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Abstract. There has been a significant progress in ab initio approaches to the structure of
light nuclei. Starting from realistic two- and three-nucleon interactions the ab initio no-core shell
model (NCSM) can predict low-lying levels in p-shell nuclei. It is a challenging task to extend
ab initio methods to describe nuclear reactions. In this contribution, we present a brief overview
of the the first steps taken toward nuclear reaction applications. In particular, we discuss our
calculation of the 7Be(p,γ)8B S-factor. In addition, we present our preliminary results of the
3He(α, γ)7Be S-factor. These two reactions correspond to the most important uncertainties in
solar model predictions of neutrino fluxes.

1. Introduction
The 7Be(p,γ)8B capture reaction serves as an important input for understanding the solar
neutrino flux [1]. Recent experiments have determined the neutrino flux emitted from 8B with a
precision of 9% [2]. On the other hand, theoretical predictions have uncertainties of the order of
20% [3, 4]. The theoretical neutrino flux depends on the 7Be(p,γ)8B S-factor. Many experimental
and theoretical investigations studied this reaction. Experiments were performed using direct
techniques with proton beams and 7Be targets [5, 6, 7] as well as by indirect methods when a
8B beam breaks up into 7Be and proton [8]. Theoretical calculations needed to extrapolate the
measured S-factor to the astrophysically relevant Gamow energy were performed with several
methods: the R-matrix parametrization [9], the potential model [10, 11, 12], and the microscopic
cluster models [13, 14, 15].

In this work, we discuss the first calculation of the 7Be(p,γ)8B S-factor starting from ab initio

wave functions of 8B and 7Be. In should be noted that the aim of ab initio approaches is to
predict correctly absolute cross sections (S-factors), not just relative cross sections. We apply the
ab initio no-core shell model (NCSM) [16]. In this method, one considers nucleons interacting by
high-precision nucleon-nucleon (NN) potentials. There are no adjustable or fitted parameters.
We note that full details of our 7Be(p,γ)8B investigation were published in Refs. [17, 18].

Another capture reaction important for our understanding of the solar model and its
predictions of the neutrino fluxes is the 3He(α, γ)7Be reaction. In this contribution we present
our preliminary results of the S-factor calculation of this reaction using the ab initio NCSM
wave functions of the 7Be, 3He and 4He bound states.



2. Bound-state wave function and overlap function calculation
We studied the binding energies and other nuclear structure properties of 7Be, 8B as well as
7,8Li, and calculated overlap integrals for the 8B and 7Be bound states. Our calculations for both
A = 7 and A = 8 nuclei were performed using the high-precison CD-Bonn 2000 NN potential
[19] in model spaces up to 10h̄Ω (Nmax = 10) for a wide range of HO frequencies. We then
selected the optimal HO frequency corresponding to the ground-state (g.s.) energy minimum
in the 10h̄Ω space, here h̄Ω = 12 MeV, and performed a 12h̄Ω calculation to obtain the g.s.
energy and the point-nucleon radii. The overlap integrals as well as other observables were,
however, calculated only using wave functions from up to 10h̄Ω spaces. The g.s. energies, radii
and electromagnetic observables are summarized in Table 1 of Ref. [17]. Note that the CD-Bonn
2000 underbinds 7Be, 8B and 7,8Li by about 3-5 MeV and predicts 8B unbound, contrary to
experiment. This suggests that the three-nucleon interaction is essential to accurately reproduce
the experimental threshold. However, since the HO basis has the incorrect asymptotic behavior
in the first place, we make use of only the interior part of our ab initio wave functions, which
are likely unaffected by mild variations in the threshold value.

Concerning the excitation energies, we obtained the same level ordering for 7Be and 7Li. Our
CD-Bonn 2000 ordering is in agreement with experiment for the 9 lowest levels in 7Li. In 7Be,
the experimental 7/2−2 and 3/2−2 levels are reversed compared to our results and to the situation
in 7Li. While for the magnetic moments and M1 transitions we obtained a very small dependence
of the calculated values on the HO frequency or the basis size, the radii and quadrupole moments
in general increase with increasing basis size and decreasing frequency. The fastest convergence
for the radii and quadrupole moment occurs at a smaller HO frequency. In our calculations with
h̄Ω = 11 and 12 MeV, the radii are close to experimental values.

Table 1. The NCSM 〈8B|7Be+p〉 spectroscopic factors.

CD-Bonn 2000 7Be+p Iπ
1 (l, j)

h̄Ω [MeV] Nmax
3
2
−

(1, 3
2 ) 3

2
−

(1, 1
2) 1

2
−

(1, 3
2)

11 6 0.977 0.120 0.285
11 8 0.967 0.116 0.280
11 10 0.959 0.111 0.275
12 6 0.978 0.107 0.287
12 8 0.969 0.103 0.281
12 10 0.960 0.102 0.276
13 6 0.979 0.096 0.288
13 8 0.969 0.094 0.282
14 6 0.979 0.086 0.288
14 8 0.967 0.085 0.284
14 10 0.958 0.085 0.280
15 6 0.979 0.078 0.288
15 8 0.969 0.080 0.283
15 10 0.959 0.084 0.279

From the obtained 8B and 7Be wave functions, we calculate the channel cluster form
factors gAλJ

(l 1

2
)j;A−1αI1

(r) following Ref. [20]. Here, A = 8, l is the channel relative orbital

angular momentum and ~r =
[

1
A−1 (~r1 + ~r2 + . . . + ~rA−1) − ~rA

]

describes the relative distance
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Figure 1. Overlap integral, rg(r), for the ground state of 8B with the ground state of 7Be
plus proton as a function of separation between the 7Be and the proton. Left (right), the p-
wave channel with j = 3/2 (j = 1/2) is shown. The full line represents the NCSM result
obtained using the CD-Bonn 2000 NN potential, the 10h̄Ω model space and the HO frequency
of h̄Ω = 12 MeV. The dashed lines represent corrected overlaps obtained from a Woods-Saxon
potential whose parameters were fit to the NCSM overlaps up to 4.0 fm under the constraint
to reproduce the experimental separation energy. The dotted lines reprent overlap corections
by the direct Whittaker function matching.

between the proton and 7Be. A conventional spectroscopic factor is obtained as SAλJ
(l 1

2
)j;A−1αI1

=
∫

drr2|gAλJ
(l 1

2
)j;A−1αI1

(r)|2. Our selected spectroscopic factor results are summarized in Table 1.

Note a very weak dependence of the spectroscopic factors on the basis size and the HO frequency.
The two most important channels are the p-waves, l = 1, with the proton in the j = 3/2 and

j = 1/2 states, ~j = ~l + ~s, s = 1/2. In these channels, we obtain the spectroscopic factors of 0.96
and 0.10, respectively. The dominant j = 3/2 (the less important j = 1/2) overlap integral is
presented in the left (right) panel of Fig. 1 by the full line. Despite the fact, that a very large
basis was employed in the present calculation, it is aparent that the overlap integral is nearly
zero at about 10 fm. This is a consequence of the HO basis asymptotics. The proton capture
on 7Be to the weakly bound ground state of 8B associated dominantly by the E1 radiation is
a peripheral process. Consequently, the overlap integral with an incorrect asymptotic behavior
cannot be used to calculate the S-factor.

We expect, however, that the interior part of the overlap integral is realistic. It is then
straightforward to correct its asymptotics. One possibility we explored utilizes solutions of a
Woods-Saxon (WS) potential. In particular, we performed a least-square fit of a WS potential
solution to the interior of the NCSM overlap in the range of 0 − 4 fm. The WS potential
parameters were varied in the fit under the constraint that the experimental separation energy
of 7Be+p, E0 = 0.137 MeV, was reproduced. In this way we obtain a perfect fit to the interior
of the overlap integral and a correct asymptotic behavior at the same time. The result is shown
in Fig. 1 by the dashed line.

Another possibility is a direct matching of logarithmic derivatives of the NCSM overlap
integral and the Whittaker function: d

dr ln(rglj(r)) = d
dr ln(CljW−η,l+1/2(2k0r)), where η is the

Sommerfeld parameter, k0 =
√

2µE0/h̄ with µ the reduced mass and E0 the separation energy.
Since asymptotic normalization constant (ANC) Clj cancels out, there is a unique solution
at r = Rm. For the discussed overlap presented, e.g. in the left panel of Fig. 1, we found
Rm = 4.05 fm. The corrected overlap using the Whittaker function matching is shown in Fig. 1
by a dotted line. In general, we observe that the approach using the WS fit leads to deviations



from the original NCSM overlap starting at a smaller radius. In addition, the WS solution fit
introduces an intermediate range from about 4 fm to about 6 fm, where the corrected overlap
deviates from both the original NCSM overlap and the Whittaker function. Perhaps, this is a
more realistic approach compared to the direct Whittaker function matching. In any case, by
considering the two alternative procedures we are in a better position to estimate uncertainties
in our S-factor results.

In the end, we re-scale the corrected overlap functions to preserve the original NCSM
spectroscopic factors (Table 1). In general, we observe a faster convergence of the spectroscopic
factors than that of the overlap functions. The corrected overlap function should represent
the infinite space result. By re-scaling a corrected overlap function obtained at a finite Nmax,
we approach faster the infinite space result. At the same time, by re-scaling we preserve the
spectroscopic factor sum rules.

The range used in the least-square fit is not arbitrary but varies from channel to channel.
The aim is to use as large range as possible, while at the same time preserve the NCSM overlap
integral as accurately as possible in that range. Concerning the discussed example (dashed lines
in Fig. 1), we note that extending the range beyond 4 fm leads to a worse fit. Finally, we note
that the alternative procedure of the direct Whittaker function matching is completely unique.

3. 7Be(p,γ)8B S-factor

The S-factor for the reaction 7Be(p, γ)8B also depends on the continuum wave function, R
(c)
lj .

As we have not yet developed an extension of the NCSM to describe continuum wave functions,

we obtain R
(c)
lj for s and d waves from a WS potential model. Since the largest part of the

integrand stays outside the nuclear interior, one expects that the continuum wave functions
are well described in this way. In order to have the same scattering wave function in all the
calculations, we chose a WS potential from Ref. [21] that was fitted to reproduce the p-wave
1+ resonance in 8B. It was argued [10] that such a potential is also suitable for the description
of s- and d-waves. We note that the S-factor is very weakly dependent on the choice of the
scattering-state potential (using our fitted potential for the scattering state instead changes the
S-factor by less than 1.5 eV b at 1.6 MeV with no change at 0 MeV).

Our obtained S-factor is presented in Figs. 2 where contribution from the two partial waves
are shown together with the total result (left figure). It is interesting to note a good agreement
of our calculated S-factor with the recent Seattle direct measurement [7]. The sensitivity of
the S-factor to the size of the NCSM basis is also presented in Figs. 2 (right figure). The
overlap integrals were obtained in 6, 8 and 10h̄Ω calculations and independently corrected to
insure the proper asymptotic behavior. The same scattering states were used in all three cases.
It is aparent that the sensitivity to the basis change is rather moderate. We observe a small
oscillation at this frequency (h̄Ω = 12 MeV).

In order to judge the convergence of our S-factor calculation, we performed a detailed
investigation of the model-space-size and the HO frequency dependencies. We used the HO
frequencies in the range from h̄Ω = 11 MeV to h̄Ω = 15 MeV and the model spaces from 6h̄Ω
to 10h̄Ω. Using the WS solution fit procedure to correct the asymptotics of the NCSM overlap
functions, we obtain basically identical energy dependence in all cases. The absolute values
of the S-factor increase with decreasing frequency. To determine the optimal frequency and
interpolate the converged S-factor result, we examined the basis size dependence for different
HO frequencies. In the case of the h̄Ω = 15 MeV frequency, we observe a steady increase of the
S-factor with model space size enlargement from 6h̄Ω to 10h̄Ω. Contrary to this situation, the
calculation using the HO frequency of h̄Ω = 11 MeV shows that the S-factor does not increase
any more with increasing Nmax. Actually, there is a small decrease when going from the 8h̄Ω
to the 10h̄Ω. In addition to the results obtained using the WS solution fit procedure, we also
investiagted the S17 using the alternative direct Whittaker matching procedure. In general,



0 0.5 1 1.5
E [MeV]

0

5

10

15

20

25

30

35
S

17
 f

ac
to

r 
[e

V
 b

]

NCSM total
NCSM l=1 j=3/2
NCSM l=1 j=1/2
Exp GSI-2
Exp GSI-1
Exp Weizmann
Exp MSU
Exp Seattle

7
Be(p,γ)

8
B

0 0.5 1 1.5
E [MeV]

0

5

10

15

20

25

30

35

S 17
 f

ac
to

r 
[e

V
 b

]

NCSM 10hΩ
NCSM   8hΩ
NCSM   6hΩ
Exp GSI-2
Exp GSI-1
Exp Weizmann
Exp MSU
Exp Seattle

7
Be(p,γ)

8
B

Figure 2. The 7Be(p,γ)8B S-factor obtained using the NCSM cluster form factors with corrected
asymptotics as described in the text. Left, the dashed and dashed-dotted lines show the
contribution due to the l = 1, j = 3/2 and j = 1/2 partial waves, respectively. Right, the
dependence on the size of the basis form 6h̄Ω to 10h̄Ω is shown. Experimental values are from
Refs. [7, 8].

both procedures lead to basically identical energy dependence with a difference of about 1 to
2 eV b in the S-factor with the smaller values from the direct Whittaker function matching
procedure. Taking into account that in the case of the direct Whittaker function matching the
S17 increases with Nmax even at the HO frequency of h̄Ω = 11 MeV, unlike in the case of the WS
solution fit procedure, results of the two approaches do not contradict each other. Combining
all these results, we determine that the optimal frequency is between h̄Ω = 11 and 12 MeV.
Results in this frequency region show very weak dependence on Nmax, with relative difference
between the two methods always in the range of 5 to 8%. The full range of results is covered by
S17(10 keV) = 22.1 ± 1.0 eV b.

4. 3He(α,γ)7Be S-factor
The 3He(α,γ)7Be capture reaction cross section was identified the most important uncertainty in
the solar model predictions of the neutrino fluxes in the p-p chain [4]. We investigated the bound
states of 7Be, 3He and 4He within the ab initio NCSM and calculated the overlap functions of
7Be bound states with the ground states of 3He plus 4He as a function of separation between
the 3He and the α particle. The obtained p-wave overlap function of the 1/2− 7Be excited state
is presented in the left panel of Fig. 3 by the full line. The dashed line shows the corrected
overlap function obtained by the least-square fit of the WS parameters done in the same way as
in the 8B↔7Be+p case. The p-wave 7Be ground-state overlap function not shown in the figure
looks very similar. The corresponding NCSM spectroscopic factors obtained using the CD-Bonn
2000 in the 10h̄Ω model space for 7Be (12h̄Ω for 3,4He) and HO frequency of h̄Ω = 13 MeV are
0.93 and 0.91 for the ground state and the first excited state of 7Be, respectively. We note that
contrary to the 8B↔7Be+p case, the 7Be↔3He+α p-wave overlap functions have a node.

Using the corrected overlap functions and a 3He+α scattering state obtained using the
potential model of Ref. [22] we calculated the 3He(α,γ)7Be S-factor. Our 10h̄Ω result is presented
in the right panel of Fig. 3. We show the total S-factor as well as the contributions from the
capture to the ground state and the first excited state of 7Be. By investigating the model space
dependence for 8h̄Ω and 10h̄Ω spaces, we estimate the 3He(α,γ)7Be S-factor at zero energy to
be higher than 0.44 keV b, the value that we obtained in the discussed case shown in Fig. 3. Our
results are simlar to those obtained by K. Nollett [23] using the variatinal Monte Carlo wave
functions for the bound states and potential model wave functions for the scattering state.



0 1 2 3 4 5 6 7 8 9 10
r [fm]

-0.6

-0.4

-0.2

0

0.2

0.4
ov

er
la

p 
fu

nc
tio

n 
[f

m
-1

/2
]

NCSM l=1 j=1/2
WS fit  l=1 j=1/2

<
7
Be|

4
He+

3
He>  rg(r)

0 500 1000 1500 2000 2500
E

C.M. 
 [keV]

0

0.2

0.4

0.6

0.8

S-
fa

ct
or

 [
ke

V
 b

]

NCSM total
NCSM 3/2

-

NCSM 1/2
-

3
He(α,γ)

7
Be

Figure 3. Left, the overlap integral, rg(r), for the first excited state of 7Be with the ground
state of 3He plus α as a function of separation between the 3He and the α particle. The p-wave
channel overlap function with j = 1/2 is shown. The full line represents the NCSM result
obtained using the CD-Bonn 2000 NN potential and the 10h̄Ω model space for 7Be (12h̄Ω for
3,4He) with the HO frequency of h̄Ω = 13 MeV. The dashed line represents a corrected overlap
obtained with a Woods-Saxon potential whose parameters were fit to the NCSM overlap up to
3.4 fm under the constraint to reproduce the experimental separation energy. Right, the full
line shows the 3He(α,γ)7Be S-factor obtained using the NCSM overlap functions with corrected
asymptotics. The dashed lines show the ground- and the first excited state contributions.
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