Musical Acoustics

Lecture 17
Interval, Scales, Tuning
and Temperament - II



Problems with Pythagorean and Just Scales
» Songs are not transposable
1-E.g., asongis written in the key of C (meaning that
it starts with the note, C).
2 - change it so that it is now written in the key of F.
> it wouldn’ t sound right.
3 - it wouldn’ t be as easy as transposing all the notes in
the song up by three notes (C > F, F > B, etc.) because
of the difference in intervals between various notes.
Example: take notes C and F and rewrite them in F
First note (C=>F): 9/8 - 9/8 - 256/243 = 1.33.
- If song is to remain the same, every note should be

mUITlplled by 1.33 Note change Frequency ratio

But (F>B): 9/8 -9/8 - 9/8 = 142. C D o
E—-F 256/243

Just scale has same problem. £-q o
A—B 9/8

B—-C 256/243
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Sharps and flats

Seven white keys from C, to B, represent the major diatonic scale

Black keys are intermediate tones. E.g., black key in between D, and
E, is higher frequency (sharper) than D, and lower frequency

(flatter) than E4: “D4 sharp™ (D,#) or “E4 flat”(E,P).

Five sharps or flats + seven notes

C, D,

261.63 Hz 293.66 Hz

%
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/ i
|
:

E,

329.63 Hz

F,

349.23 Hz

440.00 Hz

493.88 Hz
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full chromatic scale.




Sharps and flats in Pythagorean and Just Scales

* Attempt to rescue Pythagorean and Just Scales:

add extra notes (sharps and flats) between whole
tones so that there were always choices for notes
between the whole tones if needed for transposing.

mm) Going from C to F or from F to B would be an
increase of five semitones in both cases.

There is still the problem of the two different whole

tone intervals in the Just scale. Noizdtnge | FEgraiey i
C—-=D 9/8
. D —-E 10/9
In both scales, there is the problem :_: 16/15
that the semitone intervals are not  ¥-¢ 18

G—-A 10/9

exactly half the interval of the . o
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Solution: Equal Temperament Scale

Include the seven notes of the previous scales, adding
five sharps (for a total of 12 semitones), but placing
them so that the ratio of the frequencies of any
two adjacent notes is the same.

Multiplying the frequency of a note in the scale by a
certain number r gives the frequency of the next note.
Multiplying the frequency of this second note by the
same number gives the frequency of the note following
the second, and so on.

Going from a C to another C, means 12 multiplications:

r.r.ee.ee.e.e.r.rrr = 2
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Equal Temperament Scale
r.e.e.ee.e.e.eer.r.r = 2
) -2 r =%2 =1.05946

Exercise: The note, D, is two semitones higher than C. If C, is
1046.5 Hz, what is D; on the Equal Temperament Scale?
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Equal Temperament Scale

r.e.e.ee.e.e.eer.r.r = 2
) -2 r =%2 =1.05946

Exercise: The note, D, is two semitones higher than C. If C, is
1046.5 Hz, what is D; on the Equal Temperament Scale?

Solution: D is one octave above D¢, so if D, can be found then its
frequency just needs to be doubled. Since D, is two semitones
higher than C,, its frequency must be multiplied twice by the Equal
temperament multiplier.

D, = 1046.5 Hz x (1.05946)? = 1174.7 Hz
> D, =2D,=2(1174.7) Hz = 2349.3 Hz

Alternatively,

D, = 1046.5 Hz x (1.05946)!4 = 2349.3 Hz
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Equal Temperament Scale

In Western music the Equal Temperament Scale is the most
widely used. I'ts twelve semitones all differ in a ratio of /2
from each adjacent semitone.

All notes of the major scale are separated by two semitones

except for E and F, and B and C. These two pairs are separated by
ohe semitone.

1 2 3 4 5 6 7 8 9 10 11 12
Cc ¢ DD EVF F G G A A B

The # indicates a “sharp.”
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Equal Temperament Scale

7
(1\2/5) =1.498is 0.1% different from 3/2 (the perfect fifth). Thus
in the Equal Temperament scale, the seventh semitone note above
any note will be close to a perfect fifth above it (sounds good).

C sounds good with the G above it, D* also sounds just as good
when played with the A# above. The perfect fourth, occurs when
two notes played together have a frequency ratio of 4/3. Note
that (1\/_) =1.335 (0.4% different from a perfect fourth).

1 2 3 4 5 6 7 8 9 10 11 12
Cc ¢ p Do EF FF G G A A" B

So the fifth semitone
higher than any note
will be higher by a
virtual perfect fourth.
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Cents

* One cent is 1/100 of an Equal Temperament semitone.

* 12 semitones per octave - one cent = 1/1200 of an octave.
* Any two frequencies that differ by one cent will have the
same frequency ratio Ry ..p+.

R2® _2 = R, . =2"2°_1000578

* Frequency ratio equivalent to two cents

R _ (21/1200)(21/1200) —~ R _ 02/1200
2cent 2cent
* Frequency ratio of I cents
Rlcent _ 21/1200
* Number of cents for a particular frequency ratio
I 1200logR
logR, =log(2""*") = logR, = log2 = I= I
ogR, =log(2"") ogR, = —log

log?2
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Cents

* A musician with a good ear can easily detect a mistuning of 5
cents and a 10 to 15 cent deviation from perfect intervals is
enough to be unacceptable.

Just scale x Equal Temperament Scale

Interval Frequency  Frequency Equal Temp.
ratio ratio (cents) scale (cents)
Octave 2:1 1200 1200
Fifth 3:2 702 700
Fourth 4:3 498 500
Major sixth 5:3 884 900
Major third 5:4 386 400
Minor sixth 8:5 814 800
Minor third 6:5 316 300

Note the large deviations from ideal for the thirds and sixths.
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Example

» The perfect fifth is a frequency ratio of 1.5. How many cents is
this and how does it compare with the fifths of the Just,
Pythagorean, and Equal Tempered scale?
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Example

» The perfect fifth is a frequency ratio of 1.5. How many cents is
this and how does it compare with the fifths of the Just,
Pythagorean, and Equal Tempered scale?

* Solution:
1200logR  12001log(1.
I= 00log = 00 og( 5) =702 cents
log?2 log?2
Just scale: identical
Pythagorean scale: identical

Equal Tempered scale: 2 cents less
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Comparison of scales

* Because of its equal intervals, the Equal Temperament scale
makes transposing music very simple.

« Example: one can easily take a melody written in the key of C
and rewrite it in the key of F by simply increasing every note’s

frequency by five semitones. This is a major advantage over the
scales with unequal intervals.

* Although its octave is perfect and its fifth and fourth differ
from the ideal by only 2 cents, the equal tempered sixths and
thirds all differ from the ideal anywhere from 14 to 16 cents,
clearly mistuned and noticeable by anyone with a good ear.
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Pythagorean scale vs. cents

Note change Frequency ratio Notes Frequency
mterval (cents)

C—D 9/8 C, 0
D —-E 9/8 D o
E—F 256/243 B s
F—-G 9/8 B i
G—=A 9/8 - 00
A—B 9/8 o 006
B—C 256/243 b 110
Cs 1200

Pythagorean scale

Pythagorean scale interval
\ { - 1200logR ” ratios expressed in cents

log?2

* Interval between C, and G is 702 cents - a perfect fifth.
* Interval between D and A (906 cents - 204 cents = 702 cents)

is also a perfect fifth.
 Additive nature of the cents unit makes it easy to judge the

quality of various intervals.
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Pythagorean scale vs. cents

An evaluation of the Pythagorean Interval ﬂ;ﬁfj ol f;z?)u(irﬁs)
intervals. Note the abundance of
: C, — G Octave 1200
perfect fifths and fourths, but . Fifth 700
also the very poorly tuned thirds. 5 i Fifth 702
o _ E—B Fifth 702
Within the major scale, there are FoC Fifth 700
four perfect fifths and four perfect . _ . Fourth 498
fourths (there are many more of D; G Fourth 498
both if the entire chromatic scaleis ¢ _, 4 Fourth 498
used). However, the three major G — C, Eriin 498
thirds differ by 22 cents (408 cents ¢ . g Major third 408
- 386 cents) from the perfect major F_. A Major third 408
third, noticeably sharp to most ears. G —B  Major third 408

This is the reason that Pythagoras felt the major third was
dissonant.
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Pythagorean scale
Creates the greatest number of perfect fourths and fifths

All notes can be
reached by going
up (or down)

12 fifths or

12 fourths

Circle of fifths

(3/2)12 = 129.7
but

27 = 128,
So

12 perfect fifths
is

7% octaves
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syntonic comma, d

Notes Frequency
The minor third is a problem in the interval (cents)
Pythagorean scale as well. C, 0
D 204
Going from E to G is an increase of k 408
294 cents, but the perfect minor third, g ‘7‘32
6/5, is 316 cents. N 02
B 1110
So the Pythagorean major third C, 1200
is 22 cents sharp and the
minor third is flat by the Interval Frequency  Frequency — Equal Temp.
same amount. ratio ratio (cents) scale (cents)
Octave 2:1 1200 1200
This 22-cent interval is Filth )02 702 700
actually 21.5 cents Fourth + s 200
(due to rounding errors) Major sixth 523 884 200
and is knOwn as the Major third 5:4 386 400
SYﬂTOﬂiC comma, 0. Minor sixth 8:5 814 800
Minor third 6:5 316 300
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Comparison of Pythagorean, Just, and Equal
Temperament scales on a scale of Cents
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Musical intervals in various tunings

Tempered Just Pythagorean
Interval Ratio Cents Ratio  Cents Ratio  Cents
Octave 2.000 1200 2/1=2.000 1200 2.000 1200
Fifth 498 700 3/2=1.50 T S00 702
Fourth 1.335 500 4/3=1.333 498 333 498
Major third 1.260 400 5/4=1.250 386 265 408
Minor third 189 300 6/5=1.200 316 184 294
Major sixth 682 900 5/3=1.667 884 687 906
Minor sixth S87 800 8/5=1.600 814 g0 - 192
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Meantone

Attempt: compromise the position of the E. notes f;;‘i‘ii‘fiiem)
Decreasing it a bit would help the consonance 0
of both the major third (C to E) and the D 204
minor third (E to 6). E 408

F 498
Similar adjustments made to other notes in i 382
the scale are known as meantone tuning. B 1110

C, 1200

There are different types of meantone

tuni ng , bUT The most pO pU l ar Interval Frequency  Frequency Equal Temp.
appear's ‘|'o be quarter_ comma ratio ratio (cents) scale (cents)

mean.rone TU"ing. Octave 2:1 1200 1200
Fifth 3:2 702 700

, , Fourth 4:3 498 500

In this version, every hote, Majorsicth 5+ 3 ol o0
egcep‘r for C, is adjusted by Major third ~ 5: 4 386 400
of the syntonic comma. Minor third ~ 6: 5 316 300
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Quar'fer' -comma meantone Pythagorean Quarter-comma

Note Meantone

tun ing adjustment

C none

Summary of meantone tunnings: . -39

Meantone tuning: E +’f 5
Decreasing C a bit to help the consonance X

of both the major third (C to E) and the N ~wO

minor third (E to 6). A =0

B — 54

C none

Similar adjustments made to other notes
in the scale.

Quarter-comma meantone tuning.
In this version, every note,

except for C, is adjusted by

either 1/4, 2/4,3/4,4/4,0r 5/4

of the syntonic comma.
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