on using the asymptotic normalization coefficient (ANC) technique to derive the zero-energy astrophysical factor S34(0) factor of
the *He(a, y)’Be reaction without extrapolation [59]. This approach takes advantage of the pure external direct capture process of
the reaction and to the possibility to derive the absolute normalization from measurements easier to carry out.

From the experiment to the astrophysical factor. The 3He(a,y)'Be reaction was studied through the ANC approach by measuring
the near-barrier transfer reaction °Li(*He, d)”Be, populating both the 7Be ground state and first excited state (excitation energy
429 keV). The angular distributions of the emitted deuterons were measured in two experiments performed using the 3 MV singletron
accelerator of the Department of Physics and Astronomy (DFA) of the University of Catania (Italy) and the FN tandem accelerator
at the John. D. Fox Superconducting Accelerator Laboratory at the Florida State University (FSU), Tallahassee, USA, at 3He beam
energies of 3 and 5 MeV. Details on the experiment and on the analysis are given in [57,60]. In the analysis, the ANCs for the °Li-p
channel were deduced as well, to provide an independent assessment of the accuracy of the method.

The ANCs of the 3He-a channels were extracted from the analysis of the deuteron angular distributions (Fig. 3.2, left panel)
at backward angles in the center of mass, focusing in particular on the main peak, where the peripherality of the process is more
pronounced. The angular distributions were fitted using the post form of the modified DWBA, taking into account the channel
coupling effects (CCE). Two separate calculations were carried out (originating the two sets of gray lines in Fig. 3.2, left panel),
assuming two different reaction mechanisms, p-transfer at forward center-of-mass angles (6., < 90°) and a-transfer at backward
center-of-mass angles (6,,, > 90°). Focusing on a-transfer, the contribution of p-transfer is negligible at large 6., angles, as well as
the interference of the two mechanisms. To minimize and quantify the systematic error introduced by the dependence on optical
model parameters, several sets of optical potentials were tested in the ingoing and outgoing channels. From these, the one providing
the most accurate description for the experimental data was used in the data analysis. Furthermore, the geometrical parameters of
the Woods-Saxon potential of the bound state wave function were varied within a broad range to test the peripheral nature of
the reaction. The ANCs were found to have a very weak dependence on the single particle ANCs, showing that the peripherality
condition is satisfied within a 2%-3% level [60].

As discussed in [57], the values of the square of the ANCs for the He + @ — "Be(g.s.) and *He + a — "Be(0.429 MeV) were
found to be C? = 20.84 + 1.12 [0.82; 0.77] fm~! and C? = 12.86 + 0.50 [0.35; 0.36] fm~!, respectively. Square parentheses show
the components of the error budget: it includes both experimental uncertainties on the do®*P/dQ (first term in square brackets)
and the uncertainty due to the ANC of d +* He —° Li, as well as the uncertainties from the adopted optical model (second term in
square brackets). Using the deduced ANCs and within the modified two-body potential model (MTBPM) [57,60], the direct capture
3He(*He, y)"Be astrophysical factor was calculated and the resulting S34(0) (Fig. 3.2) and S34(23 keV) factors (23 keV being the
Gamow energy for Solar fusion) turned out to be S34(0) = 0.534 + 0.025 [0.015; 0.019] keVb and S34(23 keV) = 0.525 + 0.022
[0.016; 0.016] keVb. The comparison with the values in the literature shows an improved accuracy with respect to the present-day
recommended value in [3], S34(0) = 0.56 = 0.02(expt)+0.02(theor) keVb, but with an uncertainty still higher than the target value
of 3%, calling for further improved determinations of the ®Li(®He, d)”Be transfer cross section.
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Table 3.1
Reactions studied with the ANC method.
Indirect reaction Direct reaction References
[1] 10B("Be, *B)’Be '"H(’Be, 7)*B Azhari et al 2001 [76]
[2] 1“N("Be, ®B)!*C 'H(’Be,y)*B Azhari et al 2001[76]
[3] Be(Li,3Li)2C 'H("Be,y)’B Trache et al 2003 [43]
[4] 1°0(He, d)'"F 'H('¢0,y)'"F Gagliardi et al 1998 [77]
[5] “N(*He, d)">0 "H(“N, )P0 Bertone et al 2002 [78]
[6] 2CWd, p)C n(?C,y)PC Imai et al 2000 [79]
[71 BC(Li,d)'"0 4He(3C,n)'°0 Kubono et al 2003 [80]
[8] HN(BN, 40)3C '"H(BN, p)*0 Motobayashi et al 1991 [81]
[91 2N(*He, d)"*0 TH(N,p)?0 Skorodumov et al 2007 [82]
[10] 5N(He, d)'°0 TH(SN, y)'°0 Mukhamedzhanov et al 2010 [83]
[11] Bed4e, boy'2c “4C(n,n)0 McCleskey et al 2014 [44]
[12] 4Cwd, p)'5C 4C(n, )0 McCleskey et al 2014 [44]
[13] 80(*He, d)'°F 30(p, y)'°F Burjan et al 2019 [40]
[14] SLi(*He, d)’Be 3He(a,y)’Be Kiss et al 2020 [41]
[15] 26Mg(d, p)*’ Mg 26Si(p, y)*'P Guo et al 2006, Timofeyuk et al 2008, D’Agata et al 2021 [45,69,70]
[16] SLi(*He, d)’Be SLi(p,y)"Be Kiss et al 2021 [84]

3.0.3. The 26Si(p, y)*”P reaction
Astrophysical background. The production and destruction channels of 26Si are strongly correlated with one of the most studied
topics in nuclear astrophysics: the 26Al abundance in our Galaxy. Such element (T, 52 = 0.75 Mys, J* =5%) can be produced in a
number of different stellar scenarios, such as core-collapse Supernovae [61], Novae [62], Wolf-Rayet objects and AGB-stars [63].
All these sites have been addressed as possible sites of proton capture, therefore 26Al can be produced from 24Mg following the
reaction chain 24Mg(p, y)2°Al(*)?°Mg(p, y)*°Al, with the 26Al that then decays in 2°Mg 1st, that almost immediately (476 fs) falls
in its ground state, emitting the well-known 1.807 MeV y-ray line. Such a scenario is made more complicated by the presence of
the well-known isomeric state 26A1" (T, /, = 6.34 s, J* =07), that can swiftly decay in Mg, . Such an isomer can be produced
from 25Al via proton capture, following the reaction chain 2>Al(p, y)26Si(§*)20Al™, thus reducing the quantity of 26Al produced. In
this second reaction chain, the unstable (T, = 2.24 s) 2Si can also capture a proton, producing *’P via the 26Si(p, y)*’P reaction.
The 26Si(p, y)?’P proton capture has been studied many times in the past [64-70]. In particular, in [69], the authors re-analyzed
old published data available in literature [71] regarding the 26Mg(d,p)%” Mg reaction, and using the well established extension of
the ANC method for the mirror nuclei ([72], see also [73] for more details), were able to calculate the ANC’s for the 26Si(p, y)*’P
capture in the ground, first and second excited states. Such results were nonetheless challenged by [70], that retrieved the ANC’s for
the ground and 1st excited states of 27P from the 26Mg(t,d)%” Mg reaction, again using the mirror nuclei technique. In this last work,
the ANC’s for the ground and first excited states for the 2°Mg(n, y)*” Mg neutron capture have been found to be a factor of 2 and a
factor of 3 smaller, respectively, and the S(E) factor at zero energies — S(0) — has been found to be 1.7 times smaller than [69].

Experimental apparatus and reaction rate calculation. To address this discrepancies, another ANC experiment involving mirror nuclei
has been performed, using the deuteron beam available at the U120-M isochronous cyclotron of the Nuclear Physics Institute of the
Czech Academy of sciences [45]. The 26Mg(d,p)?” Mg reaction has been then used to study the 26Si(p, y)2’P one.

The experimental setup consisted of five AE-E telescopes, made with thin (250 pm) Si and thick (5 mm) Si(Li) surface detectors.
Three of those were positioned on a rotating plate with a 10° step between each other, in order to cover the region between 7° and
60° in the laboratory reference frame. On the other side of the beam, the remaining two AE-E telescopes were placed at 15° and
35°, and have been used as monitors to check beam purity and alignment.

The OMP’s for the entrance channel have been obtained from the elastic scattering 2°Mg(d,d)*°Mg, while for the exit one the
code FRESCO has been used to fit the experimental angular distributions of the protons coming from the 2°Mg(d,p)?’Mg in the
ground and 1st excited states (Fig. 3.3, left panel), using the OMP’s from [69] as seed values (see dashed and dotted lines in the
figure referring to potentials P1 and P2 from Table I of Ref. [45]).

Once the peripherality for the process has been ascertained by checking the small dependency of the ANC from the single-
particle ANC (Fig. 3.3, right panel), following the discussion in section 3 and in Ref. [15] (section 2.1.3), the calculated ANC’s in
this work have been found to be 28.26 + 4.9 fm~! and 1.41 + 0.25 fm~! for the 2°Mg(n, y)>’Mg capture in the ground state and
in the girst excited state, respectively. Those values — in reasonable agreement with [70] — have then been used to calculate the
|C ;{i;l =1420 + 255 fm~1, value in agreement with [70] if the different separation energies for the system 20Si+p used in [45,70]
are considered. For the first excited state of 27P, the total width I, has been calculated — I', = (5.23+1.5)x10~? — and there is again a
fair agreement between [45,70]. Finally, the reaction rates for proton capture in both the ground and 1st excited states of ’P have
been calculated and compared with the results coming from [74], using the I', value coming from the I',/I, ratio from [75]: an
increasing by a factor 1.4 and 2.2 has been found for the reaction rates of the 2Si(p, y)%’P capture in the ground and first excited
states, respectively.

4. Experimental application of the THM

The Theory of the THM relies on the principles of direct reactions and is utilized to establish a connection between the cross
sections of two closely related reactions. In this approach, the reaction of astrophysical interest (Eq. (1.7)) can be viewed as a
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Fig. 3.3. Left Panel: angular distribution for the °Mg(d,p)?’ Mg transfer reaction for the ground (a) and first excited (b) states. Fitting dashed and dotted lines
in the figure refer to potentials P1 and P2 from Table I of Ref. [45]. Right panel: comparison between the variation of the spectroscopic factor (a) and ANC (b)
as a function of the single-particle ANC. The small variation of the latter is a strong hint of a peripheral process, allowing the application of the ANC method.
Source: The figure is adapted from Ref. [45].

subprocess of the actual Trojan-Horse (TH) reaction (Eq. (1.6)). The nucleus a possesses a prominent cluster structure b + x in
its ground state and acts as a Trojan horse, drawing an analogy to the tale from Homer’s Odyssey. The nucleus b is considered a
spectator, essentially unaffected by the TH reaction, and therefore, only a minimal momentum transfer to b is expected. The theory
of the THM has been developed and discussed in multiple papers employing various alternative formalisms [17,21,23,26,85]

However, despite the differences in notation, introduced quantities, and specific details, the general features of the THM remain
essentially the same. In the previous section on transfer reactions, an approach was chosen to provide a direct understanding of
the key aspects of the THM. The TH reaction (Eq. (1.6)) is assumed to be dominated by surface effects, and the reduction of the
cross section for the sub-process (Eq. (1.7)) due to Coulomb interactions is suppressed. This suppression occurs because the particle
x is brought close to nucleus A within the Trojan horse a at a high energy. Despite the high energy in the a + A channel, it is
possible to achieve low energies in the relative motion of x and A. Initially, it was proposed an explanation for this phenomenon by
considering the momentum distribution of the clusters x and » inside the Trojan horse a [26]. However, this interpretation, which
relied on compensating the energy of a + A with the Fermi motion of x within a, was later superseded by the experimental work
carried out by the nuclear astrophysics group at INFN-Laboratori Nazionali del Sud in Catania, known as the ASFIN group. Historical
developments and reviews of this work can be found in [15,17,85-87]. In order to successfully apply the THM in actual experiments,
the TH reaction (Eq. (1.6)) is typically studied under quasi-free (QF) scattering conditions. Under these kinematic conditions, the
momentum transfer Qb p to the spectator b, as described in Eq. (2.29), is small and close to the peak of the momentum distribution.
This particular region in the three-body phase space is where the quasi-free (QF) process makes the most significant contribution
to the cross section of the reaction (1.6), in comparison to other mechanisms such as sequential or compound-nucleus reactions.
Consequently, the momentum transfer is not large and does not correspond to the tail of the momentum distribution, as initially
assumed in the original presentation of the method.

4.1. Kinematic conditions

The conservation of energy in the center-of-mass (c.m.) system for the TH reaction (1.6) can be expressed as:
EaA = ECC + EbB - Qa+A—>b+c+C (41)

with the Q value (2.7) and the kinetic energies of the relative motion (2.4).
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Additionally, we introduce the binding energy B, of the Trojan horse a, defined in Eq. (2.9). By utilizing the energy conservation
of the two-body reaction (1.7), we can further analyze the energy relationships involved in the TH reaction:

Ec+mo4+mec=E  ,+m . +my, (4.2)
and the effective kinetic energy
ExA = EaA - EbB - Ba (4.3)

in the initial state of the sub-process (1.7) is expressed by means of the energies of the TH reaction (1.6).

The positivity of both E,; and B, implies that the energy E, , is significantly smaller than the energy E,, in the entrance channel
of the TH reaction. This observation underscores the fact that the Trojan horse mechanism allows for the extraction of low-energy
information from a higher-energy entrance channel. Moreover, momentum conservation in the quasi-free scattering condition, where
Oyp =00 pyp = myp,4/(m, +my), can be utilized to impose an additional constraint on the kinematics of the reaction.

The expression

P2 m 2 U
bB b aA
Ep=—=—2— E 4.4
BT Dy (mx + mb) g
allows us to define the quasi-free energy
2
m Han
EY=|1-(—2—) =4 |E,-B 4.5
xA [ <mx +my Upp aA a ( )

in the entrance channel of the astrophysical reaction (1.7). This quasi-free energy is completely determined by the energy in the
initial state of the TH reaction (1.6). It is important to note that E;’f4 can become very small or even negative depending on the
binding energy B, of the Trojan horse a and the choice of E,4, as the pre-factor of E,, is smaller than one. However, in real
experiments, the quasi-free energy EZ/{ is not changed by changing E,,.

Typically, it is more suitable to maintain a constant value for the beam energy while exploring a specific range in Q, 5 around zero.
By utilizing the definition of Jacobi momenta and disregarding the binding energies of the nuclei relative to their masses, we can
establish O, = —p,,. To ensure a reasonable approach, it is advisable to confine the range to Q,; < hx,,, where k., = \/2p,,B,/h
denotes the OES wave number for the bound state of a. The method described here, initially outlined in [88], represents a distinct
approach to the THM (Three-Body Model) in contrast to the original concept presented in [26], where the pertinent values of p,,
were substantially higher, reaching hundreds of MeV/c. This high p,, value was necessary to compensate for the energy associated
with the relative motion of A +a. At such large momenta, the magnitude of the momentum distribution can be significantly smaller
compared to that at p,, = 0, necessitating a careful separation of the quasi-free process from other competing reaction mechanisms.
Furthermore, given that the analysis of experimental data relies on the shape of the momentum distribution, it is crucial to have a
reliable theoretical description. This becomes more challenging for the tail of the distribution compared to a limited region at small
Py values.

The finite range of p,, in the inter-cluster motion is employed to ensure access to the astrophysical energy region in the TH
experiment. Typically, this range is on the order of a few tens of MeV/c. Fig. 4.1 illustrates a typical shape analysis of the momentum
distribution, conducted for the 170(p, a)'#N reaction by employing 2H as the TH nucleus [89,90]. The experimental momentum
distribution is represented by black full circles and is compared with theoretical distributions. Theoretical distributions are obtained
using the square of the Hulthén wave function in momentum space, based on the plane-wave impulse approximation (shown as
a black solid line), as well as calculations performed within the distorted-wave Born approximation (DWBA) using the FRESCO
code [39] and optical potential parameters extrapolated from [55] (represented by a red dotted line). Both curves are scaled to the
experimental maximum for comparison purposes. A noticeable agreement within experimental uncertainties is observed for neutron
momentum values p, <50 MeV/c, which corresponds to the matching «,, value for the deuteron. This criterion determines the
selection of quasi-free (QF) events for further analysis of the data.

The quasi-free condition p,, = 0 can be expressed as m,p, = m,p,, leading to the following equations:

() s s (4.6)
Px = m, Pa = m, Pq *
These equations are derived from the fact that p, = p, + p,. Furthermore, this provides the energy expression:
2 = > 2
Pia 1 Dy Pa Hxa
P B L[y (BB ot “
x ZMXA 2”XA * my my Haa ¢
s

This energy expression, derived through the usual dispersion relation, is distinct from Eg -, calculated in Eq. (2.14). Consequently,
the sub-process of transferring x in the TH (Transfer-Hydrogen) reaction occurs off the energy shell, and x must be regarded as
a virtual particle. In TH experiments, the quasi-free condition, where p,, is close to zero, also determines the selection of the TH
nuclei. TH nuclei that exhibit a significant cluster component in an s-wave of relative motion are preferred, such as 2H for two-body
reactions involving protons or neutrons, or °Li for the transfer of deuterons or a particles.

4.2. General steps of data analysis

Now the methodology for data analysis in TH experiments is discussed, which requires careful considerations regarding the
choice of the TH nucleus, kinematic conditions (to satisfy Eq. (2.14) regarding beam energy), detection angles, choice of detected
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Fig. 4.1. Experimental momentum distribution for the spectator (full black and open circles) from [89,90] compared with theoretical ones, given in plane wave
impulse approximation (black solid line) and DWBA (red dotted line) normalized to the experimental maximum.

particles, and the experimental setup. Successful TH experiments necessitate relatively simple experimental setups with high energy
and angular resolutions (typically less than 1% and less than 0.2 degrees, respectively) to minimize uncertainties in E, ,. For TH
reactions, all kinematic variables can be calculated using the energies and angles of any two out of the three particles in the exit
channel. This feature is particularly advantageous when the breakup occurs in the target or when one of the three particles involved
is a neutron. In such cases, the detection of very low-energy particles, which may be limited by detection thresholds, or the use of
neutron detectors with poor angular resolution can be avoided. A typical detection setup consists of two or more pairs of coincidence
telescopes positioned on opposite sides of the beam direction at relatively forward angles. TH experiments are often conducted in
inverse kinematics. Several steps are involved in the data analysis process before extracting the two-body cross section relevant to
astrophysics:

identification of the three-body reaction channel of interest, typically accomplished using the standard AE-E technique or
through kinematic calculations;

validity tests on selected events and the selection of the quasi-free (QF) mechanism;

extraction of the binary cross section from the measured TH cross section in arbitrary units. At sub-Coulomb energies, the
penetrability factor needs to be considered;

normalization procedure using available direct data to obtain the cross section o,(E)/S,(E) in absolute units. In cases
where ultra-low energy data from direct measurements are available, the electron screening potential can be extracted using
Eq. (1.2);

validity tests comparing direct and indirect data in terms of excitation functions, including resonances, and angular distribu-
tions.

After these validations, THM data can be considered reliable in cases where direct data are not available. The general
procedure for applying the TH method is summarized in Fig. 4.2. Starting with the selection of a specific TH nucleus with a
particular momentum distribution (top panel) and determining the entrance channel energy E,,, the quasi-free energy (2.14) in
the astrophysical reaction (1.7) is calculated (bottom panel). The chosen momentum distribution cutoff, denoted as Q.,, defines
the accessible range of energies E, ,. The cross section extracted from the TH experiment needs to be scaled to direct data since it
provides only the energy dependence and not the absolute normalization.

Recently, the selection of suitable nuclei for TH experiments has expanded to include N in addition to the commonly used
nuclei 2H, 3He, and °Li, which have been extensively employed in numerous TH experiments. The inclusion of #N in recent
applications [30] opens up new possibilities for future experiments using THM with heavier stable nuclei and even with radioactive-
ion beams. The utilization of heavier TH nuclei, such as 13C, 14N, 2°Ne, 23Na, and 2°Mg, holds promise for investigating crucial
reactions that contribute to energy generation and the production of heavy elements in the late stages of massive star evolution.
These experiments can provide valuable insights into the dynamics and role of clusters within the THM framework. For more detailed
information on the influence of clusters and their dynamics in THM, refer to [91]. Additionally, some of the potential TH nuclei
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Fig. 4.2. Connection of the momentum distribution of the Trojan-Horse nucleus (top panel) to the range of accessible energies for the astrophysical S(E) factor
(lower panel) in the THM.

exhibit p-wave intercluster motion configurations, and focused studies in this area are anticipated in the near future to broaden the
applicability of the method.

4.3. Recent applications

The THM has demonstrated successful applications to various reactions of astrophysical importance. A comprehensive list of the
most significant reactions investigated thus far, along with relevant bibliographical references, can be found in Table 4.1. For a more
detailed analysis of the specific characteristics of each experimental study, it is recommended to refer to the corresponding articles.
Here, we will provide an overview of recent results, highlighting the versatility of the THM. The method has been employed to study
a wide range of reactions, including those involving charged particles (resonant or non-resonant) and neutron-induced reactions.
These investigations have utilized both stable and radioactive ion beams (see, for example, [92,93]). TH investigations typically
focus on processes that are relevant to stellar nucleosynthesis scenarios, spanning from the early universe to advanced and explosive
phases of evolved stars. In some cases, these studies serve the purpose of understanding crucial aspects of nuclear interactions. They
also play a significant role in investigating fusion dynamics in plasmas for energy production. Notable examples include the d+d
reaction [94] and the '%!'B+p reaction [95,96]. In these cases, the availability of unscreened low-energy data allows for testing the
consistency of existing models in determining electron screening effects. In the following, we will review recent studies, most of
them triggered by the nuclear astrophysics interest. In particular, we will focus on the 7Be(n, a) and 7Be(n, p) reactions, 27 Al(n, a)
reaction, Coulomb-free p — p scattering cross section and 12C+'2C fusion reaction.

4.3.1. The contribution to the standard BBN reaction network

The Big Bang Nucleosynthesis (BBN) occurred during the time span when our universe was capable of producing nuclei, just
after baryogenesis, most likely 1+20 min after the Bang. BBN has been extensively studied for decades due to its significance in
understanding the entire Big Bang Model. It serves as one of the three main evidences supporting the model, along with galactic
recession and the Cosmic Microwave Background (CMB). BBN allows us to explore the universe during its earliest stages, making it
a valuable tool for constraining the physical evolution of the Big Bang. By studying the primordial abundances of >H, 3He, “He, "Li,
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Table 4.1
Reactions studied with the THM.
Indirect reaction Direct reaction References
[1] 2H(Li, aa)n "H('Li, a)*He Spitaleri et al 1999, Lattuada et al 2001 [97]
[2] 3He("Li, aa)d 2H('Li, a)*He Tumino et al 2006 [98]
[3] 2H(°Li, a*He)n 'H(°Li, a)*He Tumino et al 2003 [88]
[4] SLi(°Li, aar)*He 2H(°Li, a)*He Spitaleri et al 2001 [22]
[5] 2H(°Be, a®Li)n '"H(Be, a)°Li Wen et al 2008 [99]
[6] 2H('°B, a’Be)n TH(''B, @)’Be Lamia et al 2008, Rapisarda et al 2018, Cvetinovic et al 2018 [100-102]
[7] 2H(''B, ay*Be)n '"H(''B, a)®Be Spitaleri et al 2004, Lamia et al 2011 [103,104]
[8] 2H(®N,«'2C)n 'H(SN, o)'12C La Cognata et al 2007 [105]
[91 2H('80, a'SN)n 'H('80, @)'SN La Cognata et al 2009 [106]
[10] 2H(70, a"N)n 'H70, a)*N Sergi et al 2010, Sergi et al. 2015 [89,90]
[11] SLi(*He, p*He)*He 2H(*He, p)*He La Cognata et al 2005 [107]
[12] 2H(°Li, p>H)*He 2H(d, p)*H Rinollo et al 2005 [108]
[13] SLi("2C, a"2C)y*H 4He('2C, 12C)*He Spitaleri et al 2000 [109]
[14] 2H(°Li, t*He)'H n(°Li, t)*He Tumino et al 2005, Gulino et al 2010 [110,111]
[15] 2H(p, pp)n 'H(p,p)'H Tumino et al 2007, Tumino et al 2008 [112,113]
[16] 2H(He, p’H)'H 2H(CH, p)’H Tumino et al 2011, Tumino et al 2014 [94,114]
[17] 2H(*He, n’He)'H 2H(*H, n)*He Tumino et al 2011, Tumino et al 2014 [94,114]
[18] 2H('°F, a'®0)n 'H("F, a)'°0 La Cognata et al 2011, Indelicato et al 2017 [32,115]
[19] BC(°Li, n'°0)*H B3C(a,n)'°0 La Cognata et al 2014 [116]
[20] 2H('8F, a'50)n 'H(®E, )50 Cherubini et al 2015, Pizzone et al. 2016, La Cognata et al. 2017 [92,117,118]
[21] 2H(''B, a’Li)'H n('°B, @)’ Li Guardo et al 2019, Sparta et al 2021 [119,120]
[22] 2H(’Be, aa)'H n(’Be, )*He Lamia et al 2017, Lamia et al 2019, Hayakawa et al 2021 [121-123]
[23] 2C(14N, a®Ne)*H 2¢(12C, a)* Ne Tumino et al 2018 [30]
[24] 12C("N, p*Na)’H 12C(2C, p)**Na Tumino et al 2018 [30]
[25] SLi("F, p**Ne)’H “He('°F, p)**Ne Pizzone et al 2017, Dagata et al 2018 [117,124]
[26] 2H("70,a'*C)'H 70(n, @)!*C Oliva et al 2020 [125]
[27]1 2H(He, p)'H 3He(n, p)*H Pizzone et al 2021 [126]
[28] 2H("Be, p'Li)'H n(’Be, p)'Li Hayakawa et al 2021 [123]
[29] 2H® Al a**Mg)n 7T Al(p, @)*Mg Palmerini et al 2021, La Cognata et al. 2022 [127-129]

we can gather information about the physical conditions in the primordial era. For a recent review and references, refer to [130]. To
investigate the abundances, origin, and evolution of light elements, we must consider various processes in addition to the Big Bang,
such as production by cosmic rays, stellar destruction, and nucleosynthesis. However, understanding the light element abundances
in stars is limited by our incomplete knowledge of many astrophysical processes, including convection, microscopic diffusion, and
the possible presence of additional mixing mechanisms. Furthermore, the destruction of light elements strongly depends on the
chosen physical inputs, particularly the nuclear reaction rates. One well-studied case is the discrepancy between the predicted and
observed abundances of 7Li in the Sun, as well as in open clusters and halo or disk stars. However, a complete understanding of
lithium burning in stars also involves considering the role of the less abundant °Li [88,131]. It is important to note that, except
for 7Li, the predicted and observed abundances of other primordial isotopes generally match within uncertainties, considering the
appropriate astrophysical sites. Despite the efforts made to reduce uncertainties, in most cases, directly measured cross-section data
exhibit inadequate accuracy in the energy range relevant for BBN. This is due to inherent limitations, such as the presence of the
Coulomb barrier for charged particle-induced reactions, which reduces cross-section values to such small values that they are nearly
impossible to measure. Additionally, there is a need for neutron beams that cover the energy region relevant to astrophysics.
Recently, indirect measurements have been performed to overcome these difficulties, particularly using the THM. This has
been applied to some of the most relevant reactions of the SBBN network, such as 2H(d,p)*H [94,114,132], 2H(d,n)3He [94,114],
SHe(d,p)*He [133], 7Li(p, )*He [134,135], and then extended to 7Be(n, «)*He, 7Be(n,p)”Li and 3He(n,p)*H [136] in [137]. These
studies open up new avenues for the application of the Trojan Horse Method (THM) to neutron-induced reactions on radioactive
ion beams. This significantly expands the utility of THM to encompass almost all the reactions that are relevant for astrophysics.

4.3.2. Status of the 7Be+n measurements and the THM experiment at CRIB

Background. The nucleosynthesis of the radioactive "Be isotope impacts the final abundance of "Li predicted by the cosmological Big
Bang Nucleosynthesis (BBN) model. BBN is a critical probe to understand the early universe, describing the primordial production
of light nuclides such as 4He, D, *He, and "Li [138,139]. Besides the fair agreement founds nowadays for 3 4He and D, a factor of
2.5-3.5 of discrepancy is still present between the predicted BBN 7Li primordial abundances at the value of the baryon-to-photon
ratio #n deduced by CMB studies and the observed ones deduced by halo objects observations [130]. Among the possible nuclear
physics solutions proposed for shedding light on the so-called “cosmological lithium problem”, those involving the radioactive ’Be
nucleus were hampered in the very recent years with particular regard to its destruction during BBN because of neutron-induced
reactions by using both direct and indirect approaches [121-123,140-143].

Recent THM investigation. ’Be+n interaction at BBN energies has to be investigated for both of the two competing channels, (n,p)
and (n, «). Although the (n,p) channel dominates the Be destruction, the (n, a) ones had large uncertainties, now reduced because of
the improved experimental studies. In order to complement the already available information on the (n,p,) and (n,p,) cross section
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Fig. 4.3. THM cross sections for the "Be(n,p,)’Li, Be(n,p,)’Li and "Be(n, «)*He nuclear reactions as discussed in [123].
Source: The figure is adapted from Ref. [123].

measurements of [142,144,145] and those referring to the (n, «) channels [140,141], devoted THM studies have been performed
by applying the method to the "Be+?H quasi-free reaction [122,123].

The most recent THM application of [123] allowed to deduce both the (n,p) and (n, a) channels cross sections via a single
experiment performed at the Center-for-Nuclear-Study RI Beam separator (CRIB) of the University of Tokyo, located at the RI Beam
Factory, RIKEN [146-148]. A 64 pg/cm? thick deuterated polyethylene (CD,) target was irradiated by a "Be beam at 3.16 MeV per
nucleon with a typical intensity of ~10° pps produced. The adopted experimental setup has an expanded capability to detect, besides
a-particles, also the "Li recoils, enabling the "Be(n, (p) ’Li reaction measurement via 2H(’Be, "Li p)'H. Beam tracking was ensured
by using two parallel plate avalanche counters installed in front of the target. Particle detection has been accomplished by using six
AE-E silicon telescopes having charge-division position-sensitive detectors with 45 x 45 mm? active areas, surrounding the target
at distances of 20 cm placed at central angles of 12°, 34° and 56° with respect the beam direction in a symmetric configuration to
double the statistics. The most forward telescopes were equipped with a 20u AE silicon layer optimized for lithium detection while
at backward angles a-particles and protons were detected though a 300 pm AE silicon detector.

As in deep discussed in [123], the selection of the three-body channels have been accomplished via the standard approach
foreseen by THM analysis and described elsewhere, such as experimental Q-value reconstruction. In details, because of the focus on
the (n,p) channels, the experiment allowed for unambiguously derive results on both p, (Q = —0.580 MeV) and p, (Q = —1.058 MeV)
channels in a single experiment. The occurrence of the QF-mechanism has been provided by detailed study on the experimental
momentum distribution that, in the present case of using a deuteron as TH-nucleus, was compared with the theoretical Hulthen-
wave function in momentum space. For the analysis only the events below 60 MeV/c were selected as those belonging to pure
QF-mechanism. The derived HOES cross section for the (n,p) and (n, «) channels were corrected for the dominant partial waves
intervening in the penetrability function, i.e. s-wave component for both the (n,p) channels and p-wave for the (n, a) one [123]. The
obtained THM cross section for the "Be(n,p,)’Li, 7Be(n,p,)’Li and "Be(n, «)*He are reported in Fig. 4.3 with solid lines representing
R-matrix fits with light-colored bands as their uncertainties (see Ref. [123] for details).

4.3.3. Status of the d + d fusion measurements and the THM experiments

Background. The outstanding relevance of 2H(d,p)*H and 2H(d,n)3He cross section at energies of less than 1 MeV reaches both
astrophysics and applications. These two channels, in fact, are at the base of the chain of the twelve most important reactions that
lead to BBN, thus being greatly effective on the primordial abundances. Furthermore, they are part of the chain of reactions in the
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Pre Main Sequence phase of the stellar evolution and their possible application for energy production in fusion power plants makes
these reactions been measured several times in the last century, as well as the extraction of electron screening potential, studied
also in metals, to ultimately understand this process in details.

The THM measurement. The 2H(d,p)*H and 2H(d,n)>He have also been studied using the THM [94], with a simple experimental
setup consisting of silicon telescopes placed on both sides of the beam direction and using a single beam energy to cover a center
of mass energy between 2 keV and 1.1 MeV. According to the THM features, the bare nucleus (unscreened) S(E) factor has been
determined, also valuable to be compared with the screened measurements to obtain the screening potential. The measured reactions
were 2H(®He,p®H)'H and 2H(®*He,nHe)'H with 3He as projectile with a beam energy of 18 MeV. This was the first application of
the THM with the coincidence detection of 3H/3He with the proton that acts as a spectator to both 2H(d, (n) *He and 2H(d, (p)
3H binary processes. This technique was very convenient for the *He+n fusion channel to avoid the limitation of standard neutron
detectors. However, it was also suitable for the *H+p channel, preventing detection of unwanted QF events from target break-up.
A detailed account of the measurement and related data analysis is given in [94,114]. Here, we briefly report on the final results.

The S(E) factor of the 2H(d,p)>H channel is shown in Fig. 4.4. TH data are shown as black full dots, with uncertainties accounting
for statistical and normalization errors. Direct data from [149-152] are shown as colored symbols. The various datasets exhibit
significant dispersion, displaying deviations of over 15% in both energy dependence and absolute values. This contrasts with the
smooth trend observed in THM data.

The THM parameterizations of the S(E) factors lead to new values of S(0) = 57.4 + 1.8 keVb for H+p and 60.1 + 1.9 keVb
for 3He+n, with uncertainties including the 1% normalization error and 3% coming from the theory, combined in quadrature. A
comparison between the THM S(0) factors to the 2H(d, (p) *H direct data below 15 keV provides further insight into the electron
screening effect. Low-energy direct data at 14.95 keV from [150] were first normalized to the THM S, (E) (black solid line) and
then fitted with the screening function [13] leaving U, as a free parameter. This provides a value of U, = 13.2+1.8 eV, not exceeding
the adiabatic limit (14 eV) for a molecular deuteron target (gas target), but covering it with its uncertainty. Further improvements
in the precision of direct low-energy data would help to pin point the electron screening potential.

The deduced 2H(d, (p) *H and ?H(d, (n) 3He reaction rates undergo significant changes. At the SBBN temperature, the rate for the
3H+p (PHe+n) channel increases (decreases) by up to 15% with respect to previous studies [58,153,154] while at the temperatures
relevant for PMS and future fusion power plants it undergoes a larger increase by up to 20% for both channels. Using the sensitivity
studies reported in [154,155], the rate variations at the SBBN temperatures lead to a decrease in the production of lithium by up
to 10%.

New insights. The results shown in [94] provided the calculation of the reaction rates with an error of 5%. In the last decades,
BBN has moved to the so-called precision era, and since 2018 D/H is known from observations with a 1.2% precision [156].
Correspondingly, a new cross section measurement by the LUNA collaboration [157] of the 2H(p, y)*He has made it possible a
rate calculation with a 2% error [158]. For this reason, a more accurate 2H(d,p)3H and 2H(d,n)3He measurement is now foreseen.
From the THM side, data in [94] are undergoing a revision with an improved theoretical support based on new inputs from the
recent literature.

4.3.4. The %7 Al(p, a)**Mg reaction: astrophysical scenarios and measurements

The astrophysical thread. Measurements of Mg and Al isotopic abundances play an important role in advancing our understanding
of astrophysical processes. Recent observations reveal an intriguing anti-correlation between Mg and Al abundances in red-giant-
branch stars located in globular clusters like NGC 2808, w — Cen, and M4. This anti-correlation is of particular interest because it
suggests a complex interplay of nucleosynthesis processes in these stars [159-161]. Advanced high-resolution stellar spectroscopy
has contributed to our understanding by showing that these globular clusters host various stellar populations. This has further
complicated our understanding of Mg-Al abundances, indicating that different types of stars, including massive, fast-rotating stars,
intermediate-mass asymptotic giant branch (AGB) stars, and super AGB stars, all contribute to the observed abundance patterns.
Furthermore, these observations underscore the necessity for fine-tuning theoretical models to account for the observed variations
in Mg isotopes. The production, destruction, or accumulation of Mg is highly sensitive to the temperature of stellar H-burning,
particularly within the narrow temperature range of 0.07 to 0.08 GK. In this framework, the Mg-Al cycle is a fundamental process
to tag Mg and Al isotopic abundances in high-temperature H-burning in evolved stars. This cycle involves a set of nuclear reactions,
with the 27 Al(p, @)**Mg reaction playing a central role [162,163]. It contributes to both the destruction of 2’ Al and the production
of 24Mg, and it is a key component in closing the Mg-Al cycle. The reliability of astrophysical predictions depends on the rate of this
reaction being higher than the competing 2’ Al(p, 7)?8Si reaction, especially in the energy range typical of stellar nucleosynthesis
(around 100 keV). The significant uncertainties in these rates present a challenge in making precise predictions.

High-precision investigations of the nucleosynthesis of 27Al and 2*Mg influences our understanding of 26Al production as well.
26Al is especially important in astrophysics. While its presence in the Milky Way is established through the detection of gamma
emissions from 20Mg following the f decay of 2°Al [164], its initial presence in the Early Solar System is indicated by the excesses
of 26Mg observed in presolar grains, meteorites, and early solar system materials [165]. These excesses, when measured in relation
to the most abundant Mg isotope (?*Mg), provide crucial insights into the 26A1/%7Al ratio in the ancient Galaxy and the ages of
ancient solids within meteorites and early solar system materials. Also in this case the %7 Al(p, «)?>*Mg reaction intervene in the
complex interplay of Mg and Al isotopes. However, precise measurements in the energy region of astrophysical interest are still
lacking. Indeed, direct and indirect investigation could only set upper limits to the resonance strengths below about 300 keV in the
27 Al-p center of mass [162].
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Fig. 4.4. THM 2H(d,p)*H S(E) factor (black solid circles and squares) from [94] compared with direct data sets (colored symbols).
Source: The figure is adapted from Ref. [94].

Extraction of the resonance strengths using the narrow-resonance approximation. Since the astrophysical factor of the 27 Al(p, «)?*Mg
reaction is dominated by narrow resonances, the THM in its formulation for the resonant reaction case [29] was applied, selecting
the QF contribution to the d(*’Al, «**Mg)n reaction. Assuming that a single resonance is present (a more generalized treatment can
be found in [17,29,128,129]), the double differential cross section integrated over in(,,MMU is given by:

d26TH 1 Fa24Mg (Ea24Mg) y d"d(27A1,n)2XSi

- L (4.8)
dE0124Mg dgi‘n235i 2z (Ea24Mg —Ep?+ i Fz(Eaz“Mg) dey

n28si

do 27 ALmy8si
in(MZSSi

relative energy, I and I',24y, are the total and partial width for the resonance under examination. Therefore, if N; is the area of

the i—th peak in the THM cross section described by Eq. (4.8) and w; is the statistical factor [163], the strength (wy); of the i—th

resonance is given in arbitrary units by:
S.p.
p27Al

where is the differential cross section for the stripping d(*’ Al n)*Si to the resonant state of 2Si, E,2y, is the a —2*Mg

(@p); = 5o N ——5——
d(27 ALn)28si

, (4.9)
dgi‘n285i
where the superscript s.p. is used to indicate that single-particle wave functions should be used in the calculation of the parameters,
therefore no spectroscopic factors appear.
The 2H(?” Al, a**Mg)n reaction was measured at the INFN-LNS Tandem (Catania, Italy) using a 80-MeV 27 Al beam delivered onto
a CD, target. The beam energy was chosen to span the 2 Al-p energy range between the threshold and ~1.5 MeV for normalization
of the THM strengths (Eq. (4.9)) to the resonance strengths in the literature (see [127-129]. Also, the overlap with an energy region
where resonance strengths are known made it possible to carry out validity tests of the method and constrain model parameters.
Fig. 4.5 shows the result of the THM measurement. While the 2H(?” Al, a>*Mg)n QF cross section is dominated by a clear resonant
pattern, in agreement with what expected from the literature. Focusing first on the energy region of astrophysical interest around
100 keV, as marked by the red arrow in the figure, a clear resonance at about 85 keV is apparent, corresponding to the 84.3 keV
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Fig. 4.5. Double differential cross section of the 2H(*’Al, a**Mg)n reaction (black symbols). The red solid line is the result of the fitting using eq.A5 of [29].
Dashed lines are used to highlight the contribution of each resonance. The red arrow marks the energy region of astrophysical interest.
Source: The figure is adapted from Ref. [129].

1~ resonance in [162], for which only an upper limit was available. Using Eq. (4.9) and normalizing the strength to those of the
resonances at 903.54 keV and 1388.8 keV (to minimize the normalization error [115,166]) for the first time a value of the strength
was obtained: 1.67+0.32x 10~!* eV, well within the upper limit wy < 2.60x 10~!3 eV in [162]. For the other resonances below about
300 keV, more stringent upper limits than in the latter compilation were introduced, while the THM resonance strengths of states
above 300 keV were found to be in good agreement with those in [162], confirming the validity of the method and indicating the
presence of negligible systematic errors in comparison with the precision.

Using the narrow-resonance approximation and the Monte Carlo code RatesMC (see [167]), we calculated the reaction
rate [129] that turned out to be ~3 times lower than in [162] at the temperatures where the MgALI cycle is especially important,
around 0.1 GK. These results suggest that the MgAl cycle would not be closed at such temperatures, the (p, a) channel having a lower
probability than so far adopted. Though further studies of the 27 Al(p, y)?*8Si reaction are ongoing, being the latter more relevant
for astrophysical considerations, preliminary calculations of AGB star nucleosynthesis were performed. They show that the THM
27 Al(p, a)*>*Mg reaction rate increases the 27Al yield in stars experiencing soft hot-bottom burning up to ~25%, for solar metallicity
in the 4 — 5 My mass domain [129].

4.3.5. The Coulomb-free p-p scattering cross section and the fundamental symmetries in the NN interaction

A recent application to the fundamental symmetries in the NN interactions originated from a previous work whose aim was to
investigate the suppression of the Coulomb amplitude when the THM is applied to scattering processes [168,169]. In particular,
the pp scattering was selected because of the presence of a characteristic minimum in the cross section around a center of mass
energy of 200 keV, attributed to the interference between nuclear and Coulomb forces. The quasi-free scattering of protons below
1 MeV, extracted from the 2H(p,pp)n reaction via the Trojan Horse Method (THM) did not show this minimum, a feature that was
interpreted as a clear signature of suppression of Coulomb effects, also thanks to a sound theoretical development to determine the
shape of the HOES pp scattering cross section. Strengthened by this result, the quasi-free scattering of protons below 1 MeV, has been
used to obtain the first experimental estimation of the 'S, Coulomb-free scattering length and effective range for the proton—proton
interaction. In fact, the Coulomb effects need to be theoretically removed from experimental p-p data to reveal the strong interaction
contribution to the scattering length. Thus, one starts from the uncorrected p-p scattering length using available p-p scattering world
data quoted as —7.8063 + 0.0026 fm [170] and ends to the nuclear p-p scattering length applying sophisticated theoretical tools
that can introduce considerable model dependence. The outcome can be as low as —14.9 + 0.3 fm [171] or up to values ranging
from —16.0 + 0.3 fm [172] to —17.5 + 0.3 fm [173]. The scatter of about 2.5 fm between the corrected values can be seen as a
systematic uncertainty coming from theory. Moreover, the model corrections bring an increase in the relative uncertainty of almost
two orders of magnitude.

An almost model-independent quantity is the short-range 'S, scattering length, where only the long-range Coulomb contribution
is subtracted. This has been determined in [174]: it represents the first direct experimental outcome of the Coulomb free p-p
scattering length and effective range. To arrive at this result, the s-wave effective-range expansion was used to fit the data, whose
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Fig. 4.6. Experimental quasi-free p-p scattering cross section after removal of the residual Coulomb interaction (black solid circles). Error bars indicate +1o
uncertainties. The result of the fit using Eq. (4.11) is shown as solid black line, while the dotted red, blue and black lines refer to the same equation for n—n,
p—p and n— p scatterings, respectively, using current accepted values for nuclear a and r, parameters.

Source: The figure is adapted from Ref. [174].

fundamental equations are:
1 1
keots = ——+ §r0k2, (4.10)

where k denotes the relative momentum of the NN pair and a and r are the scattering length and the effective range parameters,
respectively.
The s-wave N N scattering cross section is given by
4r

(; - Erokz)z + k2

Crot =

The fit was carried out using a Bayesian approach, taking a and r( as free parameters of the model. In particular, a Markov
Chain Monte Carlo (MCMC) method was used by means of the emcee Python library [175], which is based on the Goodman &
Weare algorithm described in [176]. To account for the large historical dispersion of a, a weakly informative flat prior distribution
in the interval (=25 fm, —15 fm) was taken. A Gaussian prior distribution was chosen for r, with centroid at 2.80 fm corresponding
to the weighted average of the current accepted values from the three NN combinations. See [174] for further details. The numbers
resulting from the procedure are a,, = —18‘17Jjg:§§lx,m + 0.0l,,, fm and ry = 2.80 + 0.05, +0.001,, fm. The result of the fit
is shown in Fig. 4.6 as solid black line with Coulomb free THM p-p scattering data given as black solid circles. Dotted red, blue
and black lines in the same figure refer to Eq. (4.11) with current accepted values for nuclear scattering length and effective range
parameters from n — n, p — p and n — p scatterings, respectively.

We found that the extracted value of a,, includes contributions from the short-range electromagnetic interaction [174].
Interestingly, even in the low-energy regime where the interacting protons exhibit point-like behavior, the s-wave phase shift 6 of
the nucleon-nucleon (NN) interaction in Eq. (4.10) incorporates all the effects arising from short-range interactions. Consequently,
the current analysis of the HOES cross section provides direct insight into the complete short-range p — p interaction, characterized
by its distinctive values of a and r,,.

stat

The charge symmetry breaking of the short-range interaction and the universal window. Our methodology incorporates the concept of
a universal window that applies to the nucleon-nucleon (NN) system. The universal or unitary window refers to a specific region
characterized by the presence of a shallow state with an energy close to the threshold. In this region, the two-body scattering length,
denoted as ‘a’, reaches values that are close to infinity. When ‘a’ is large, the shallow state can either be real (a> 0) or virtual (a< 0),
and its energy is determined by the scattering length according to E ~ #2/ma?. The shallow nature of this state becomes apparent
when comparing its energy to a typical energy of the system, #/ml?, where I represents a typical length, such as the interaction
range. When the ratio 1/a is much smaller than 1, it indicates that the system is located within the unitary window and experiences
a universal behavior, meaning that the system’s dynamics are largely unaffected by the specifics of the interaction. Instead, it is
primarily influenced by the long-range behavior, allowing for a description based on only a few parameters [177]. By exploiting
the characteristics of the universal window, we have developed a model that takes into account the short-range interaction between
two protons being parameterized with a two-parameter Gaussian interaction for nucleon-nucleon (NN) interactions, specifically
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applicable to s-wave interactions in the spin singlet channel, as given by:
2

Vaw () = Voe "/ + eNTN (4.12)
with NN = nn,np,pp and ¢2 = ¢* and zero otherwise. For more details on this construction and on how parameters have been
set, please refer to [174]. The model gives the value ay, = -17.6 + 0.4 fm, in agreement within experimental errors with the
THM estimate. Recently a new calculation has been performed using a model based on the Eckart potential [178] to capture
both nuclear and electromagnetic contributions and for which the shape parameters are zero. The model produces the value a*"
= -17.9 + 0.5 fm, absolutely compatible with the one obtained using the Gaussian interaction. We conclude that this technique
provides us with parameters to evaluate the charge symmetry breaking of the short-range interaction as a whole. This breakthrough
prompts the proposal of a novel paradigm in the study of charge symmetry breaking, aligning with the current understanding that,
on a fundamental level, the charge dependence of nuclear forces arises from differences in the masses of up and down quarks and
electromagnetic interactions among quarks.

4.3.6. Status of the 12C+12C fusion measurements and the THM experiment

The 12C+!2C fusion is a critical phenomenon in various scenarios involving carbon-rich environments. One notable example is
its impact on the late-stage evolution and nucleosynthesis of intermediate-mass and massive stars (> 8 M®) [179]. It also influences
the lower mass threshold for carbon ignition, which distinguishes between the progenitors of white dwarfs, novae, and type Ia
supernovae on one hand, and those of core-collapse supernovae, neutron stars, and stellar-mass black holes on the other. This
reaction is considered the ignition process for type Ia supernovae and superbursts, particularly if resonances are found to contribute
within the Gamow peak [180]. Furthermore, it affects the weak component of the s-process, responsible for producing elements
ranging from iron to strontium. Quiescent carbon burning occurs at temperatures ranging from 0.8 to 1.2 GK, corresponding to sub-
Coulomb center-of-mass energies of 1 to 3 MeV, where the cross-section rapidly decreases below the nanobarn range. Consequently,
the cross-section of this process has never been measured below a center-of-mass energy (E.,,) of 2 MeV. The compound nucleus
(CN) 24Mg is formed at an excitation energy above the 2C+12C decay threshold.

The primary channels involved in 12C + 2C fusion at astrophysical energies are those that emit protons and « particles. These
channels have been studied by detecting the charged particles and/or the y decay. Among them, the most significant branching
occurs during the de-excitation of the first excited states of 2>Na and 2°Ne, as well as their ground states. Measuring the 12C +
12G cross-section at low energies presents significant challenges due to the exponential decrease in cross-section, resulting in a
very low counting rate. Thus, it is crucial to carefully account for any natural or beam-induced background to ensure accurate
measurements. A detailed explanation of these challenges can be found in Ref. [181], which provides the first measurement of
the cross-section down to E_;, = 2.14 MeV, the lowest energy ever reached for this reaction. The obtained astrophysical .S-factor
reveals new resonances below 3 MeV, including a substantial increase at the lowest energies. This discovery has stimulated further
experimental investigations. Here, we summarize recent studies that present the total S-factor as the final result. In Ref. [182], a
measurement was conducted using a sphere array of 100 Compton-suppressed Ge detectors in coincidence with silicon detectors.
This measurement pushed down to E_,, =2.84 MeV and 2.96 MeV for the proton and « channels, respectively. Significant progress
in direct experiments was made in the study presented in [183], where a measurement down to E,, = 2.2 MeV was reported.
This was achieved using the particle-y coincidence technique. Charged particles were detected using annular silicon strip detectors,
while y-ray detection was performed using an array of LaBr;(Ce) scintillators. Further advancements were published in [184], where
similar techniques were employed on thick targets. Specifically, p and a particles were detected using a silicon detector array,
while y-ray detection was carried out using a high-efficiency HPGe detector. Recent results from this collaboration are reported in
[185]. Significant target deterioration caused by beam accumulation highlights an urgent need for new target technology for such
experiments. Another measurement of proton and alpha particles at E.,, > 2.5 MeV [186], challenges the typical assumption of
isotropic angular distributions.

The hindrance effect. The challenges associated with accurately predicting the low-energy extrapolation of fusion reactions involving
12C4+12C and other light ions were further complicated by the suggestion that the low-energy cross section might be reduced due
to a “hindrance” effect, defined as the steepening of the exponential slope of the fusion excitation function at deep sub-barrier
energies [187]. The “hindrance” in the fusion cross section appears to be a systematic behavior for reactions with Q,,, <0 [188,189]
and it can be attributed to various factors, including the incompressibility of nuclear matter [190]. Alternative explanations for the
sudden decrease in cross section data towards very low energies in heavy ion fusion systems include deformation, which has been
observed in medium-mass systems at very low sub-Coulomb energies [191-193], as well as a possible cluster-structure effect, as
shown in [194,195]. However, the extent of this effect in light ion fusion systems having Q,,, >0, is not clear, and in particular,
in reactions like '213C+!213C or 1604160, has not been experimentally verified [196]. In particular, results from [196] rules out
the existence of the maximum in the astrophysical S(E) factor predicted by the hindrance model, while confirming its rising trend
towards lower energies. The “hindrance” effect is not confirmed theoretically either, as it is not observed in time-dependent Hartree—
Fock (TDHF) calculations [193] or in a combination of mean-field and cluster models [197]. The hindrance factor in 12C+12C fusion
is predicted to have a significant impact on the low-energy extrapolation of the cross section, as given by several stellar model
simulations [198-201].

While hindrance may reduce the overall transmission probability through the Coulomb barrier, it cannot be considered in
isolation and needs to be examined in the context of possible low-energy resonances. Due to the extremely rapid decline in the
low cross section, it is unlikely that direct experimental measurements of fusion will provide significant insights into very low
energies, despite ongoing efforts by the experimental community.
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Fig. 4.7. Fusion excitation function for °Li+'2°Sn vs. E (open symbols) and E,,, (closed symbols), respectively. The solid black line represents the result of the
deconvolution procedure [202], while the blue shaded region indicates the uncertainty associated with the procedure.

It is also important to remind here that an experimental challenge in measuring low energy fusion cross sections, where one has
a very strong energy dependence of the cross section due to Coulomb barrier penetrability, is to associate the mean measured cross
section with a properly determined effective interaction energy ER. If this is not carefully done, one generates an uncertainty in
the extracted excitation function and, as a consequence, also on the presence of possible “hindrance” effects. Indeed, as discussed
in detail in [202], each measured cross section is a mean value of the cross section, averaged over the probability D(E,t) of finding
a beam particle of energy E inside the target of thickness t. D(E,t), in turn, depends on the beam energy distribution before the
target, on the energy loss and straggling processes inside the target and also on the target uniformity. This last point depends
on the type of target chemical composition and on the used deposition procedures and may have non negligible effects [202]. As
demonstrated in [202], plotting the experimentally determined mean cross section as a function of an effective energy E, ; ;, obtained
by weighting the beam energy in the target with the exponentially varying cross section, can lead to an incorrect determination of
the excitation function. When dealing with homogeneous targets, it is expected that the effective energy (E, ;) will consistently shift
towards higher values compared to the simple mean beam energy (E). This shift occurs due to the weighted average considering
the exponential growth of the cross-section. This phenomenon is illustrated in Fig. 4.7, which displays the measured sub-barrier
fusion excitation function for SLi+12°Sn plotted against E (open symbols) and E, 77 (closed symbols), respectively. The solid black
line represents the outcome of the deconvolution procedure [202], while the blue shaded region indicates the associated uncertainty
linked to the procedure.

When non-uniformities are present in the target, even predicting this shift becomes more complex, and it has been observed that
the magnitude of the shift varies from one target to another. Unfortunately, the above aspects are often not thoroughly discussed
in published papers, leaving potential doubts on the uncertainties affecting the final results. For these reasons, it would be useful
for the community if future experimental studies on this interesting topic will report more details on all of the above aspects.

The 12C+12C THM measurement. To overcome the limitations imposed by the low counting rate, an indirect measurement was
performed using the Trojan Horse Method (THM) [203]. The measurement relies on the quasi-free (QF) kinematics of 1N + 12C
with 2H as the spectator, which leads to 12C + 12C reactions. The a or p particles were detected in coincidence with the spectator
d particle using silicon telescopes on either side of the beam directions, covering the angular regions of the QF kinematics for
the relevant breakup process. The THM measurement provided the two-body cross section for four channels: 2°Ne+a,, 2°Ne+a;,
23Na+p, and 2°Na+p, in the entire astrophysical region of interest from E,, = 2.7 MeV down to 0.8 MeV, revealing well-resolved
resonance structures. These THM results were normalized to available direct data at E_,, =2.5-2.63 MeV. The normalization error
for the obtained results is 5%. Details can be found in [203].

The results are shown in Fig. 4.8 in terms of total modified S(E) factor, S(E)* [30]. The black middle line represents the best fit
curve while the gray band is the result of modified R-matrix calculations with lower and upper values of the resonance parameters
as resulting from their uncertainties. Several existing direct data points below E, , =4 MeV are presented as follows: gray filled
circles [181], purple filled triangles [204], blue empty squares [205], blue filled stars [206], blue filled triangles [207], red filled
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Fig. 4.8. THM total S(E)* factor (black solid line). The gray band represents the region spanned by modified R-matrix calculations with lower and upper values
of the resonance parameters. Available direct data in the E,, range below 4 MeV are reported as gray filled circles [181], purple filled triangles [204], blue
empty squares [205], blue filled stars [206], blue filled triangles [207], red filled diamonds [208], green filled triangles [209], green filled squares [182], black
filled squares [183] and blue filled squares [184].

diamonds [208], green filled triangles [209], green filled squares [182], black filled squares [183], and blue filled squares [184].
It is worth noting that, except for the data from [181,183,184], the lower energy limit of these data points is determined by the
background caused by hydrogen contamination in the targets. When excluding these instances, the agreement between the THM
data and the direct data is apparent, within the experimental uncertainties, except for the direct data’s low-energy limit around
2.14 MeV. Contrary to the claim of a strong resonance at that energy, the THM data suggest the presence of a nearby resonance at
2.095 MeV. This finding aligns with spectroscopy studies documented in [210,211], which demonstrate a pronounced dip at 2.14
MeV and no notably robust alpha state around 2.1 MeV. Additionally, the agreement remains satisfactory with data down to an
energy of E,, = 2.15MeV from [212] for the 12C(12C, p,,)**N reactions. The obtained result is also consistent within experimental
errors with the total S(E)* from recent studies [182-184], although the upper limit for the proton channel below E_., = 3 MeV
reported in [184] is significantly lower than the other results.

Following these results [203], theoretical calculations [213] based on a distorted wave Born approximation (DWBA) approach
were presented. The authors’ claim was the need to include Coulomb distortions through the introduction of a renormalization factor.
This has the effect of lowering the THM astrophysical factors by many orders of magnitude, regardless of the existence of resonances
and in apparent contradiction with the experimental data. However, the convergence of the calculations involving a transfer to an
unbound system is not obvious and from a careful examination, it turns out that, on top of other things, the numerical stability of the
proposed theory is not guaranteed. This implies that results are very sensitive to details of the model space and the calculated trend
of the THM S(E)* is questionable. Theory calculations employing the Feynman path-integral method [214] have produced S(E)
factor values that exhibit agreement with the THM (two-step multichannel) results. However, these values are inconsistent with
the Coulomb correction applied to the THM results in [213]. This discrepancy serves as a cautionary note regarding extrapolation
procedures that do not take into account the contributions from resonant states. In [215], coupled channel calculations effectively
characterize the 12C+12C fusion resonances near the Coulomb barrier energies. They incorporate a weak absorption mechanism that
depends on angular momentum and has been adjusted to match the experimental fusion data. A more recent study [216] utilized
the antisymmetrized molecular dynamics (AMD) model combined with R-matrix to investigate the behavior of the 24Mg CN using
different cluster configurations. The study indicates the presence of prominent molecular states formed by the combination of 12C
and 12C nuclei. These states subsequently undergo fragmentation, resulting in numerous narrower resonances, primarily consisting of
0% and 27 states, due to the influence of channel coupling. These results align with the THM experimental spectrum of multiple states
observed at low energies, though significantly lower than the current experimental trend of the S(E) factor. However, calculations
still need to include other contributions, such as the non-resonant one or potential interference effects.

Impact of the 12C+12C THM rate in astrophysics. Fig. 4.9 illustrates the THM reaction rate divided by the reference rate from [217]
at relevant temperatures.

Below 2 GK, the rate experiences a significant increase, ranging from a factor of 1.18 at 1.2 GK to more than 25 at 0.5 GK. In
the regime of hydrostatic carbon burning, which spans from 0.6 to 1.2 GK, this rate increase has implications for the ignition of
carbon in massive stars. Stellar modeling studies presented in [199] indicate that for a 25 solar mass star undergoing core carbon
burning, the ignition temperature and density would decrease by approximately 10% and 30% respectively. The substantial increase
observed at 0.5 GK, primarily driven by the resonant structure around E.;, = 1.5 MeV, aligns with the conjectured value proposed
in [218]. This value suggests that theoretical superburst ignition depths in accreting neutron stars could be reduced by a factor
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Fig. 4.9. Ratio between the total THM'>C+'2C reaction rate (black line) from [203] and the reference one (red line) from [217]. The gray shading defines the
region spanned considering the +1c uncertainties. The designated color shades represent typical temperature ranges associated with carbon burning in various
scenarios: the light blue shade corresponds to superbursts occurring in accreting neutron stars, the light red shade represents hydrostatic carbon burning in
massive stars, and the light green shade refers to explosive carbon burning.

Source: The figure is adapted from Ref. [30].

of 2, assuming a realistic range of crust thermal conductivities and core Urca neutrino emissivities. This change is consistent with
the superburst ignition depths inferred from observations, implying that carbon burning can indeed trigger superbursts. Recent
investigations conducted in [219] explore the impact of the new carbon fusion cross-sections on Type Ia Supernovae. The progenitor
systems of these supernovae, which are not yet fully understood, include the popular double-degenerate (DD) scenario, attributing
Type Ia Supernovae to mergers of white dwarf binaries. The resonance-induced decrease in the carbon burning ignition temperature
may facilitate accretion-induced collapse and increase the birthrate of Galactic neutron stars. Consequently, the contribution of the
DD scenario to the Type Ia Supernovae rate becomes even smaller. The effects of the THM reaction rate on the upper bound for the
progenitor mass of carbon-oxygen white dwarfs (M,,) and the lower bound for the progenitor mass of normal Type II supernovae
(M*) have been analyzed in [220]. The results show that M,,, is reduced from 8 to 7.5 solar masses, while M* approaches 10 solar
masses. Recently, we explored the impact of the 12C+!2C THM measurement on the compactness of a star [200]. Specifically, we
examined how this measurement affects the binding energy of the inner mantle during the onset of core collapse. The findings reveal
a significant alteration in the relationship between compactness and initial mass compared to previous results obtained by using
the classical reference cross section given in [217]. In this case, we observe a non-monotonic but well-defined behavior, and there
is no scattering of the compactness around the main trend. This occurrence has potential implications for the possibility of stellar
explosions.

5. Advances addressing next challenges

In advanced stages of stellar nucleosynthesis, the study of reactions between medium to heavy nuclei is crucial. The study of these
reactions faces significant challenges due to the presence of the Coulomb barrier, as the astrophysical energies involved are typically
several MeV below it. Multiple decay channels contribute to the each reaction, usually tackled through the y-particle coincidence
technique to reduce the background. This technique prevents access to the exit channels where the reaction products are in their
ground states. In this context, the Trojan Horse Method (THM) is regarded as the sole viable approach to investigate and gain access
to these desired exit channels. To successfully apply the Trojan Horse Method (THM) in these cases, it is first necessary to carefully
select appropriate Trojan Horse nuclei that can transfer composite clusters like 12C, 10, and ??Ne. After the well-known 2C+12C
fusion reactions, other relevant processes such as 12C+100, 1604160, and 22Ne(a,n) are currently being investigated. These studies
require parallel efforts from both experimental and theoretical perspectives. From the experimental standpoint, it is essential to verify
the accuracy of the factorization of the reaction cross section compared to more sophisticated approaches that consider the three-
body nature of the final states and fully account for the final state interactions between the nuclei. Consequently, experimental setups
and data analysis must be conducted meticulously and selectively. Strict kinematic conditions need to be imposed, and only a fraction
of the available data can be utilized to satisfy the specific requirements of cross section factorization while still obtaining sufficient
statistical information. Ongoing advancements in theory are currently being evaluated starting from the “Surrogate Method”, aiming
to incorporate distorted waves in a coherent manner, particularly in processes described as transfers to the continuum. These
developments seek to enhance the understanding and description of the studied reactions. In the next paragraphs, a taste of such
advancements is given.
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5.1. Astrophysical cross sections from the surrogate method

5.1.1. Reminder of the surrogate method

The surrogate method (SRM) provides an alternative method to indirectly extract cross sections for a process of the form
x+ A — ¢+ C from the auxiliary (“surrogate”) reaction a + A — b+ ¢ + C. The method assumes that the two processes take place
via the formation of an intermediate CN B that subsequently decays into the desired final channel, i.e., a+ A - b+ B* > b+c+C.
A detailed review of the method can be found in Ref. [221]. A brief outline is provided here. Following Bohr’s hypothesis, it is
assumed that in these reactions the formation and decay of a CN take place independently of each other. For the process of interest,
this allows us to write the cross section as:

c(x+A—->c+C)= x+A—>B(E€V’JT’”) GC+C(E9X,JT,7I), (5.1)
Jr.m
where "Cﬁx—» B(EBX,JT,JT) is the cross section for the CN formation for a given angular momentum J;, parity = and excitation

energy E,, and G (Eex, Jr, z) the branching ratio for the decay in the channel ¢ + C. The objective of the surrogate method is to
experimentally deterrmne or constrain the decay probabilities G +C(Eex, Jr, 7), which are often difficult to calculate accurately.

In the surrogate reaction, the same B* nucleus is formed and the decay product of interest (¢ + C) is measured in coincidence
with the outgoing particle b. The probability for this process can be written as:

Py ,c(E,) = Z FSN(E o Jp.m) GERAE, . Iy, 7) (5.2)

Jr.w

where the subscript .S denotes the specific surrogate reaction (in our case, the transfer reaction a+A — b+c+C), Fg CN (E,y, Jr, ) is the
probability of forming B* in this surrogate reaction (with specific values of E,,, J and ) and GCN c(Eex, I, ) is the same branching
ratio appearing in the direct reaction (5.1). The probability Pg .. c(E,,) can be obtained experlmentally as the ratio between the
number of coincidences between the b particle and the decay particle ¢, Ng ..c, and the total number of surrogate events, N, i.e.:

exp NS,c+C

E, )= s 5.3
PscsclFer) = Ng X €cic ©3

where ¢, ¢ is the efficiency of detecting the exit-channel ¢ + C for the reactions in which b is detected.

Ideally, if a reliable prediction of F§N(E,,, Jr, ) is possible, with an accurate determination of P, (E,,) for arange of energies
and angles of b, it might be possible to extract Gc +C(E(,x, Jr, ) which can then be used to calculate the desired cross section using
(5.1). In practice, this approach is not always feasible due to the lack of some of this required information and the approach has

relied on additional approximations. In particular, most practical applications have made use of the so-called “Weisskopf~Ewing

approximation”, which assumes that the branching ratios G C(Eex, Jr,7) are independent of the angular momentum and spin,
giving rise to the simplified cross section:
c

O_(x-t—A—>c+C)(E) = X+A_>B(Eex) Gc+1\é'(Eex) ’ (54)
where € py A_) p(Eey) is to be understood as the CN cross section summed over all possible Jp,r values. Applying the same
approximation to the surrogate reaction, and using Y I FC (E,y, Jp,m) = 1 we have

PS C+C(E£3V) - Gc+C(Eex) > (5.5)
allowing the determination of the desired cross section as

Gx+A—>c+C(E) = GX+A_>B(Eex) PS ¢+C(ng) (56)

which avoids the need of the probabilities F$N (E,,, J7, 7).

5.1.2. Determination of the formation probability in the IAV model

When the Weisskopf-Ewing assumption is not fulfilled, one needs to return to the more general expression (5.2), which depends
on the formation probabilities FSCN (E,, J7, 7). In some recent applications of the SRM method [222], the authors propose to evaluate
this quantity with the help of the Ichimura-Austern-Vincent (IAV) model [223]. This model was originally devised to evaluate the
singles cross section for inclusive breakup reactions of the form a + A — b+ B* in which only the b particle is detected in the final
channel. The model has been recently revisited and applied by several groups [224-227]. We give a brief description here and refer
the reader to the latter references for further details. We consider the scattering of a two-body projectile (¢ = b + x) off a target
A. We assume that b behaves as a spectator so that the b+ A interaction is described with some optical potential, while the x + A
interaction is given by a microscopic potential. Therefore, the full Hamiltonian of the system is expressed as

H =Ty +Vig(Fr, §4) + Upg(Fyp) + Tpy + Vi (Fr), (5.7)

where &, denotes the degrees of freedom of the target nucleus and T,,, 7, are kinetic energy operators for the a + A and b + x
relative motions, respectively. The interactions V., and U,, are the microscopic and optical potential between x + A and b + A4,
respectively.

In DWBA, the differential breakup cross section for the population of an excited state of the x + A system as a function of the
angle of the observed fragment b and the kinetic energy of the final channel E,; is given by

d?c
m o, P(EbB)Z‘S(EaA Eyp— B, - xA)l(/YhB)(kb)@xAl ost|)(aA¢a¢A>|2, (5.8)
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where p(E,) is the density of states of b particles, where V,,y =V} + U, — U,p with U,y an auxiliary and, in principle, arbitrary
potential generating the distorted wave ;(;;), d)){ (7. &4) are the states of the x + A system, ¢,(7,,) and ¢ ,4(¢,) represent the ground
state wave functions of the projectile and target, respectively, and y,, is a distorted wave, solution of a potential U,(R), typically
describing a+ A elastic scattering. The delta function ensures energy conservation, with E; = E; = E,p+ E, 4 = E. By expressing the
energy-conserving delta function in Eq. (5.8) as the imaginary part of an energy denominator, the sum over final x + A states can be
performed using completeness of these states, leading to a closed-form expression for the inclusive breakup cross section. For many
applications, it is convenient to separate the elastic breakup (EBU) and nonelastic breakup (NEB) cross sections, distinguishing the
situation in which the target is left in its ground state from the case in which it undergoes some kind of excitation. This separation
can be formally done using the techniques proposed by Kasano and Ichimura [228]. The final formula for the NEB part results
d26NEB 0 - -

49,dE,, = _h_l)ip(EbB)<(px(kb)|WxA|(Px(kb)> , 5.9
where v, is the relative velocity in the entrance channel, W, , is the imaginary part of the x + A optical potential U, , and ¢, (k. 7,)
the so-called x-channel wave function

Oy T) = GO F by 1T Cep) Voo | 1P b0 (5.10)

with
1
G D(E ~ Eyp) = 5.11
xA ( bB) (E* - EbB —ixA T xA) ( )

The ¢, (zb, F,) function describes the relative motion between the captured particle (x) and the target, when the spectator particle
b is scattered with momentum &,. Asymptotically, this function has the usual spherical outgoing wave behavior.

The NEB accounts for breakup processes that involve any kind of nonelastic process of the x + A system, including transfer to
bound states, projectile dissociation (a = b+ x) accompanied by target excitation or the formation of some A + x CN. In the present
work, we are interested in this latter process. This suggests that, for practical applications of the method, one might replace the full
imaginary part W, 4 by a short-ranged imaginary potential that simulates the x+ A fusion. Work is currently in progress to implement
the aforementioned strategy to extract cross sections of astrophysical interest combining the SRM and IAV models. These results
can provide valuable insights that may lead to refinements and advancements in THM theory.

6. Summary and outlook

In this comprehensive review, we delve into two commonly employed indirect techniques for extracting information about
astrophysical reactions, the ANC and the THM, which utilize transfer reactions to determine reaction cross sections that are relevant
in the field of nuclear astrophysics. The ANC method primarily focuses on determining the normalization of the tail of the overlap
function. It is particularly useful for evaluating the direct capture reaction rate associated with a specific nuclear level. The THM
offers a means of determining the reaction rate for rearrangement reactions by extracting the cross section for a binary process using
a surrogate “Trojan Horse” particle. This method provides valuable insights into such reactions without directly measuring them.
We have presented the theoretical formulations of these methods in a comprehensive and instructive manner, highlighting their
adaptability to experimental requirements. While the employed approximations have proven successful, further investigations using
refined approaches in future calculations can explore their validity in greater detail. Both the ANC and THM have demonstrated
their effectiveness in various experiments related to astrophysical phenomena. Here we have provided a sample deriving from
recent experimental works. Looking ahead, with the emergence of next-generation rare isotope facilities, the ANC and THM are
poised to become even more powerful tools. These methods will play a crucial/unique role in addressing new challenges in nuclear
astrophysics, such as the study of neutron captures on unstable nuclei or, apparently more trivially, decay channels that involve
nuclei in their ground states where the typical y-particle coincidence technique to reduce the background cannot be applied. This
last plays a role of primary importance in astrophysical reactions between medium-heavy ions that are crucial in late evolutionary
stages of massive stars in terms of energy generation and production of heavy elements. By utilizing these techniques, researchers
can make significant advancements in understanding the intricate processes that occur in stellar environments.
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