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Abstract. We propose an alternative for Coupled-Channels calculations with loosely-
bound exotic nuclei(CDCC), based on the the Random Matrix Model of the statistical
theory of nuclear reactions. The coupled channels equations are divided into two sets.
The first set, described by the CDCC, and the other set treated with RMT. The resulting
theory is a Statistical CDCC (CDCCy), able in principle to take into account many pseudo
channels.

1 Statistical Continuum Discretized Coupled Channels

Continuum-Discretized Coupled-Channels calculations are a major theoretical tool to calculate ob-
servables in reactions involving rare loosely-bound nuclear isotopes [1, 2]. Such calculations are
time-consuming and may include such a huge humber of channels that they are amenable to a statisti-
cal treatment, similar to what has been used to treat neutron-induced reactions with compound nuclear
states. This is the subject of the present work.

We write the CDCC equations in a schematic model as,

2 d2
2udx?

We distinguish the desired channels in a conventional CDCC by the labels m, n, from the statistical
channels labeled by y, v. Accordingly,

+ Vya(x) + € - ]wn(»o + Z V(Wi (x) = (1

h2 d2
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de-mail: carlos.bertulani @tamuc.edu
be-mail: pdesc@ulb.ac.be
Ce-mail: hussein@if.usp.br

This is an Open Access article distributed under the terms of the Creative Commons Attribution License 2.0, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Article available at pfip:Z/Www.€epJ-conierences.orq or



http://www.epj-conferences.org
http://dx.doi.org/10.1051/epjconf/20136900020

EPJ Web of Conferences

The statistical nature of the y, v channels
is specified through the following properties strongly coupled states (romam m)
of the matrix elements,

hmﬂ@jllﬂ

Vi Vip = (Bunbvp + 5#,p‘sv,n)ﬁ ®)

weakly coupled states
(greek p)

where the second moment Vﬁv can be P space
parametrized as,

/ \
Vo9 6)
o @)
S iy

with p(€) being the density of states, and wy
and A are adjustable parameters.

The same statistical properties are in-
voked on the matrix elements V,,,,, etc.

Q space

Figure 1. Strongly coupled states belonging to space
Vim =0 @) P and denoted by roman letters, are weakly coupled to
states belonging to space Q and denoted by greek letters.

Vi Vi = (66(m, 1) + 6,260 V2 1, ()
where the second moment V7, can be parametrized as,
W _(5;,+E,])2
/% m = 0 )
’ p(Ey)

with p(€) being the density of states, and wy and A are adjustable parameters.

The above prescription should set the stage for a CDCC calculation which presents fluctuations
in the final channels and one must rely on an appropriate ensemble average: perform the calculation
several times and at the end perform an average.

2 The CDCC, equations

It is natural to expect that the CDCC equations for the m, n channels would be affected by the statistical
channels (u, v). Averaging the equations above is rather difficult. An easier procedure is to eliminate
the statistical channels in favor of the CDCC channels (m, n), resulting in

00 = [ XG5 Y Vi W) (10)
0 m
where G, (r, ') is the diagonal elements of a matrix Green’s function defined through the equation
h2 2
[—ZE + Vier(x) + €, — E10,,, + V/,V(x)] Guy(x,x') =6(x - x) (11)
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With the above Green’s function we have for the effective CDCC equations,

n d?
[_ZE + Vrel(x) + Vpol,n(x) + € — E] d’n(x) + Z Vnm(x)wm(x) =0 (12)

where V,,.,(%), is given by
Viporn(OWa(3) = f dx Y V() f ' Gu(x, ') )" Vi Win(X') (13)
0 m 0 o
The polarization potential fluctuates owing to the random nature of the coupling V,,. Thus we

have to average this equation over the ensemble. What remains is the fluctuation contribution which
we address later.

Vo0 = D Vi) [ G5 Y Vo) (14)
u m

The above equation is difficult to average. What we can do is to borrow from the Optical Back-
ground Representation of KKM, and introduce the average polarization potential,

Vipora () = Y V() f ¥ Gu(x, %) )" Vyn(x') (15)
M 0 m
To perform the average above, we have to expand the Green’s function in V,,, and then consider
only even powers of V,s. This is quite lengthy and was done by Weidenmiiller. Here we ignore
the fluctuations in G, and proceed to average V,,,(xX)Vun(xX') = [0pu0um + OnmlF(x, x’)V/%,m, where
F(x,x') = e @720
Accordingly, we have the CDCC equations with the average polarization potential,
4

_ZE + Vrel(x) + Vpol,n(x) + € — E] d/n(x) + Z Vnm(x)'r//m(x) =0 (16)

The above equations are the new CDCC ones appropriate for our purpose. The fluctuation contribution
can be obtained by going back to the original equation and write Vo1, (x) = Vjo1(x) + V[{ él’n(x). This
implies that the CDCC wave functions themselves fluctuate. However, the CDCC equations are not
the appropriate venue to obtain the fluctuation contribution. What we need is an equation for the
square of the CDCC wave functions: Master equation. This was obtained by Weidenmiiller [4], and
[5]. We should mention that fluctuations in the final state has been discussed in the case of transfer
leading to the excitation of an isobaric analog resonance [6].

3 Time-dependent theory

In the c.m. of the projectile, we assume H = Hy + V, where H is composed of the non-perturbed
Hamiltonian Hy and a small perturbation V. The Hamiltonian Hj satisfies an eigenvalue equation

Hoyn = Enn, (17)

whose eigenfunctions form a complete basis (including continuum) in which the total wavefunction

Y, that obeys

oY
HY = ih— 1
ih— - (18)
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can be expanded:

= Z (e Entlh, (19)
Using (17) and (19) in (18), we obtain:

ih ) anhne™ " = ) Vange B, (20)

with @, = da,(t)/dt. Using the orthogonalization properties of the i, let us multiply (20) by ¥ and
integrate it in the coordinate space. From this, results the coupled-channels equations

a0 === 3@ (O Vi () €77, @1

n

where we introduced the matrix element (d7 is the volume element)

Vin = flpltVlﬁn dr. (22)

In order to get balance equations, we follow a method described by Bertulani and Baur for the
excitation of giant resonances in relativistic heavy Ion collisions [7] (section 3.2.3). We rewrite Eq.
(21) with explicit account of P (bound + “strongly-coupled states" in continuum - denoted by roman
letters) + Q (“weakly-coupled" states in the continuum - denoted by greek letters)

Ey—En Ey-E,

(1) = —%Zan (1) Vi (1) &7 ’—%;aﬂ () Vi () 77" f ARG - D). @3

n 00

where we introduced the last term to account for decay to other channels than the breakup channel
under scrutiny. This function is given in terms of the width of the state k as

] e : , E
K1) = - f deod T (w0~ ), (24)
ar J_ o h
For I', equal to a constant, one obtains Ky (t — ') = —i(I'+/2)6(t — t'), we get
| L Eg—En | L Ey—Ey T
() =~ Za 1) Vi (1) 77 = = a0 Vi 0 ¢ - i), (25)

Since I'; # 0, the total probability P = }}; lax (D)% is no longer conserved because a flux is now put into
the decay channels. Multiplying Eq. (25) by a; and its complex conjugate by a,() and subtracting the
results, we obtain for the occupation probability Pi(¢) = |ax(t)|?,

Eg—En, Ep—Ey
7

. i I
D@ (0a, (0 Vi () €77 f]—g"Pk(r), (26)

n

. 2 : 2
Pt =33 [Z a5V (1) &7 | + 29

n

This equation can be written as a balance equation for the probability in the form
P (1) = Gi(0) + Li(0), 27
where the gain term is obtained whenever

2 , .
Hk(r>=%S[Za;mak(t)vkn(o T

n

. %s {Z & (1)ay (1) Vig, (1) e} 28)

n
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) _
k

is positive, i.e., G, = positive(Hy), and the loss term is obtained whenever H(?) is negative added to

the loss by decay,
- I
Li (0 = G0 = = Py(). (29)

Similar equations are obtained for the occupation probability P, due to nu (PQ) and vu (QQ)
coupling. The first part on the rhs of Eq. (28) is obtained directly from solving the cc equations with
the “strongly interacting" P states. But the second term has to be averaged in a proper way. The same
needs to be done for both terms of H,, which also contains terms proportional to a,a,. If the averaging
is possible then the cc equation can be reiterated to include the couplings involving the continuum till
convergence is achieved.

4 KKM approach to CDCC;

We consider the scattering of a projectile with center of mass energy E, which by means of the

interaction with the target and between the core and neutron (say, for !'Be — °Be+n), may transit to

other channels. We consider scattering within a narrow band of discretized continuum states belonging

to a space P. All other states, continuum + bound states, will be assumed to belong to space Q. We

emphasize here that this decomposition of the Hilbert space is made on the final wave function which

contains the breakup channels. As such the energy mentioned above should be taken as that pertaining

to the nucleus which breaks up. If the energy is taken as the total CM one and the decomposition is

done on the total wave function, then we are dealing with the conventional compound nucleus reaction,

which is not the aim of this investigation. In the following we take E to be the energy of the subsystem.
The Schrodinger equation (SE) for this

problem is HY = EY, containing an inter-

nal (core-neutron) interaction V and the pro- e P

jectile interaction with the target U. Using the cQ { -

Feshbach formalism, we introduce the projec- —

tion operators P and Q, so that Q = 1 — P and - —>c

Y = PY+ QY. Then, for the part of the wave- —_— } e Q

function in space P, we get —

(E - pr - HPQGQHQP) P\P = O, (30)
Figure 2. Scematic representation of the P and Q spaces
where in the KKM formalism.

1
Gop=Gp(E)= ——. 31
¢ Q( ) E—HQQ+i8 ( )

The continuum is discretized by averaging the wavefunction in the channel P over an energy
interval A according to the prescription

A [ ¥, A
Wy,=— [ aE——EF (g4, 32
F)a 27rLo (E—E') +A2/4 ( 2) ¢2)

where the residue theorem was used.
It is then straightforward to show that

1

PY =92 ¥, 33
Pt GrVrop— Hoo = VorGrVra Vor (33)
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with ‘P% = (P¥), =~ PY(E + iA/2) being the solution of the energy average of Eq. (30), which is
obtained by replacing Go(E) by Go(E + iA/2). This follows from the assumption that solutions of
Hpp and Hpg are slowly varying functions of E. In Eq. (33),

1
Gr ) = H, - HpoGo (E +iA/2) Hop’ G
and
~ iA2 12
Veo(E) = Hro (E)(E +iAJ2 — Hpg + is)
~ iN2 172
Vor(£) = (E +iA/2 — Hpo + ia) Hor (E). 33)

We now consider the Hamiltonian
W = Hgpo + (VQPQ{;JM(VPQ (36)

which describes the coupling of the Q and :
P spaces, e.g. bound-state-continuum and =
continuum-continuum couplings.  We as- ‘
sume that a complete set of projectile eigen- l‘ I
states |w), with eigenenergies &, can be

found for W. The eigenvalue problems are
very different: W' is a solution of Hpp —

o
alts g

\ i

HppGg (E +i3 )HQP, whereas |w) is a solu-
tion of Hypp + (VQPQP (VPQ.

The S-matrix, S0 = ((P¥)"[(PP))
can be obtained using steps similar to the
derivation of the Gell-Mann-Goldberger rela-
tion (or two-potential formula). One gets

Ty

ch)’wc Figure 3. Ratio between the average of the fluctuating
See (E) = Z D) part and the optical part of the T-matrix.

L‘E (E)

where
YoelE) = V21 (w|Vor (B)| ¥5_..) (38)

The channels ¢ and ¢’ in eq. (37) denote the different channels for the scattering matrix S ..

The result above splits the S-matrix into a direct part, S (E) = lI’?(_)I (‘P)CA_,(”), and a multi-step
part, the second term in Eq. (37), which contains all the multiple couplings between the Q and P
spaces. Assuming that vy, are smooth functions of E, we can perform the ensemble average of the
coupling term in Eq. (37) as

YwcYwc' _ ch(E + ZA/z)wa’ (E + ZA/2) (39)
- E—awA" E+iN2 -8,
In the channel P, we define a continuum-discretized model wave function
Yp =Wy = (PP =~ P¥riina, (40)

00020-p.6
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where ¥} is the solution of
A opt __
E—HPP—HPQGQ E+l§ HQP \PP =0, (41)
or (E = H™) W' = 0, with
opt A
WP (E) = Hpp + HPQGQ E + 15 HQP- 42)
Eq. (41) follows from an average of eq. (30), with the assumption that solutions of Hpp and Hpg are
slowly varying functions of E.
Using the simple relation
A iA A
Go(E) — Go(E + iE) = GQ(E)%GQ(E + iE), (43)
and from eq. (30), by adding and subtracting H3"", one gets

[E = H"" = Vg (E) Go(EYVop (B)| P¥ =0, (44)
where
~ iA2 12
Ve (B) = Hpo (E) (E +iA/2 = Hpp + is)
~ iA2 12
Vor(E) = (E +iA/2 - Hpo + ia) Hor (E). )

Now we solve eq. (44) and get

1
PY =¥ + GP' V) Vor¥y, (46)
P P Q E—Hpgp - (VQPg;pZ(VPQ oPtp
with
opt
(E) = ———
i E—H (E)
1
_ PR )
E - Hpp - HpoGo (E + i5) Hop
The Hamiltonian
W= HQQ + (Vng;pt(VpQ (48)
describes the coupling of the QO and P spaces, i.g. bound-state-continuum and continuum-continuum
couplings.
Let us assume that a complete set of projectile eigenstates |g) can be found for W. That is
[H 00+ VorGy "VPQ] lgy = &4 lq) . (49)
Then we can insert this set into eq. (46) and it becomes
0 1
PY = ¥ + G Vpg lg) (al Vor [#3). (50)

E-§&,

00020-p.7
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The S-matrix, S, = <(P‘P)Ef) | (P‘I’)S”) can be obtained from the equation above and its complex
conjugate, using steps similar to the derivation of the Gell-Mann-Goldberger relation (or two-potential
formula). The Hamiltonians are very different: ‘I’;pt is solution of Hpp — HppGo (E +1 %) Hop,

whereas |g) is solution of Hpg + VopG} Vpg. One gets

ra . 9qcYqc’
Seer (E) = Seer (E) =i q E“_qu,

where
goe(E) = V21 (q|Vopr (E) PR ).

We first consider the eigenvalues of the operator
W() = HQQ - HQPGOHPQ’
where G is a free projectile Green’s function

1

G'= ——,
E - Hpp

and where a single particle projection operator P in the spatial representation is

P= Z frzdrlr, cXr,cl=1-0

619}

(52)

(33)

(54)

(55)

where, for the time being, |r, ¢) is to be distinguished from the initial (or final) free projectile wave-

function |¢;) (or |¢r))
(E; — Hpp)l¢) = 0,

with 5 ,
{r,clr’,c") = (}"——,}")666,.
rr
Eq. (53) can be written with intrinsic nuclear state indices displayed explicitly as
Wi = (QjIWol Qi) = 6 4E'? + H;pG Hpy,

where the second term above can be expanded by virtue of the operator P in Eq. (55) as
HypG Hp = f rPdr f r2dr' He(nNG2 (r, ¥ YHer(r')

where H,;(r) is
H_j(r) = (r,c|H|Q)).

It is now convenient to define the matrix
M (Ec) = HjpG® (E.) Hp,
in terms of which, Eq. (58) can be cast into the form

Wi = 6 E + M.

00020-p.8
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Matrix M j; can be conveniently separated into its principal value and imaginary part

P .
Mjk (E) = H; —HPk - lﬂHjP(S(E - HPP)HPk

PE _Hpp
I'ik(E)
Mmﬂg

(63)

where matrices D and I" are defined for convenience, in a notation that alludes to resonance shifts and
(+) (+)

widths that will be obtained by diagonalizing Wj.. A completeness relation, ;. f dElp. ).l =1,
for eigenstates of Hpp can be used to write I' j; as

(+)

2n Z H,PIX(;CXXE JHp,

L (E)

2” Z f HjC(r)X(;z('(r)ngz(r/)Hck(r/)»

(64)
where for a free particle (r; c[,y Eec )= X(E+)cc (r) = 6¢e X};)C(r)
A dispersion relation between the real and imaginary part of M j; in Eq. (63) yields
I« (E"dE’
Mm——Pf % T (65)

The energy dependence of D jx(E) will come from I x (E) and from the asymmetric limits of integra-
tion. Computation of the Green’s function matrix is thus simplified as it depends on (approximately)
free-particle eigenfunctions alone.

In this work we write

or—r
Ho) = Y b (66) -
k

. 80 histogram of <T0"> /T values
where h.j are complex numbers obtained

from the interaction at projectile position ry,
sandwiched between states j and c¢. That is,
the label k in the couplings A, j denote the lo-
cation of the spatial coordinate where the in-
teraction (66) assumes a non-zero value. The
label ¢, denotes the channel index. As we are
not including any other quantum number than

the energy of the channel, the discretization o T 1‘“ b ——s
of energy is the same as the label c. That is, <7l pon

c labels energies varying within the an inter- -

val of width A (the same energy interval used

60

counts

40

20

in integral (32)). The label j denotes the Q- Figure 4. Number of “counts" for the ratio between the
space. In our case, it will be attached to the average of the fluctuating part and the optical part of the
energy, Eg, = Ej. The matrix elements be- T-matrix.

tween channels ¢ and ¢’ will not be needed.
These are included in Hpp and are part of the
T-matrix we are after.

00020-p.9
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We now write the T-matrix T, as

Tip = Tiy + ($ilHpo-— Hog ~ HorGOlirg Hoply), (67)

and we diagonalize the denominator of Eq. (67) in terms of the eigenfunctions [g) of W,
&~ W) =0, (68)

and use the fact that the [g)’s are linear combinations of eigenstates of Hyo, (E;Q) - Hpp)lQj) =0

@) = Cidl. (69)
j
Then we can rewrite eq. (67) as'
S T
Ty = T?f + Z CjHij——=Cyy Hyy, (70)
qjk E - (Sq
where we have defined
H; = (¢:|PHIQ)) (1)
-, f Pdrg;,(n(r, clHIQ))
=y f rdrg(rHe(r). (72)

We now derive an analogous expression for the 7-matrix, with ¥ defined in eq. (40). (To simplify
notations we use here G = G°7"):

T;

=T + (¥, V), 73
r=Tir+< |(VPQE ~Hog =~ VorGVro Vorl¥y) (73)

by using the following expression for the optical Green’s function G and the continuum discretized
ket |V¥.):

6=G" (74)
1
G'H HopG
- PQE—HQQ—HQPGOHPQ+iA/2 oF
¥y =16 s) (75)

1
+G°H —— Hopld )
PQE—HQQ—HQPGOHPQ+lA/2 oPI%s

Instead of diagonalizing W, as above, we will diagonalize W, eq. (48),

W= HQQ + (VQPQ(VPQ (76)

'We are going to use only the kinetic energy term for the scattering waves. In this case, T[.(} =0.

00020-p.10



CNR*13

or in matrix notation
ij = 5jkE5.Q) + (Vjpgq/Pk

(77

where the second term can be expanded in terms of the eigenvalues [¢) of Wy. We have already found

1
VipGVe = VipG'Vp +VpG°H, HppG*V
PGVpi P Pk P POET Hog — HorGOHpg + iA/2 opP Pk
- 1 -
= (V‘pGO(VPk + Ci (V'PGOHP "A—Hk/PGO(VPkar
J (;; Ja Vi jE—8q+iA/2 q
where

iA
Vip= | ————— frzdr(Q-|H|r, cXr,c].
TUNE-EQ v inp2 Z g

Using the definition of M j, Eq. (61), we can rewrite this equation as

iA iA
VoGV =
St \/E—E§Q>+iA/2\/E—E,iQ>+iA/2

- 1 -
X {Mjk +) Cj'quj'A—Mk'ka'q}

b E-&,+iA/2

Diagonalizing the denominator of Eq. (73) in terms of the eigenfunctions |g) of W,

(&g = Wlg) =0,

Eq. (73) can be rewritten as

_ — 1 —
Tip=Tir + Z CiaViig—g CuaVis-
qjk i

where we define
Vi = (FIPVIQ))
=Y [ Paroaviop

iA f —
= | ———— redr¥ <;.(nH.;j(r)
\/E—E§Q> +iA/2 Z !

and where we used the fact that the |g)’s are linear combinations of the |Q ;)
) = D CidlQ)).
J
It is then straight-forward to recognize that, in Eq. (51),

9iq = \/ZTZ qu:‘},‘j.
J

00020-p.11
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The channels ¢ and ¢’ in Eq. (51) denote the different channels for the scattering matrix S.... We
can perform the energy average of the coupling term in Eq. (51) as

< 9gcYae > N
L E-&,]
1 JE 24 99c(ENgqe (EN/(E" = Eg)
278 JE-na (E-E) +A/4
A G X 9ae(E +nd)gye (E +nh)
2 ,,;,E (E +nh - &) [(nn)? + £2/4]

87)

where N is the number of energy grid points in the continuum, and A = nA/Ng. The integer n defines
the integration limits. This average is therefore dependent on 3 parameters: A, Ng, and n.
To define the O-space we need the real energies Eg, = E;. The average spacing between the

continuum levels, E;, will be called D, so that D = <E 1 —E j>. We will also need an energy range
for the space, which we take as E — NoA < E'? < E + NpA. The numbers of the energy levels will

be denoted by N;. Thus, in order to define the Q-space, we need to define the E;Q)’s, Ny, and Ny (see
Ref. [8]).

In Eq. (66) the interaction in our model space is given by H;;(r) = >, hi0 (r — r;) [r;r, where i
and j denote the energies (channels) E. = E; = E — E7, and E; in P and Q space, respectively. E is
the excitation energy. The index / denotes the position in the coordinate space where the interaction
is active (the discrete points r;). With that, eq. (72) becomes

N. Ng

Hy=), f Pdrg (NH() = Y > e (88)

c=1 I=1

where N, is the number of open channels and N is the number of #; points in the coordinate mesh.
Another parameter is needed to account for the size of the coordinate region where the interaction is
active. We call this R which has the value of a typical nuclear radius. There will be N points at the
positions r; within O < r; < R. Thus, to calculate the integrals we need the additional parameters R
and the Ny values of r;.

Similarly, the matrix element in Eq. (59) is written as

M (E.) = HjpG°Hpy
Ne  Ng Ng

= 200D hejiher Gl ). (89)
ec=11=1 I'=1
The free particle Green’s function in the s-wave channel is given by
G (E;r, 1) = GUE, 1,7 )0 = -+, (90)
where r. () is the smaller (larger) of (r,r"). We can rewrite Eq. (89) as

My (E;) = [HjPGOHPk] (E)=---. 1)

This determines the matrix W in Eq. (58).

00020-p.12
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At this point, it is worthwhile rewriting Eq. (84) by using the definition of matrices M j and FL s
Egs. (61) and (71), respectively. In these terms

— iA _
ViE) = | |———— {Ha+
! E-EQ +iA/2 {

C. H; = — MGyt - (92)
é in J +lA/2 J q}

Thus, ;l},- ; can be easily calculated after we obtain matrices M j and H, j» Bgqs. (61) and (71),
respectively. The same applies to Vp.

A numerical test of the KKM formalism to treat a large number of channels statistically was done
in Ref. [9] with 400 equidistant g-levels, 40 channels, with 20 equidistant coordinate points where
HPQ is set to a Gaussian-distributed random interaction. The energy of the single-out P state was
taken as £ = 20 MeV, and we included 100 E’ points for the Lorentzian averaging between 18 and 22
MeV. The adopted value of I = 0.5 MeV and we considered s-wave scattering only, with I'/D > 1.
Figures 3 and 4 show the average of the fluctuating part of the T-matrix and the optical T-matrix. It
is evident that for a large number of weakly coupled channels the KKM formalism yields a proper
treatment of the S- and T-matrices. The advantage of the formalism is that one has only to consider
the strongly coupled P-space states, with a simple average needed for the weakly coupled states which
can be numerous.

5 Conclusions

We conclude that CDDC is an important tool to describe reactions with weakly bound nuclei, for
which numerous states in the contintuum (resonant and non-resonant) have an important weight for
the reaction cross section. A drawback of the formalism is that if the number of states involved
(channels) is too large, the calculations converge too slowly or might not be feasible with present
computer resources. A possible treatment of a large number of weakly bound states is the use of
statistical methods. In this work we have proposed several possibilities to include the average over
continuum couplings: (a) solve balance equations, (b) use the optical background formalism based
on the Feshbach projection formalism, or (c) a combination of both methods. Several applications in
quantum optics, atomic and nuclear physics are possible, especially in the area of open quantum or
mesoscopic systems.
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